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PREFACE TO THE FOURTH EDITION. 


The fourth edition is materially the same as the third. 1 
have, however, corrected the misprints which have been 
brought to my notice by a number of students of the book, 
and made a few verbal alterations and extensions of the text. 
I am glad to say that a German edition has been published ; 
and to observe that a large number of examples, etc., peculiar 
to this work and to my Chemical Statics and Dynamics have 
been “ absorbed ** into current literature. 

, J. W. M. 

Thb ViiiCJis, Stokh-on-Trbnt, 

XZth December ^ 1912. 


PREFACE TO THE SECOND EDITION. 

£ AM pleased to find that my attempt to furnish an Intro- 
duction to the Mathematical Treatment of the Hypotheses 
and Measurements employed in scientihc work has been so 
much appreciated by students of Chemistry and Physics. 
In this edition, the subject-matter has been rewritten, and 
many parts have been extended in order to meet the growing 
tendency on the part of physical chemists to describe their 
ideas in the unequivocal language of mathematics. 

J. W. M. 


ith July^ 1905. 




PREFACE TO THE FIRST EDITION. 

It is almost impossible to follow the later developments of 
physical or general chemistry without a working knowledge 
of higher mathematics. I have found that the regular 
text-books of mathematics rather perplex than assist the 
chemical student who seeks a short road to this knowledge, 
for it is not easy to discover the relation which the pure 
abstractions of formal mathematics bear to the problems 
which every day confront the student of Nature's laws, 
and realize the complementary character of mathematical 
and physical processes. 

During the last five years I have taken note of the 
chief difficulties met with in the application of the mathe* 
matician’s x and ^ to physical chemistry, and, as these notes 
have grown, I have sought to make clear how experimental 
results lend themselves to mathematical treatment. I have 
found by trial that it is possible to interest chemical students 
and to give them a working knowledge of mathematics 
by manipulating the results of physical or chemical ob- 
servations. 

1 should have hesitated to proceed beyond this experi- 
mental stage if I had not found at The Owens College a 
set of students eagerly pursuing work in different branches 
of physical chemistry, and most of them looking for help 
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in the discussion of their results. When 1 told my plan 
to the Professor of Chemistry be encouraged me to write 
this book. It has been my aim to carry out his suggestion, 
so 1 quote his letter as giving the spirit of the book, 
which I only wish I could have carried out to the letter, 

^Thb Oweks Golliob, 

"Mr Deab MelIiOb, 

you will convert your ideas into words and write a 
book ezplaimng the inwardness of mathematioal operations as applied 
to ohemioal results, 1 believe you will confer a benefit on many students 
of chemistiy, ¥e chemists, as a tribe, fight shy of any symbols 
but our own. I know very weQ you have the power of winning new 
results in chemistry and discussing them mathematically. Can you 
lead us up the high hill by gentle slopes? Talk to us chemically to 
beguile the way? Dose nS| if need be, *with learning put lightly, like 
powder in jam’? If you feel you have it in you to lead the way we 
will try to follow, and perhaps some of the youngest of us may succeed 
Wouldn’t this be a triumph worth working for ? Try. 

“Tours very truly, 

“E B. Dixon.” 


ifay, 1902. 
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INTRODUCTION. 


** Bient6t le calcul math^matique sera tout aussi utile au ohimiste 
que la balance.” * — P. ScHGTZBNBBRamB. 

When Isaac Newton communicated the manuscript of his 
“ Methodus fluxion um ” to his friends in 1669 he furnished 
science with its most powerful and subtle instrument of 
research. The states and conditions of matter, as they 
occur in Nature, are in a state of perpetual flux, and these 
qualities may be effectively studied by the Newtonian method 
whenever they can be referred to number or subjected to 
measurement (real or imaginary). !By the aid of Newton’s 
calculus the mode of action of natural changes from moment 
to moment can be portrayed as faithfully as these words 
represent the thoughts at present in my mind. From this, 
the law which controls the whole process can be determined 
with unmistakable certainty by pure calculation — the so- 
called Higher Mathematics. 

This work starts from the thesis * that so far as the 
investigator is concerned. 

Higher Mathematics is the art of reasoning about the 
numerical relations between natural phenomena; and the 
several sections of Higher Mathematics are different modes 
of viewing these relations. 


^ Translated : ** Ere long mathematics will be as useful to the chemist as tbe 
balance (1880.) 

* In the A nnalen der NatwrphUoaophic, 1 , 60, 1902, W. Ostwald maintains that 
mathematics is only a language in which the results of experiments may be conveni- 
ently expressed ; and from this standpoint criticises I. Kant’s Metaphysical JFownda- 
tions of Natwral Science. 
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For instance, I have assnmed that the purpose of the 
Differential Calculus is to inquire how natural phenomena 
change from moment to moment. This change may be 
uniform and simple (Chapter I.) ; or it may be associated 
with certain so-called ‘‘ singularities (Chapter III.). The 
Integral Calculus (Chapters IV. and VII.) attempts to deduce 
the fundamental principle governing the whole course of 
any natural process from the law regulating the momentary 
states. Coordinate Oeometry (Chapter II.) is concerned 
with the study of natural processes by means of “ pictures ” 
or geometrical figures. Infinite Series (Chapters V. and 
VIII.) furnish approximate ideas about natural processes 
when other attempts fail. From this, then, we proceed to 
study the various methods — tools — to be employed in 
Higher Mathematics. 

This limitation of the. scope of Higher Mathematics 
enables us to dispense with many of the formal proofs of 
rules and principles. Much of Sidgwick’s ^ trenchant indict- 
ment of the educational value of formal logic might be urged 
against the subtle formalities which prevail in “ school ” 
mathematics. While none but logical reasoning could be 
for a moment tolerated, yet too often “ its most frequent 
work is to build a pons asinorum over chasms that shrewd 
people can bestride without such a structure 

So far as the tyro is concerned theoretical demonstrations 
are by no means so convincing as is sometimes supposed. 
It is as necessary to learn to “ think in letters ” and to 
handle numbers and quantities by their symbols as it is to 
learn to swim or to ride a bicycle. The inutility of “ general 
proofs *’ is an everyday experience to the teacher. The be- 
ginner only acquires confidence by reasoning about something 
which allows him to test whether his results are true or 
false ; he is really convinced only after the principle has 
been verified by actual measurement or by arithmetical il- 
lustration. “ The best of all proofs,** said Oliver Heaviside 


'■A. Sidgwick, Th« Use qf Words in Reasoning. (A. A C. Black, London.) 
^ O. W. Holmes, The Autocrat of the Breakfast Todle. ( W. Scott, London.) 
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in a recent n timber of the Electrician^ “ is to set ont the fact 
descriptively so that it can be seen to be a fact JRe- 
membering also that the majority of students are only 
interested in mathematics so far as it is brought to bear 
directly on problems connected with their own work, I have, 
especially in the earlier parts, explained any troublesome prin- 
ciple or rule in terms of some well-known natural process. E’er 
example, the meaning of the differential coefficient and of a 
limiting ratio is first explained in terms of the velocity of a 
chemical reaction ; the differentiation of exponential functions 
leads us to compound interest and hence to the “ Compound 
Interest Law in Nature ; the general equations of the 
straight line are deduced from solubility curves ; discon- 
tinuous fimctions lead us to discuss Mendel6eff's work on the 
existence of hydrates in solutions ; Wilhelmy’s law of mass 
action prepares us for a detailed study of processes of inte- 
gration ; Uarcourt and Esson’s work introduces the study of 
simultaneous differential equations ; the equations of motion 
serve as a basis for the treatment of differential equations of 
the second order ; Fourier’s series is applied to diffusion 
phenomena, etc., etc. Unfortunately, this plan has caused 
the work to assume more formidable dimensions than if the 
precise and rigorous language of the mathematicians had 
been retained throughout. 

I have sometimes found it convenient to evade a tedious 
demonstration by reference to the “ regular text-books ”. In 
such cases, if the student wants to “ dig deeper,” one of the 
following works, according to subject, will be found sufficient : 
B. Williamson*s Dijferential Calculus^ also the same author’s 
Integral CalculuSj Loudon, 1899 ; A. E. Forsyth’s Differential 
Equations^ London, 1902 ; W. W. Johnson’s Differential 
Equations y New York, 1899. 

Of course, it is not always advisable to evade proofs in 
this summary way. The fundamental assumptions — the so- 
called premises — employed in deducing some formulae must 
be carefully checked and clearly understood. However 
correct the reasoning may have been, any limitations intro- 
duced as premises must, of necessity, reappear in the con- 
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clusiona The resulting formulse can, in consequence, only 
be applied to data which satisfy the limiting conditions. 
The results deduced in Chapter IX. exemplify, in a forcible 
manner, the perils which attend the indiscriminate applica- 
tion of mathematical formulae to experimental data. Some 
formulae are particularly liable to mislead. The ** probable 
error *’ is one of the greatest sinners in this respect. 

The teaching of mathematics by means of abstract 
problems is a good old practice, easily abused. The abuse 
has given rise to a widespread conviction that “ mathematics 
is the art of problem solving,” or, perhaps, the prejudice 
dates from certain painful reminiscences associated with 
the arithmetic of our school-days. 

Under the heading “ Examples " I have collected 
laboratory measurements, well-known formulae, practical 
problems and exercises to illustrate the text immediately 
preceding. A few of the problems are abstract exercises in 
pure mathematics, old friends, which have run through 
dozens of text-books. The greater number, however, are 
based upon measurements, eta, recorded in papers in the 
current science journals (Continental, American or British) 
and are used in this connection for the first time. 

It can serve no useful purpose to disguise the fact that a 
certain amount of drilling, nay, even of drudgery, is neces- 
sary in some stages, if mathematics is to be of real use as 
a working tool, and not employed simply for quoting the 
results of others. The proper thing, obviously, is to make 
the beginner feel that he is gaining strength and power 
during the drilling. In order to guide the student along 
the right path, hints and explanations have been appended 
to those exercises which have been found to present any 
difficulty. The subject-matter contains no difficulty which 
has not been mastered by beginners of average ability with- 
out the help of a teacher. 

The student of this work is supposed to possess a work- 
ing knowledge of elementary algebra so far as to be able to 
solve a set of simple simultaneous equations, and to know 
the meaning of a few trigonometrical formulse. If any 
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difficulty should arise on this head, it is very possible that 
the appendix will contain what is required on the subject. 
I have, indeed, every reason to suppose that beginners in the 
study of Higher Mathematics most frequently find their 
ideas on the questions discussed in §§ 10, 11, and the appen* 
dix, have grown so rusty with neglect as to require refur- 
bishing. 

I have also assumed that the reader is aquainted with 
the elementary principles of chemistry and physics. Should 
any illustration involve some phenomenon with which he 
is not acquainted, there are two remedies— to skip it, or to 
look up some text-book. There is no special reason why the 
student should waste time with illustrations in which he has 
no interest. 

It will be found necessary to procure a set of mathe- 
matical tables containing the common logarithms of numbers 
and numerical values of the natural trigonometrical ratios. 
Such sets can be purchased from a penny upwards. The 
other numerical tables required for reference in Higher 
Mathematics are reproduced in Appendix II. 







CHAPTEE I. 

THE DIFFERENTIAL OALOULUS. 

“ The philosopher may be delighted with the extent of his views, the 
artificer with the readiness of his hands, but let the one remember 
that without mechanical performance, refined speculation is an 
empty dream, and the other that without theoretical reasoning, 
dexterity is little more than brute instinot.” — S. J ohnsoh. 

§ 1. On the Nature of Mathematical Reasoning. 

Hbbbbbt Spenoee has defined a law of Nature as a proposition 
stating that a certain uniformity has been observed in the relations 
between certain phenomena. In this sense a law of Nature ex- 
presses a mathematical relation between the phenomena under 
consideration. Every physical law, therefore, can be represented 
in the form of a mathematical equation. One of the chief objects 
of scientific investigation is to find out how one thing depends on 
another, and to express this relationship in the form of a mathe- 
matical equation — symbolic or otherwise — is the experimenter’s 
ideal goal.^ 

There is in some minds an erroneous notion that the methods 
of higher mathematics are prohibitively difficult. Any difficulty 
that might arise is rather due to the complicated nature of the 


^Thus M. Berthelot, in the prufacu to his celebrated Kssaide hUcanique Ghimiqiie 
fond&e sur la thmnochemie of 1879, described his work as an attempt to base chemistry 
wholly on those mechanical principles which prevail in various branches of physical 
science. B. Kant, in the preface to his Metaphysuclien Aifi/anysffniTLdm der Natar- 
uissenscfwfty has said that in every department of physical science there is only so 
much science, properly so called, as there is mathematics. As a consequence, he 
denied to chemistry the name “science But there was no “Journal of Physical 
Chemistry “ in his time (1786). 

A* 
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phenomena alone. A. Comte has said in his Philosophie Positive^ 
** our feeble minds can no longer trace the logical consequenoes of 
the laws of natural phenomena whenever we attempt to simul- 
taneously include more than two or three essential factors In 
consequence it is generally found expedient to introduce ** simplifying 
assumptions** into the mathematical analysis. Eor example, in 
the theory of solutions we pretend that the dissolved substanoe 
behaves as if it were an indifferent gas. The kinetic theory of 
gases, thermodynamics, and other branches of applied mathematics 
are full of such assumptions. 

By no process of sound reasoning can a conclusion drawn from 
limited data have more than a limited application. Even when 
the comparison between the observed and calculated results is 
considered satisfactory, the errors of observation may quite obscure 
the imperfections of formulae based on incomplete or simplified 
premises. Given a sufi&cient number of “ if’s,*‘ there is no end to 
the weaving of “ cobwebs of learning admirable for the fineness 
of thread and work, hut of no substance or profit *’.2 The only 
safeguard is to compare the deductions of mathematics with ob- 
servation and experiment “ for the very simple reason that they 
are only deductions, and the premises from which they are made 
may be inaccurate or incomplete. We must remember that we 
cannot get more out of the mathematical mill than we put into it» 
though we may get it in a form infinitely more useful for our 
purpose.” 3 

The first clause of this last sentence is often quoted in a 
parrot-like way as an objection to mathematics. Nothing but 
real ignorance as to the nature of mathematical reasoning could 
give rise to such a thought. No process of sound reasoning 
can establish a result not contained in the premises. It is 
admitted on all sides that any demonstration is vicious if it 
contains in the conclusion anything mor& than was assumed 


1 1 believe that this is the key to the interpretation of Comte's strange remarks : 
** Every attempt to employ mathematical methods in the study of chemical questions 
must he considered profoundly irrational and contrary to the spirit of chemistry. . . . 
If mathematical analysis should ever hold a prominent place in chemistry — an aber- 
ration which is happily almost impossible — ^it would occasion a rapid and widespread 
degeneration of that science.” — PkilosophU Positvoe, 1830. 

* F. Bacon’s Adwancem^ni cf Learning , Oxford edit., 32, 1869. 

• J. Hopkinson’a James Porrest Lectwre, 1894. 
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in the premises. ^ Why then is mathematics singled out and 
condemned for possessing the essential attribute of all sound 
reasoning ? 

Logic and mathematics are both mere tools by which ** the 
decisions of the mind are worked out with accuracy,’* but both 
must be directed by the mind. I do not know if it is any easier to 
see a fallacy in the assertion that when the sun shines it is 
day ; the sun always shines, therefore it is always day,” than in 
the statement that since (# — 3)® ==(•§— 2)^, we get, on extracting 
roots, f — 8 — 2 ; or 3 = 2. We must possess a clear conception 

of any physical process before we can attempt to apply mathe- 
matical methods ; mathematics has no symbols for confused ideas. 

Jt has been said that no science is established on a firm basis 
unless its generalizations can be expressed in terms of number, and 
it is the special province of mathematics to assist the investigator 
in finding numerical relations between phenomena. After experi- 
ment, then mathematics. While a science is in the experimental 
or observational stage, there is little scope for discerning numerical 
relations. It is only after the different workers have ” collected 
data ” that the mathematician is able to deduce the required 
generalization. Thus a Maxwell followed Paraday, and a Newton 
completed Kepler. 

It must not be supposed, however, that these remarks are 
intended to imply that a law of Nature has ever been represented 
by a mathematical expression with perfect exactness. In the best 
of generalizations, hypothetical conditions invariably replace the 
complex state of things which actually obtains in Nature. 

Most, if not all, the formulae of physics and chemistry are in 
the earlier stages of a process of evolution. For example, some 
exact experiments by Forbes, and by Tait, indicate that Fourier’s 
formula for the conduction of heat gives somewhat discordant 
results on account of the inexact simplifying assumption: “the 
quantity of heat passing along a given line is proportional to the 
rate of change of temperature ” ; Weber has pointed out that 


^Inductive reasoning is, of course, good guessing, not sound reasoning, but the 
finest I’esulta in science have Ijecn obtained in this way. Calling the guess a “ working 
hypothesis,” its conHcqueuces are tested by experiment in evei’y conceivable way. For 
example, the brilliant work of Fresnel was the sequel of Young’s undulatory theo. 
of light, and Hertz’s finest work was suggested by Aluxwell'a electro-magnetic theories. 
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liok’a equation for the diffusion of salts in solution must be 
modified to allow for the decreasing diffiisivity of the salt with 
increasing concentration ; and finally, van der Waals, Clausius, 
Rankine, Sarrau, etc., have attempted to correct the simple gas 
equation: pv — 317 , by making certain assumptions as to the 
internal structure of the gas. 

There is a prevailing impression that once a mathematical 
formula has been theoretically deduced, the law, embodied in 
the formula, has been sufficiently demonstrated, provided the 
differences between the “ calculated’^ and the ** observed*’ results 
fall within the limits of experimental error. The important point, 
already emphasized, is quite overlooked, namely, that any discrep- 
ancy between theory and fact is masked by errors of observation. 
With improved instruments, and better methods of measurement, 
more accurate data are from time to time available. The errors of 
observation being thus reduced, the approximate nature of the 
formulae becomes more and more apparent. Ultimately, the dis- 
crepancy between theory and feiot becomes too great to be ignored* 
It is then necessary to “go over the fundamentals Newformnlsa 
must be obtained embodying less of hypothesis, more of fact. Thus, 
from the first bold guess of an original mind, succeeding genera- 
tions progress step by step towards a comprehensive and a complete 
formidation of the several laws of Nature. 

§ 2. The Differential Coefficient. 

Heracleitos has said that “ everything is in motion,” and daily 
experience teaches us that changes are continually taking place in 
the properties of bodies around us. Change of position, change 
of motion, of temperature, volume, and chemical composition 
are but a few of the myriad changes associated with bodies in 
general. 

Higher mathematics, in general, deals with magnitudes which 
change in a continuous manner. In order to render snch a process 
susceptible to mathematical treatment, the magnitude is supposed 
to change during a series of veay short intervals of time. The 
shorter the interval the more uniform the process. This conception 
is of fundamental importance. To illustrate, let us consider the 
chemical reaction denoted by the equation: 

Cane sugar Invert sagar. 
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The velocity of the reaction, or the amount ^ of cane sugar trans- 
formed in unit time, will be 

Velocity of ohemicol action == Amount Qt_ea;tot ance ..P ^d uc a a „ . 

Tune of observation ' ' 

This expression only determines the average velocity, F, of the re- 
action during the time of' observation. If we let iv^ denote the 
amount of substance present at the time, when the observation 
commences, and the amount present at the time average 

velocity of the reaction will be 



where Sa; and respectively denote differences 3?^ — iCg, and ^3 — 

As a matter of fact the reaction progresses more and more slowly 
as time goes on. Of course, if sixty grams of invert sugar were 
produced at the end of one minute, and the velocity of the reaction 


was quite uniform during the time of observation, it follows that 
one gram of invert sugar would be produced every second. We 
understand the mean or average velocity of a reaction in any 
given interval of time, to be the amount of substance which would 
be formed in unit time if the velocity remained uniform and con- 
stant throughout the interval in question. But the velocity is not 
uniform — it seldom is in natural changes. In consequence, the 
average velocity, sixty grams per minwte, does not represent the 
rate of formation of invert sugar during any particular second^ but 
simply the fact observed, namely, the mean rate of formation of 
invert sugar during the time of observation. 

Again, if we measured the velocity of the reaction during one 
second, and found that half a gram of invert sugar was formed in 
that interval of time, we could only say that invert sugar was pro- 
duced at the rate of half a gram per second during the time of ob- 
servation. But in that case, the average velocity would more 
accurately represent the actual velocity during the time of obser- 
vation, because there is less time for the velocity of the reaction to 
vary during one than during sixty seconds. 


1 By “ amouut of substazice ” we understand ** number of gram-molecules ” per 
litre of solution. “One grain -molecule " is the molecular weight of the substance 
expressed in grama. JC.ff, , 18 grm.s. of water is 1 gram-molecule; 27 grms. is 1'6 
gram-moleculu.s ; 36 gnus, is 2 grum-molecule.s, etc. We use the terms “amount,” 
“quantity,” “concentration,” and “active masa ” synonyinou.sly. 
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By shortening the time of observation the average velocity 
approaches more and more nearly to the actual velocity of the re- 
action during the "whole time of observation. In order to measure 
the velocity of the reaction at any instant of time, it vrould be 
necessary to measure the amount of substance formed during an 
infinitely short instant of time. But any measurement we can 
possibly make must occupy sotub time, and consequently the 
y0lo(5ity of the particle has time to alter while the measurement is 
in progress. It is thus a physical impossibility to measure the 
velocity at any instant ; but, in spite of this fact, it is frequently 
necessary to reason about this ideal condition. 

We therefore understand by velocity at any instant, the mean 
or average velocity during a very small interval of time, with the 
proviso that we can get as near as we please to the actual velocity 
at any instant hy taking the time of observation sufficiently small 
An instantaneous velocity is represented by the symbol 


dSC -nr 

di “ ’ 


( 3 ) 


where dx is the symbol used by mathematicians to represent an 
infinitely small amount of something (in the above illustmtion, invert 
sugar), and dt a correspondingly short interval of time. Hence 
it follows that neither of these symbols per se is of any practical 
value, but their quotient stands for a perfectly definite conception, 
namely, the rate oj chemioal transjormation measured during an 
interval of time so small that all possibility of error due to vari- 
ation of speed is eliminated* 

Numbbioai. IztUTTSiTBATioifi. — Tlie rate of conversion of acetochloranilide 
into p-chloracetanilide, just exactly four minutes after the reaction had started, 
vras found to be 4*42 gx&m-moleoules per minute. The time of observation*’ 
was infinitely small. When the measurement occupied the whole four 
minutes, the average velocity was found to be 8:87 gram-molecules per 
minute ; when the measurement occupied two minutes, the average velocity 
was 5*90 units per minute ; and finsillj, when the time of observation occupied 
one minute, the reaction apparently progressed at the rate of 4*70 units per 
minute. Obviously then we approximate more closely to the actual velocity, 
4*42 gram-molecules per minute, the smaller the time of observation. 


The idea of an instantaneous velocity, measured during an 
intbrval of time so small that no perceptible error can affect the 
result, is constantly recurring in physical problems, and we shall 
soon see that the so-called methods of differentiation ” will 
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actually enable us to find the velocity or rate of change under these 
conditions. The quotient dxjdt is known as the differential co- 
efficient of X with respect to t. The value of x obviously depends 
upon what value is assigned to t, the time of observation ; for this 
reason, x is called the dependent variable, t the independent 
variable. The diff&remMal coeffiGient is the only meastire of 
a velocity at any instant of time. Our “independent variable’* 
is sometimes called the principal variable ; our “ dependent 
variable ” the subsidiary variable. 

Just as the idea of the velocity of a chemical reaction represents 
the amount of substance formed in a given time, so the velocity of 
any motion can be expressed in terms of the differential coefficient 
of a distance with respect to time, be the motion that of a train, 
tramcar, bullet, sound-wave, water in a pipe, or of an electric 
current. 

The term “ velocity ** not only includes the rate of motion, but 
also the direction of the motion. If we agree to represent the 
velocity of a train travelling southwards to London, positive, a 
train going northwards to Aberdeen would be travelling with a 
negative velocity. Again, wo may conventionally agree to consider 
the rate of formation of invert sugar from cane sugar as a positive 
velocity, the rate of decomposition of cane sugar into invert sugar 
as a negative velocity. 

It is not necessary, for our present purpose, to enter into re- 
fined distinctions between rate, speed, and velocity. Velocity is 
of course directed speed. I shall use the three terms synonym- 
ously. 

The concept velocity need not be associated with bodies. 
Every one is familiar with such terms as “ the velocity of light,'* 
“the velocity of sound,” and “the velocity of an explosion-wave ". 
The chemical student will soon adapt the idea to such phrases as, 
“the velocity of chemical action,** “the speed of catalysis," “the 
rate of dissociation," “the velocity of diffusion,** “the rate of 
evaporation," etc. It requires no great mental effort to extend 
the notion still further. If a quantity of heat is added to a sub- 
stance at a uniform rate, the quantity of heat, Q, added per degree 
rise of temperature. Of corresponds exactly with the idea of a 
distance traversed per second of time. Specific heat, therefore, 
may be represented by the differential coefficient dQJdO. Simi- 
larly, the increase in volume per degree rise of temperature is 
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represented by the dijEferential coefficient d/ojdd ; the decrease in 
volume per unit of pressure, p, is represented by the ratio — d/ojdp, 
where the negative sign signifies that the volnme decreases with 
increase of pressure. In these examples, it has been assumed that 
unit mass or unit volume of substance is operated upon, and there- 
fore the differential coaffioients respectively represent specific heat, 
coefficient of expansion, and coefficient of compressibility. 

EVom these and similar illustrations which V7ill occur to the 
reader, it will be evident that the conception called by mathe- 
maticians “ the differential coefficient ’* is not new. Every one 
consciously or unconsciously uses it whenever a “ rate,*’ “ speed,’* 
or a “ velocity ’* is in question. 

§ 3. DiffierentialB. 

It is sometimes convenient to regard dx and dt^ or more generally 
dx and dy, as very small quantities which determine the course of 
any particular process under investigation. These small magni- 
tndes are called differentials or infinitesimals. Some one has 
defined differentials as small quantities 'Werging on nothing*’. 
Differentials may be treated like ordinary algebraic magnitudes. 
The quantity of invert sugar formed in the time dt ia represented 
by the differential da. Hence from (3), if dxjdt =» F, we may 
write In the language of differentials 

da =» V.dt. 

I suppose that the beginner has only built up a vague idea of 
the magnitude of differentials or infinitesimals. They seem at 
once to exist and not to exist. I will now try to make the concept 
more clearly defined. 

§ i. Orders of Magnitude. 

If a small number n be divided into a million parts, each part,^ 
» X 10 “ ® is so very small that it may for all practical purposes be 
neglected in comparison with n. If we agree to call n a magnitude 
of the first order, the quantity n x 10 “ ® is a magnitude of the 
second order. If one of these parts be again subdivided into a 


1 Kote 10^ unity followed by four cyphers, or 10,CX)0. 10 “ ■* is a decimal point 

followed by three cyphers and unity, or 10 ~ ^ » V o » “ 0*0001. This notation is in 

general use. 
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million parts, each part, x 10 "■ is extremely small when 
compared with w, and the quantity ro x 10 “ is a •magnitude of 
the third order. We thus obtain a series of magnitudes of the 
first, second, and higher orders, 

^ Tt. n 

’ I.OOOOOO’ 1000 000.0 0 0000***** 

each one of which is negligibly small in comparison with those 
which precede it, and very large relative to those which follow. 

This idea is of great practical use in the reduction of intricate 
expressions to a simpler form more easily manipulated. It is 
usual to reject magnitudes of a higher order than those under 
investigation when the resulting error is so small that it is out- 
side the limits of the errors of observation peculiar to that 
method of investigation. 

Having selected our unit of smallness, we decide what part of 
this is going to be regarded as a small quantity of the first order. 
Small quantities of the second order then bear the same ratio to 
magnitudes of the first order, as the latter bear to the unit of 
measurement. In the “theory of the moon,’* for example, we 
are told that is reckoned small in comparison with unity ; (tV)^ 
is a small magnitude of the second order ; of the third order, 

etc. Calculations have been made up to the sixth or seventh 
orders of small quantities. 

In order to prevent any misconception it might be pointed out 
that “great” and “small” in mathematics, like “hot” and 
“ cold ” in physics, are purely relative terms. The astronomer 
in calculating interstellar distances comprising millions of miles 
takes no notice of a few thousand miles ; while the physicist dare 
not neglect distances of the order of the ten thousandth of an inch 
in his measurements of the wave length of light. 

A term, therefore, is not to be rejected simply because it eeeum 
small in an absolute sense, but only when it appears small in 
comparison with a much larger magnitude, and when an exact 
determination of this small quantity has no appreciable effect on 
the magnitude of the larger. In making up a litre of normal 
oxalic acid solution, the weighing of the 63 grams of acid required 
need not be more accurate than to the tenth of a gram. In many 
forms of analytical work, however, the thousandth of a gram is of 
fundamental importance ; an error of a tenth of a gram would 
stultify the result. 
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§ 5. Zero and Infinity. 

The words “ infinitely small were used in the second para ■ 
graph. It is, of course, impossible to conceive of an infinitely small 
or of an infinitely great magnitude, for if it were possible to retain 
either of these quantities before the mind for a moment, it would 
be just as easy to think of a smaller or a greater as the case might 
be. In mathematical thought the word “ infinity ” (written : oo) 
signifies the ‘properties possessed by a magnitude greater than any 
finite magnitude that can be named. Eor instance, the greater 
we make the radius of a circle, the more approximately does the 
circumference approach a straight line, until, when the radius is 
made infinitely great, the oircumfereuce may, without committing 
any sensible error, be taken to represent a straight line. The con- 
sequences of the above definition of infinity have led to some of 
the most important results of higher mathematics. To sum- 
marize, infinity represents neither the magnitude nor the value 
of any particular quantity. The term “ vnfvmty ** is simply cm 
abbreviation for the property of growing large without limit. JS.g.^ 
*Han 90® «■ oo *’ means that as an angle approaches 90*, its tan- 
gent grows indefinitely large. Now for the opposite of greatness — 
smallness. 

In mathematics two meanings are given to the word “zero". 
The ordinary meaning of the word implies the total absence of 
magnitude; we shall call this absolute zero. Nothing remains 
when the thing spoken of or thought about is taken away. If four 
units be taken from four units absolutely nothing remains. There 
is, however, another meaning to be attached to the word different 
from the destruction of the thing itself. If a small number be 
divided by a billion we get a small fraction. If this fraction be 
raised to the billionth power we get a number still more nearly 
equal to absolute zero. By continuing this process as long as we 
please we continually approach, but never actually reach, the 
absolute zero. In this relative sense, zero — ^relative zero — is 
defined as “an infinitely smaU" or “a vanishingly small number,*’ 
or “a number smaller than any assignable fraction of unity*’. 
Por example, we might consider a point as an infinitely small 
circle or an infinitely short line. To put these ideas tersely, ab- 
solute zero implies that the thing and all the properties are absent ; 
relative zero implies that however small the thing may be its 
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•pro'perty of growing small without limit is alone retained in the 
mind. 

EsakpHiE^s. — ( 1) After the reader has veridod the follo'wing results he will 
understand the special meaning to be attached to the zero and infinity of 
mathematical reasoning, n denotes any finite number ; and “ ? ** an in- 
determinate magnitude, that is, one whose exact value cannot be determined. 

oo-^ 00 =5 00 ; oo — oo = ?; rtx0=0; 0x0=0; nx Qo = ao; 
0/0 = ? ; n/0 =3 oo ; 0/ro = O ; oo/O = oo;0/oo = 0;n/oo = 0; co/ti sb oo. 

(2) Let y = 1/(1 - as) and put a; = 1, then y ^ a>\ if a; -< 1, y is positive ; 
and when as ]> 1, y is negative.^ Thus a variable magnitude may change its 
sign when it becomes infinite. 

If the reader has access to the Transactions of the Cambridge 
Philosophical Society (11. 145, 1871), A. de Morgan’s paper ** On 
Infinity,” is worth reading in connection with this subject. 

§ 6. liimiting Values. 

J. The sum of an infinite number of terms may have a finite 
value. Converting ^ into a decimal fraction we obtain 

i = 0*11111 . . . continued to infinity, 

^ ^ + riw ■+* ToVtr + • • • to infinity, 

that is to say, the sum of an infinite number of terms is equal to ^ 
— a finite term I If we were to attempt to perform this summa- 
tion we should find that as long as the number of terms is finite 
we could never actually obtain the result We should be ever 
getting nearer but never get actually there. 

If we omit all terms after the first, the result is less than -J- ; 
if we omit all terms after the third, the result is too little ; 

and if we omit all terms after the sixth, the result is o.ooo.ooo 
less than that is to say, the sum of these terms continually 
approaches but is never actually equal to as long as the number 
of terms is finite. ^ is then said to be the limiting value of the 
sum of this series of terms. 

Again, the perimeter of a polygon inscribed in a circle is less 
than the sum of the arcs of the ciz’cle, i.e., less than the circum- 


1 The signs of inequality are as follows: ** ^ " denotes **is not equal to" ; 
**>■,” “ is greater than ” ; “is not greater than ” ; “ is less than " ; 

and than For ** = “ read “is equivalent to ’’ or “ is identical 

with". The symbol has been used in place of the phrase “is greater than or 
equal to," and — <» ii^ place of “is equal to or less than 




14 


HIGHEB MATHEMATICS. § 6. 

Cerenoe of the cirole. In. Eig. 1, let the arcs AoLBf .B&C. ..be 

bisected at a, b . . . Join Aa, aB, Bb, . . . 
Although the perimeter of the second poly- 
gon is greater than the first, it is still less 
than the circumference of the circle. In 
a similar way, if the arcs of this second 
polygon are bisected, we get a third poly- 
gon whose perimeter approaches yet nearer 
to the circumference of the circle. By 
continuing this process, a polygon may be 
obtained as nearly equal to the circum- 
ference of a circle as we please. The circumference of the circle is 
thus the limiting value of the perimeter of an inscribed polygon, 
when the number of its sides is increased Indefinitely. 

In general, when a variable magnitude cc continually ajgproachee 
nearer and nearer to a constant value n so that x can be made to 
differ from n by a quantity less than any assignable magnitude^ n 
is said to be the limiting value of x, 

Erom page 8, it follows that dxfdt is the limiting valued of 
SxJBtf when t is made less than any finite quantity, however small. 
This is written, for brevity, 

. dx 8x 

iSt ~ 

in words **dxfdt is the limiting value of 8x/St when t becomes 
zero’* or rather relative zero, i.e., small without limit. This no- 
tation is frequently employed. 

The sign “ = " when used in connection with differential co- 
e£G.cients does not mean *‘is equal to,’* but rather “can be made 
as nearly equal to as we please **. We could replace the usual 
** tB * by some other symbol, say if it were worth while.^ 

II. The value of a limiting ratio depends on the relation be- 
tween the two variables. Strictly speaking, the limiting value of 



^Although differential quotients are, in this work, written in the form **dxfdtf'* 
, the student in working through the examples and demonstrations, should 

. The former method is used to economize space. 


.. daa 
write -j-.. 

dV d& 


The symbol a; s 0 is sometimes used for the phrase “ as a; approaches zero 
“lim" **lim*’ 

a; =: 0 ’ aisQ ’ elso used instead of our **Ltx=i o, ” meaning “the 

limit of . . . a.s X approaches zero 
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the ratio 8x/St has the form and as such is indeterminate — in- 
determinate, because may have any numerical value we please. 
It is not difi&cult to see this, for example, § = 0, because 0x0 = 0 ; 
§ = 1, because Ox 1 = 0; ^ = 2, because Ox 2 — 0 ; ^ = 15, 
because Ox 15 = 0;-§- = 999,999, because 0 x 999,999 = 0, etc. 

Example. — T here is a “hoary-headed” puzzle which goes like this: 
GiTen X sa a; a?* — xa ; a?“ -- a® = xa — a® ; (® — a) (» + a) « a>{x — a) ; 

a? + a *» a; 2a = a ; 2 =*. 1. Where is the fallacy? Aasr. The step 
{x — a) (aj + a) = a(a 5 •— a) means {x + a) x 0 = a x 0, i.e., no times a; 4* a = 
no times a, and it does not necessarily follow that a; Hh a is therefore eg[ual 
to a. 


For all practical purposes the dififerential ooefiBlcient dxjdt is to be 
regarded as a fraction or quotient. The quotient dx/dt may also 
be called a rate-measurer,*’ because it determines the velocity or 
rate with which one quantity varies when an extremely small 
variation is given to the other. The actual value of the ratio dxjdt 
depends on the relation subsisting between x and t. 

Consider the following three illustrations : 
on the circumference of the circle towards a 
fixed point Q (Fig. 2), the arc x will diminish 
at the same time as the chord y» By 
bringing the point P sufiSciently near to <5, 
we obtain an arc and its chord each less 
than any given line, that is, the arc and 
the chord continually approach a ratio of 
equality. Or, the limiting value of the ratio 
SxJBy is unity. 


If the point P move 




Sx dx 


1 . 


It is easy to show this numerically. Let us start with an angle 
of 60° and compare the length, dx, of the arc with the length, 
dy, of the corresponding chord. 


Angle at 
Centre. 

djc. 

atf. 

dx 

60® 

1-0472 

1-0000 

1-0472 

30® 

0-5236 

0-5176 

1-0116 

10® 

0-1745 

0-1743 

1-0013 

6® 

0-0873 

0-0872 

1-0003 

1® 

0-0176 

0-0175 

1-0000 




16 


HIGHER MATHEMATICS. 


§ 6 . 


A chord of 1* does not differ from the corresponding arc in the first 
four decimal places ; if the angle is 1', the agreement extends 
through the first seven decimal places ; and if the angle be 1", the 
agreement extends through the first fifteen decimals. The arc and 
its chord thus approach a ratio of equality. 

If AJ3C (Fig. 3) be any right-angled triangle such that AB BC ; 
by Pythagoras’ theorem or Euclid, i., 47, and vi., 4, 

AB : AG = 03 : y =» 1 : ^2. 

If a line moving towards A, remain parallel to J50, this pro- 
portion will remain constant even though each side of the triangle 
ABB is made less than any assignable magnitude, however small. 
That is 

T f So; _ dec __ 1 

Eoft ABC be a triangle inscribed in a circle (Fig. 4), when BO 
is a diameter and BA 0 is a right angle. Draw AD perpendicular 
to BO. Then by Euclid, vi., 8 

BC : AG = AO : BO — sc : y. 

If A approaches G until the chord AO becomes indefinitely 
small, BC will also become indefinitely small. The above propor- 


A 




tion, however, remains. "When the ratio BC : AO becomes in- 
finitely great, the ratio of AO to BC wiU also become infinitely 
great, or 

r . Sx doc 

^ ^ By ~ dy ~~ *** 

It therefore follows at once that although two quantities may 
become infinitely small their limiting ratio may have any finite or 
infinite value whatever. 

Examples. — Point out the error in the following deduction : “ If AB (Pig. 3) 
Is a perpendicular erected upon the straight line JBC^ and O is any point 
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upon BOi then AC is greater than AJ5, however near C may be to JB, and, 
therefore, the same is true at the limit, when G coincides with J3*\ Hint.— 
The proper way to put it is to say that AC becomes more and more nearly 
equal to AJB, as C approaches JB, etc. 

Two quantities are generally said to be equal when their 
difference is zero. This does not hold when dealing with differ- 
entials. The difference between two infinitely small quantities 
may be zero and yet the quantities are not equal. Infinitesimals 
can only be regarded as equal when their ratio is unity. 

§ 7. The Differential GoefiBloient of a Differential GoefBoient. 

Velocity itself is generally changing. The velocity of a falling 
stone gradually increases during its descent, while, if a stone is 
projected upwards, its velocity gradually decreases during its ascent. 
Instead of using the awkward term ** the velocity of a velocity,'* 
the word acceleration is employed. If the velocity is increasing 
at a uniform rate, the acceleration, J?*, or rate of change of velocity, 
or rate of change of motion, is evidently 

, Increase of velocity -rp ^2 /-i \ 

Acceleration = ^ “ "gF* 

where Vi and Fg respectively denote the velocities at the beginning, 
iji, and end, of the interval of time under consideration ; and SF 
denotes the small change of velocity during the interval of time St, 
In order to fix these ideas we shall consider a familiar ex- 
periment, namely, that of a stone falling from a vertical height. 
Obseiwation shows that if the stone falls from a position of rest, 
its velocity, at the end of 1, 2, 3, 4, and 5 seconds is 

32, 64, 96, 128, 160, 

feet per second respectively. In other words, the velocity of the 
descending stone is iticreasing from moment to moment. The 
above reasoning still holds good. Let ds denote the distance tra- 
versed during the infinitely short interval of time dt. The velocity 
of descent, at any instant, is evidently 

^ F. . . . . . (2) 

Next consider the rate at which the velocity changes from one 
moment to another. This change is obviously the limit of the 
ratio 8 F/Si, when St is zero. In other words 

dV 

■ ■ ( 3 ) 
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Substituting for V, wa obtain the sacond differential ooefdoient 



which is more oonvenlentl 7 written 

S - P. (not F 


ds\ 

dty' * 



This expression represents the rate at which the velocity is increas- 
ing at any instant of time. In this particular example the acceler- 
ation is due to the earth’s gravitational force, and g is nsnally 
written instead of 'P. 

The'ratio d^x/dt^ is called the second differential coefficient 
of X with respect to t. Just as the first differential coefficient of x 
with respect to i signifiles a velocity, so does the second differ&ztial 
coeffwi&nt ojx with respect to t denote an acceleration. 

The velocity of most chemical reactions gradually diminishes as 
time goes on. Thus, the rate of transformation of cane sugar into 
invert sugar, after the elapse of 0, 30, 60, 90, and 130 minutes 
was found to be represented by the numbers ^ 

15 * 4 :, 13 * 7 , 152 * 4 , 11 - 4 , 9 - 7 , 

respectively. 

If the velocity of a body increases, the velocity gained per 
second is called its acceleration ; while if its velocity decreases, its 
acceleration is really a retardation. Mathematicians often prefix 
a negative sign to show that the velocity is diminishing. Thus, 
the rate at which the velocity of the chemical reaction changes is, 
with the above notation. 


IP = - 


d^x 

'd^‘ 


( 5 ) 


In our two illustrations, the stone had an acceleration of 32 
units (feet per second) per second ; the chemical reaction had an 
acceleration of — 0*00073 units per second, or of — 0*044 units per 
minute. See also page lfi5. 

In a similar way it can bo shown that the third differential 
coefficient represents the rate of change of acceleration from moment 
to moment ; and so on for the higher differential coefficients 
d**xJdV*^ which are seldom, if ever, used in practical work. A few 
words on notation. 


1 Multiplied by 10*. 
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§ 8. Notation. 

It is perhaps needless to remark that the letters 8, oJ, 
do not represent algebraic magnitudes. They cannot be dis- 
sociated from the appended x and t. These letters mean nothing 
more than that x and t have been taken small enough to satisfy 
the preceding definitions. 

Some mathematicians reserve the symbols See, Si, Zio;, A • 
for small finite quantities ; dXy dt .. . have no meaning •per se. As 
a matter of fact the symbols da;, dt , . . are constantly used in place 

dx d 1 

of Sa;, St, ...» or A £c, At. ... In the ratio -^7 l^he symbol of 

an operation performed on x, as much as the symbols “-r-** or 
denote the operation of division. In the present case the 

8x 

operation has been to find the limiting valwe of the ratio when 

St is made smaller and smaller without limit ; but we constantly 
find that dxjdt is used when Saj/St is intended. For convenience, 
D is sometimes used as a symbol for the operation in place of djdx. 
The notation we are using is due to Leibnitz ; ® Newton, the dis- 
coverer of this calculus, superscribed a small dot over the de- 
pendent variable for the first differential coeflBoient, two dots for 
the second, thus x^x . . . 

In special cases, besides ^ and y, we may have dy^,, 

<d^y f d\f 

x^, a?i, a/ for the first differential coefficient; y, I 

ajgi X** ■ ‘ ~ for the second diff'erential coefficient ; and so on for the 
higher coetficients, or derivatives as they are sometimes called. 

The operation of finding the value of the differential coefficients 
of any expression is called differentiation. The differential 
calculus is that branch of mathematics which deals with these 
operations. 

§ 9. Functions. 

If the pressure to which a gas is subject be altered, it is known 
that the volume of the gas changes in a proportional way. The 


1 For “ . . . ” read “ etc." or “ and ao on ”, 

* The history of the subject is somewhat sensational. See B. Williamson’s article in 
the Enoyclopoedia Britannica, Art. “ Infinite-simal Calculus 
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two magnitiidos, pressure p and volume v, sure interdependent. 
Any variation of tlie one is followed by a corresponding variation 
of the other. In math.ematieal language this idea is included in 
the word ** f miction, v is said to be a function of p. The two 
related magnitudes are called Yapiables. Any magnitude which 
remains invariable during a given operation is called a constant. 

In expressing Boyle’s law for perfect gases we write this idea 
thus : 

Dependent 'variable = f (independent variable), 
or V = y(p), 

meaning that is some function of jp'*. There is, however, no 
particular reason why p was chosen as the independent variable. 
The choice of the dependent variable depends on the conditions of 
the experiment alone. We could here have written 

p « f{v) 

just as correctly as v *=»y(p). In actions involving time it is 
customary, though not essential, to regard the latter as the in- 
dependent variable, since time changes in a most uniform and 
independent way. Time is the natural independent variable. 

In the same way the area of a circle is a function of the radius, 
80 is the volume of a sphere ; the pressure of a gas is a function 
of the density ; the volume of a gas is a function of the tempera- 
ture ; the amount of substance formed in a chemical reaction is a 
function of the time ; the velocity of an explosion wave is a func- 
tion of the density of the medium ; the boiling point of a liquid is a 
function of the atmospheric pressure ; the resistance of a wire to the 
passage of an electric current is a function of the thickness of the 
wire ; the solubility of a salt is a function of the temperature, etc. 

The independent variable may be denoted by a?, when writing 
in general terms, and the dependent variable by y. The relation 
between these variables is variously denoted by the symbols : 

y « /(a?) ; y = <^(a;) ; y = F{sc) ; y = xl/{x) ; y = J^{x) . . . 

Any one of these expressions means nothing more than that “ y is 
some function of x ”. If ajj, ; iCg, y^ ; a;^, . . . are corresponding 

values of x and y, we may have 

y “ f {^) ; 3^1 = y(a?i) ; = fi ^^ . . - 

“Let y "=* y(iB) ’* means '‘take any equation which will enable 
you to calculate y when the value of x is known 

The word “ function ” in mathematical language thus implies 
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that for every value of x there is a determinate value of If 
and Pq are the corresponding values of the pressure amd volume of 
a gas in any given state, v and p their respective values in some 
other state, Hoyle’s lavr states that pv =* Hence, 




Po'^o . 


V 


or. 


V = 


P^ 

P ’ 


The value of ^ or of -w can therefore be determined for any 
assigned value of v or p as the case might be. 

A similar rule applies for all physical changes in which two 
magnitudes simultaneously change their values according to some 
fixed law. It is quite immaterial, from our present point of view, 
whether or not any mathematical expression for the function f{x) 
is known. For instance, although the pressure of the aqueous 
vapour in any vessel containing water and steam is a function of 
the temperature, the actual form of the expression or function 
showing this relation is Tiot known ; but the laws connecting the 
volume of a gas with its temperatare and pressure are known 
functions — Boyle's, and Charles' laws. The concept thus 
remains even though it is impossible to assign any rule for cal- 
culating the value of a function. In such cases the corresponding 
value of each variable can only be determined by actual obser- 
vation and measurement. In other words, f{x) is a convenient 
symbol to denote any mathematical expression containing x. 

From pages 8 and 17, since 


y =■ /(®)» 

the differential coeflScient dyfdx is another function of os, say /"(aj), 


A®)- 


Similarly the seooad derivative, d'^Jdx^, is another funotion of aj, 

say 

-3^ / W. =/ dal‘ ■' W. 


and so on for the higher differential functions. 

The above investigation may be extended to functions of three 
or more variables. Thus, the volume of a gas is a function of the 
pressure and temperature ; the amount of light absorbed by a 
solution is a function of the thickness and concentration of the 
solution ; and the growth of a tree depends upon the fertility of the 
soil, the rain, solar heat, etc. We have tacitly assumed, in our 
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preceding illustration, that the temperature was constant. If the 
pressure and temperature yary simultaneously, we write 

I must now make sure that the reader has clear ideas upon the 
subjects discussed in the two following articles ; we will then pass 
directly to the “ calculus ” itself. 


§ 10. Proportioiiality and the Variation Constant. 


When two quantities are so related that any variation (increase 
or decrease) in the value of the one produces a proportional varia- 
tion (increase or decrease) in the value of the other, the one 
quantity is said to be directly proportional to the other, or to vary 
as, or to vary directly as, the other. For example, the pressure of 
a gas is proportional to its density; the velocity of a chemical 
reaction is proportional to the amount of substance taking part in 
the reaction ; and the area of a circle is proportional to the square 
of the radius. 

On the other hand, when two quantities are so related that any 
increase in the value of the one leads to a proportional decrease in 
the value of the other, the one quantity is said to be inversely 
proportional to, or to vary inversely as the other. Thus, the pres- 
sure of a gas is inversely proportional to its volume, or the volume 
inversely proportional to the pressure ; and the number of vibra- 
tions emitted per second by a sounding string varies inversely as 
the length of the string. 

The symbol ** oc ’* denotes variation. For xccy^ read ‘ * x varies 
as y”; and for xcc y ~ read ** x varies inversely as The 

variation notation is nothing but abbreviated proportion. Let 

Vil ® 2 > 3^2 » • • • corresponding values of x and y. Then, if x 
varies as y, 

* 2^1 • Vs ~ fl'a • t/s “ • • • J 

or, what is the same thing, 


Vi Vi ^ ^ 

Since the ratio of any^ value of x to the corresponding value of y 


1 It is perliaps nsedless to remark that what is true of any value is true for all. 
If any apple in a barrel, is bad, aU are bad. 
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is always the same, it follows at once that xfy is a constant ; and 
is a constant when x varies inversely as y, as p and v in 
“ Boyle’s law In symbols, if 

7 1 * 

aj oc y , aj «= Ay ; and if a; cc as =» “. . . (2) 

y y 

This restilt is of the greatest importance. It is utilized in nearly 
every formula representing a physical process. A is called the 
constant of proportionality, or constant of variation. 

We can generally assign a specific meaning to the constant of 
proportion. For example, if we know that the mass, ?w, of a sub- 
stance is proportional to its volume, t?, 

7n — hv. 


If we take unit volume, v »= 1, A = rw, A will then represent the 
density, i.e.y the mass of unit volume, usually symbolized by p. 
Again, the quantity of heat, Q, which is required to warm up 
the temperature of a mass, m, of a substance 0* is proportional tc 
m X. B. Hence, 

Q *= Awd. 


If we take w *= 1, and ^ 1®, k denotes the amount of heat re- 

quired to raise up the temperature of unit mass of substance 1*. 
This constant, therefore, is nothing but the specific heat of the sub- 
stance, usually represented by G or by cr in this work. Finally, 
the amount of heat, Q, transmitted by conduction across a plate is 
directly proportional to the difference of temperature, B, on both 
sides of the plate, to the area, s, of the plate, and to the time, t ; 
Q is also inversely proportional to the thickness, w, of the plate. 


Consequently, 



By taking a plate of unit area, and unit thickness ; by keeping the 
difference of temperature on both sides of the plate at I*’ ; and by 
considering only the amount of heat which would pass across the 
plate in unit time, Q — h ] k therefore denotes the amount of heat 
transmitted in unit time across unit area of a plate, of unit thick- 
ness when its opposite faces are kept at a temperature differing 
by 1®. That is to say, A denotes the coef&oient of thermal con- 
ductivity. 

The constants of variation or proportion thus furnish certain 
specific coefficients or numbers whose numerical values usually 
depend upon the nature of the substance, and the conditions under 
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which the experiment is performed. The well-known constants : 
specific gravity, electrical resistance, the gravitation constant, w, 
and the gas constant, i2, are constants of proportion. 

Let a gas be in a state denoted by^i, and and suppose 
that the gas is transformed into another state denoted by p 2 f p^f 
and Let the change take place in two stages : — 

First, let the pressure change from to while the tempera- 
ture remains at T^. Le'b pi, in consequence, become x. Then, 
according to Boyle’s law, 


( 8 ) 


Pi 

ft a, ’ • • ® • • 

Second, let the pressure remain constant at p^ while the tem- 
perature changes from to iTg. Let a;, in consequence, become 
Pg. Then, by Charles’ law, 

P2^'3 ^ . . . • (4) 

Substituting the above value of a? in this equation, we get 


Pi 

Pi^i 


P2 

/> 2^2 


ss coustaat, say, H. 


£ - nr. 


We therefore infer that i/ a, are variable magnit'iides snph 

that xozy^ whenz is constant^ and xcc z, when y is constant, then, 
xccyz, when y and z vary together ; and conversely, it can also 
be shown that if x varies as y, when z is constant, and x varies in- 
versely as z, wTien y is constant, then, x oc yjz when y and z both 
vary. 

EsnifPiiBss. — (1) If tlie volume of a gas varies inversely as the pressure 
and directly as the temperature, show that 


thatpu = RT. 


(«) 


Tx 

(2) If the quantity of heat required to warm a substance varies directly 
as the mass, m, and also as the range of temperature, 9, show that Q => <rm9. 

(3) If the velocity, V, of a chemical reaction is proportional to the amount 
of each reacting substance present at the time t, show that 

s» ... On, 

vrh^re Gj, C^, C^, . . . , On, respectively denot^ the amount of each of the n 
reacting substances at the time t, 7e is constani:. 

§ 11. The Lavs of Indices and Logarithms. 

We all know that 

4x4= 16, is the second power of 4, written 4® ; 
4x4x4= 64, is the third pcnoer of 4, written 4®; 
4x4x4x4 = 256, is the fou/rth power of 4, written 4* ; 
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and in general, the nth power of any number is defined as the 
oontinued product 

a ■>< a "x. a y. ,,, n times =* c", . • (1) 

where n is called the exponent, or index of the number. 

By actual multiplication, therefore, it follows at once that 
102 IQS = 10 X 10 X 10 X 10 X 10 = 102 + 8 105 = 100,000 ; 

or, in general symbols, 

c"* X a* = a”* ■*■ ** ; or, <z* x a* x a* x ... — + ^ (2) 

a result known as the index law. 

All numbers may be represented as different powers of one 
fundamental number. JBj.g,, 

1 100; 2 - 10*801; 3 =« 10-*^’'; 4 = 10 *«o 2 ; 5 lO-oo* ; ... 

The power, index or exiDonent is called a logarithm, the funda- 
mental number is called the base of the system of logarithms. 
Thus if 

a" =* b, 

n is the logarithm of the number b to the base a, and is written 

n = \ogJb. 

For convenience in numerical calculations tables are generally used 
in which all numbers are represented as different powers of 10. 
The logarithm of any number taken from the table thus indicates 
what power of 10 the selected number represents. Thus if 

108 „ 1000 ; and 101*0*13927 « 11 . 

then 3 *- logiolOOO ; and 1*0413927 =« log,oll. 

We need not use 10. Logarithms could be calculated to any 
other number employed as base. If we replace 10 by some other 
number, say, 2-71828, which we represent by e, then 

1 - eo. 2 ». e0-»o3; 3 « ei*®®®; 4= =»ei'386; 5 « gi-coo. 

Logarithms to the base e == 2*71828 are called natural, hyper- 
bolic, or Napierian logarithms. Logarithms to the base 10 are 
called Briggsian, or common logarithms. 

Again, 

3 X 6 - (10®**'^7i) X (10®*®»»<>) = 10i*i7«i „ 15, 

because, from a table of common logarithms, 

logi(>3 — 0*4771 ; logj^S »■ 0*6990; log^QlS « 1*1761. 

Thus we have performed arithmetical multiplication by the simple 
addition of two logarithms. Generali ^ling, to multiply two or more 
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numbers, add the logarithms of the numbers and find the number 
whose logarithm is the sum of the logarithms just obtained. 

Tr.^fTtrT>T,T«. — Evaluate 4 x 80, 

logio 4 = 0*6021 
logjoSO = 1*9031 

Sum = 2*6052 = logj032O. 

This method of calculation holds good whatever numbers we employ in p!at*e 
of 8 and 5 or 4 and 80. Hence the use of logarithms for facilitating nmnerirai 
calculations. We shall shortly show how the operations of division, involu- 
tion, and evolution are as easily performed as the above multiplication. 

Erozn what has just bsen said it follows that 

1 03 

= 10® “ ® 10^ =a 10 ; or generally, ■■ a*" **• . (S) 

Hence the rule : To divide two numbers, subtract the logarithni 
of the divisor (denominator of a fraction) from the logarithm of th** 
dividend (numerator of a fraction) and find the number correHponti* 
ing to the resulting logarithm. 

ExAMPiiBS. — (1) Evaluate 60 3. 

logi„60 = 1*7782 
logic 3 = 0*4771 

DifEerence = 1*3011 = logio20. 

(2) Show that 10~® = xiv I 3* ^ 3 ~ 1, 

(3) Show that n* x « a ; p-j- = p* ~ ; a* -r -■ a ” <* ■*" *^ 

The general symbols a, 6, ... m, n, ... a:, y, ... in any 
general expression may be compared with the blank spaces iii a 
bank cheque waiting to have particular values assigned to dati*, 
amoxmt (£ s. d.), and sponsor, before the cheque can fiillil the 
specific purpose for which it was designed. So must tlie symbols, 
Oft hy , . . oi. B» general equation be replaced by special nutnerical 
values before the equation can be applied to any specific process 
or operation. 

It is very easy to miss the meaning of the so-called ** properties 
of indices,** unless the general symbols of the text- books are 
thoroughly tested by translation into numerical examples. The 
majority of students require a good bit of practice before a general 
expression appeals to them with full force. Here, as elsewhere. 

It IS not merely necessary for the student to think that he “ under- 
stands the principle of the thing,** he must actually work out 
examples for himself. -In scientiis ediscendis prosunt exemida 
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magis qn^m praecepta ” ^ is as true to-day as it was in Newton’s 
time. For example, how many realise why mathematicians write 
e® = 1, until some such illustration as the following has been 
worked out? 

22 X 2® « 22 + 0 « 22 = 4 =. 22 X 1. 

The same result, therefore, is obtained whether we multiply 22 by 
2® or by 1, i.e., 

22 X 2® » 22 X 1 « 22 = 4. 

Hence it is inferred that 2 


2® = 1, and generally that Ct® = 1. . . (4) 

ExamipijB. — F rom the Table on page 628, show that 

logeS = 1*0986 ; log«2 = 0*6932 ; log«l = 0. . - (6) 

And, since 

e X e X e X ... n times = e"; e x e x e = e^; exe = e“; 

.*. log,e“ = n; ... log^e^ 3 ; log^e* = 2 ; log«,e^ = 1 = log^e. . (6) 

I am purposely using the simplest of illustrations, leaving the 
reader to set himself more complicated numbers. No pretence is 
made to rigorous demonstration. We assume that what is true in 
one case, is true in another. It is only by so collecting our facts 
one by one that we are able to build up a general idea. The be- 
ginner should always satisfy himself of the truth of any abstract 
principle or general formula by applying it to particular and simple 
dases. 

To find the relation between the logarithms of a number to dif- 
ferent bases. Let n be a number such that tt®==w ; or, a = logaW; 
and = n, or, b = log^sn. Hence a“ = /3*. “ Taking logs ” to the 

base a, we obtain 

a = b loga^, 

since logaa is unity. Substitute for a and b, and we get 

loga^ = log^n . log„/3. ... (7) 

In words, the logarithm of a number to the base /3 may be obtained 
from the logarithm of that number to the base a by multiplying it 
by IJlogafi- I’or example, suppose a =» 10 and yS =« c, 


log n = 


logipW 

logioc’ 


(a) 


^ Which may be rendered: *‘In learning we profit more by example than by 
precept 

* Some mathematicians define ct^as 1 ^ ax ax a . . . n times ; rt* = lxaxaxa; 
a* = lxaxa; ai*=lxa; and a® as 1 x a no times, tlmt is unity itself. If so, then, 
I suppose that 0° must mean 1 x 0 no times, i.e., 1 ; aud 1/0® must mes.n ?/(] x 0 no 
times), i.«., unity. 
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whore the subscript in log,n is omitted. It is a common practice 
to omit the subscript of the **log’* when there is no danger of 
ambiguity. Hence, since logio2’71828 *= 0*4343, and log.lO = 2*3026, 
where 2*71828 is the nominal value of e (page 25) : — 

To pass jEpom natural to common logarithms 

Common log = natural log x 0*4343 
logio<» = log,a X 0*4343 

To pass from common to natural logarithms 

Natural log ~ common log x 2*3026 
log,a = logj^a X 2*3026 

The number 0*4343 is called the modulus of the Briggsian or 
common system of logarithms. When required it is written M 
or /t. It is sufficient to remember that the natural logarithm of a 
number is 2*3026 times as great as the common logarithm. 

By actual multiplication show that 

(100)^* = ^ 108, 

and hence, to raise a number to any power, multiply the loga- 
rithm of the number by the index of the power and find the number 
correspouding to the resulting logarithm. 

« a”^, .... (11) 

ExaupIiB. — E valuate 6K 

6^ = (5)® = (ioo-6S)90J2 ^ 10^*^® « 25, 
ftinoe refexence to a table of oommoxx logarithms shoves that 

logioS = 0*6990 ; logio25 = 1'3980. 

From the index law, above 

10^ X 10^ = 10^ ^ 101 = 10. 

That is to say, 10^ multiplied by itself gives 10. But this is the 
definition of the square root of 10. 

*•« ( n/I 0)2 = ViO X JXO = 10^ X 10^ = 10. 

A jfractional index, therefore, represents a root of the particulai 
number affected with that exponent. Similarly, 

n/ 8 = 8^, because ^8 X ^8 x VS = 8^ X 8^ x8^=*8. 

Generalizing this idea, the nth root of any number a, is 

I 

( 12 ) 

To extract the root of any number, divide the logarithm of 
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the number by the index of the required root and find the number 
coxTesponding to the resulting logarithm. 

Exa.m:p£.bs. — ( 1) Evaluate and V93. 

^8 = (8)^ = = 100-3010 _ 2; ^93 = (93)f *= {10»-8885)f « iQO-asja 1-91, 

since, from a table of common logarithms, 

logio2 = 0*3010; logjoS = 0*9031 ; logiol*91 = 0-2812 ; logio93 = 1*9685. 

(2) Perhaps this will amuse the reader some idle moment. Given ths 
obvious facts log^ ea log^, and 3>*2 ; combining the t-wo statements we get 
8 logi>2 logj; log(iif)=*>log(i)*; i>i; .*• 1 is greater 

than 2. Where is the fallacy? 

The results of logarithmic calculations are seldom absolutely 
correct because we employ approximate values of the logarithms 
of the particular numbers concerned. Instead of using logarithms 
to four decimal places we could, if stupid enough, use logarithms 
accurate to sixty-four decimal places. But the discussion of this 
question is reserved for another chapter. If the student has any 
difficulty with logarithms, after this, he had better buy F. G. 
Taylor’s An Introduction to the Practical Use oj Logarithms, 
London, 1901. 


§ 12. Diifepentiatioxi, and its Uses. 

The differential calculus is not directly concerned with the 
establishment of any relation between the quantities themselves, 
but rather with the momentary state of the phenomenon. This 
momentary state is symbolised by the differential coefficient, which 
thus conveys to the mind a perfectly clear and definite conception 
altogether apart from any numerical or practical application. I 
suppose the proper place to recapitulate the uses of the differential 
calculus would be somewhere near the end of this book, for only 
there can the reader hope to have his faith displaced by the certainty 
of demonstrated facts. Nevertheless, I shall here illustrate the 
subject by stating three problems which the differential calculus 
helps us to solve. 

In order to describe the whole history of any phenomenon it is 
necessary to find the law which describes the relation between the 
various agents taking part in the change as well as the law describ- 
ing the momentary states of the phenomenon. There is a close 
connection between the two. The one is conditioned by the other. 
Starting with the complete law it is possible to calculate the 
momentary states and conversely. 
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r. The calculation oj the momentary states from the complete 
law. Before the iastantanaoTis rate of change, dy/dx, can be deter- 
mined it is necessary to know the law, or form of the function 
connecting the varying quantities one with another. For instance, 
Galileo found by actual measurement that a stone falling vertically 
downwards from a position of rest travels a distance of s =» \gt^ 
feet in t seconds. Differentiation of this, as we shall see very 
shortly, furnishes the actual velocity of the stone at any instant 
of time, Y =* gt. In the same manner, Newton’s law of inverse 
squares follows from Kepler’s third law ; and Ampere’s law, from 
the observed effect of one part of an electric circuit upon another. 

IT. The calculation of the complete law from the momentary 
states. It is sometimes possible to get an idea of the relations 
between the forces at work in any given phenomenon from the 
actual measurements themselves, but more frequently, a less direct 
path must be followed. The investigator makes the most plausible 
guess about the momentary state of the phenomenon at his com- 
mand, and dresses it up in mathematical symbols. Subsequent 
progress is purely an affair of mathematical computation based 
upon the differential calculus. Successful guessing depends upon 
the astuteness of the investigator- This mode of attack is finally 
justified by a comparison of the experimental data with the hypo- 
thesis dressed up in mathematical symbols, and thus 

The golden guess 

Is morning star to the full round of truth.. 

Fresnel’s law of double refraction, Wilhelmy’s law of mass action, 
and Newton’s law of heat radiation may have been established in this 
way. The subtility and beauty of this branch of the calculus will not 
appear until the methods of integration have been discussed. 

III. The educti/m of a generalization from particular cases. 
A natural law, deduced directly from observation or measurement, 
can only be applied to particular cases because it is necessarily 
affected by the accidental circumstances associated with the con- 
ditions under which the measurements were made. Differentiation 
will eliminate the accidental features so that the essential circum- 
stances, common to all the members of a certain class of phenomena, 
alone remain. Let ns take one of the simplest of illustrations, a 
train travelling with the constant velocity of thirty miles an hour. 
Hence, Y == 30. Prom what we have already said, it will be clear 
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that the rate of change of velocity, at any moment, is zero. Othe 
wise expressed, dVJdt = 0. The former equation, V 30, is onl^ 
true of the motion of one particular object, whereas dVjdt = 0, is 
true of the motion of all bodies travelling with a constant velocity. 
In this sense one reliable observation 
might give rise to a general law. 

The mechanical operations of finding 
the dififerential coefficient of one vari- 
able with respect to another in any 
expression are no more difficult than 
ordinary algebraic processes. Before de- 
scribing the practical methods of differ- 
entiation it will be instructive to study 
a geometrical illustration of the process. 

Let X (Fig. 5) be the side of a square, and let there be an incre- 
ment ^ in the area of the square due to an increase of ^ in the 
variable x. 



Fio. 5. 


The original area oi the square a 

The new area =» (a; 4 - fe)* = a?* + 2xh + HK 

The increment in the area (a; + feja .. » SLxh 4- h?. , (3) 

This equation is true, whatever value be given to h. The 
B mailer the increment h the less does the value of become. 
If this increment h ultimately become indefinitely small, then 
being of a very small order of magnitude, may be neglected. Bor 
example, if when a? — 1, 


A ss 1, increment in area a 2 + 1 ; 


= -Ar* II 

^ “ i ii^u <1 1 »i 


^ ^ * & V V r 

,, = 0-002 4 S , 

** liOOO.OOO* 


etc. 


If, therefore, dy denotes the infinitely small increment in the 
area, y, of the square corresponding to an infinitely small incre- 
ment dx in two adjoining sides, z, then, in the language of 
differentials. 


Increnient y » Qxh, becomes, dy « ^X»dx. 


w 


The same result can be deduced by means of limiting ratios. 
Bor instance, consider the ratio of any increment in the area, y, 
to any increment in the length of a side of the square, x. 


1 When any quantity is increased, the q uantity by which it is increased is called 
its increment^ abbreviated **ixicr." ; a decrement is a negative increment. 
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Increment y Incr. ^ 4- 

lucr. X Bos h 

and when the value of h is zero 


2a! + h. 


dx 



== 2a?. 


( 5 ) 


To measure the rate of change of any two variables, we fix upon 
one variable as the standard of reference. When a? is the standard 
of reference for the rate of change of the variable y, we call dyfdx 
the jT-rate of y. In practical work, the rate of change of time, 
is the most common standard of reference. If desired we can 
interpret (4) or (5) to mean 


dt 



In words, the rate at which y changes is 2a: times the rate at which 
X changes. 

ExampiiBS. — ( 1) Show, by similar reasoning to the above, that if the three 

5t/ 

adjoiziing sides, a?, of a. oiibe receive a.n inorement then Lt* » o = Sa:^ 

(2) Prove that if the radius, r, of a circle he increased by an amount fc, 
the increment in the area of the circle will be {^rh -f h^) 7 r. Show that the 
limiting ratio, dyldse, in this case is 2irr. Given, area of circle =« Ttr^. 

The former method of differentiation is known as Leibnitz’s 
method of differentials,” the latter, “ Newton’s method of limits 
It cannot be denied that while Newton’s method is rigorous, 
exact, and satisfying, Leibnitz’s at once raises the question: 


§ 13. Is Bifferentiation a Method of Approximation only ? 

The method of differentiation might at first sight be regarded 
as a method of approximation, for these small quantities appear 
to be rejected only because this may be done without committing 
any sensible error. For this reason, in its early days, the calculus 
was subject to much opposition on metaphysical grounds. Bishop 
Berkeley ^ called these limiting ratios “ the ghosts of departed 
quantities A little consideration, however, will show that these 
small quantities must be rejected in order that no error may be 
committed in the calculation. The process of elimination is 
essential to ihe operation. 


1 G. Berkeley, Collected Worka^ Oxford, 3, 44, 1901. 
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There has been a good bit of tinkering, lately, at the founda- 
tions of the calculus as well as other branches of mathematics, but 
we cannot get much deeper than this : assuming that the quantities 
under investigation are continuous, and noting that the smaller the 
differentials the closer the approximation to absolute accuracy, our 
reason is satisfied to reject the differentials, when they become so 
small as to be no longer perceptible to our senses. The psycho- 
logical process that gives rise to this train of thought leads to the 
inevitable conclusion that this mode of representing the process is 
the true one. Moreover, if this be any argument, the validity of 
the reasoning is justified by its results. 

The following remarks on this question are freely translated 
from Carnot’s JRdfleayions stt/r la Mdtaphysique du Galcul In- 
finit&siTnal?- The essential merit, the sublimity, one may say, of 
the infinitesimal method lies in the fact that it is as easily performed 
as a simple method of approximation, and as accurate as the results 
of an ordinary calculation. This immense advantage would be 
lost, or. at any rate greatly diminished, if, under the pretence of 
obtaining a greater degree of accuracy throughout the whole pro- 
cess, we were to substitute for the simple method given by Leibnitz 
one less convenient and less in accord with the probable course of 
the natural event. If this method is accurate in its results, as no 
one doubts at this day ; if we always have recourse to it in difficult 
questions, what need is there to supplant it by complicated and 
indirect means ? Why content ourselves with founding it on in- 
ductions and analogies with the results furnished by other means 
when it can be demonstrated directly and generally, more easily, 
perhaps, than any of these very methods ? The objections which 
have been raised against it are based on the false supposition that 
the errors made by neglecting infinitesimally small quantities 
during the actual calculation are still to be found in the result of 
the calculation, however small they may be. Now this is not the 
case. The error is of necessity removed from the result by elimi- 
nation. It is indeed a strange thing that every one did not from 
the very first realise the true character of infinitesimal quantities, 
and see that a conclusive answer to all objections lies in this indis- 
pensable process of elimination.” 

The beginner will have noticed that, unlilce algebra and arith- 


1 Paris, 216, 1818. 
O 
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metio, higher mathematics postulates that number is capable of 
gradual growth. The differential calculus is concerned with the 
rate at which quantities increase or diminish. There are three 
modes of Tiewing this growth : — 

I. Xt&bnitz* s “ method oj infinitesimculs or differentials **. Accord- 
ing to this, a quantity is supposed to pass from one degree of mag- 
nitude to another by the continual addition of infinitely small parts, 
called infinitesimals or differentials. Infinitesimals may have 
different orders of magnitude. Thus, the product dx.dy is an in- 
finitesimal of the second order, infinitely small in comparison with 
the product y.dx, or x.dy. 

In a preceding section it was shown that when each of two 
sides of a square receives a small increment h, the correspon ding 
increment in the area is ^xh + h\ When h is made indefiiaitely 
small and equal to say dx, then (da?)® is vanishingly small in com- 
parison with x.dx. Hence, 

dy — 2x . dx. 

In calculations involving quantities which are ultimately made 
to approach the limit zero, the higher orders of infinitesimals may 
be rejected at any stage of the process. Only the lowest orders of 
infinitesimals are, as a rule, retained. 

11. New ton* s “ method of rates or fivacions Here, the velocity 

or rate with which the quantity is generated is employed. The 
measure of this velocity is called a fluxion. A fiusdon, written z, y, 
. . . , is equivalent to our dxjdtf dytdt , . . . 

These two methods are modifications of one idea. It is all a 
question of notation or defi.nition. W^hile Leibnitz referred the 
rate of change of a dependent variable y, to an independent variable 
X, iNewton referred each variable to “ uniformly flowing *' time. 
Leibnitz assumed that when x receives an increment dx, y is in- 
creased by an amount dy, Newton conceived these changes to 
occupy a certain time dt, so that y increases with a velocity as x 
increases with a velocity x. This relation may be written sym- 
bolically, 

dy 

dx - idt, dy - ydt ; 

X dx dx 
dt 

The method of fiurions is not in general use, perhaps because 
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of its more abstruse character. It is occasionally employed in 
mechanics. 

Ill, Newton* s method of limits **. This has been set forth in 
§ 2. The ultimate limiting ratio is considered as a fixed quantity 
to which the ratio of the two variables can be made to approximate 
as closely as we please. “The limiting ratio," says Carnot, “is 
neither more nor less difficult to define than an infinitely small 
quantity. . . . To proceed rigorously by the method of limits it is 
necessary to lay down the definition of a limiting ratio. But this 
is the definition, or rather, this ought to be the definition, of an 
infinitely small quantity.'* “ The difference between the method 
of infinitesimals and that of limits (when exclusively adopted) is, 
that in the latter it is usual to retain evanescent quantities of higher 
orders until the end of the calculation and then neglect them. On 
the other hand, such quantities are neglected from the commence- 
ment in the infinitesimal method from the conviction that they 
cannot affect the final result, as they must disappear when we 
proceed to the limit" {JEnoyo. Brit.'). It follows, therefore, that the 
psychological process of reducing quantities down to their limiting 
ratios is equivalent to the rejection of terms involving the higher 
orders of infinitesimals. These operations have been indicated sid® 
by side on pages 31 and 32. 

The methods of limits and of infinitesimals are employed in- 
discriminately in this work, according as the one or the other 
appeared the more instructive or convenient. As a rule, it is easier 
to represent a process mathematically by the method of infinit- 
esimals. The determination of the limiting ratio frequently 
involves more complicated operations than is required by Leibnitz’s 
method. 


§ 14. The Differentiation of Algebraic Functions. 

We may now take up the routine processes of differentiation. 
It is convenient to study the different types of functions — alge- 
braic, logarithmic, exponential, and trigonometrical — separately. 
An algebraic function of x is an expression containing terms 
which involve only the operations of addition, subtraction, multi- 
plication, division, evolution (root extraction), and involution. For 
instance, rc-i/ +■ ~ cibx = \ is an algebraic function. FunC'- 

tions that cannot be so expressed are termed transcendental 

o * 
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functions. Thus, sin a; y, log a? « y, e* =» y are transcendental 
functions. 

On pages 31 and 32 a method was described for finding the 

differential coefficient of y == by the following series of opera- 

tions : — (1) Give an arbitrary increment to aj in the original 
function ; (2) Subtract the original function from the new value 
of (a? + hy found in (1) ; (3) Divide the result of (2) by h the in- 
crement of X ; and (A) Find the limiting value of this ratio when 

This procedure must be carefully noted ; it lies at the basis of 
all processes of differentiation. In this way it can be shown that 

^ ^ y ^ ^ 

Hy actual multiplication we find that 

(a? + hy — (x + h) (x -h h) — x^ + 2hx + ; 

(a? + hy = (a; -h hylx + h) = £c® + Sha^^ -h Sh^x + ; 

Continuing this process as far as we please, we shall find that 

{x+hy^x^ - ^h + ~ - 2/^2 ^ , 4 - ^xh^ - 1 •+ h'\ ( 1 ) 

1 1 « 2 jL 

This result, known as the binomial theorem, enables us to raise any 
expression of the type x -h h to any power of n (where n is positive 
integer, i.e., a positive whole number, not a fraction) without going 
through the actual process of successive multiplication. A Similar 
rule holds for (x — hy. Now try if this is so by substituting w = 1, 
2, 3, 4, and 5 successively in (1), and comparing with the results 
obtained by actual multiplication. 

It is convenient to notice that the several sets of binomial co- 
efficients obey the law indicated in the following scheme, as n 
increases from 0, 1, 2, 3. . . . 

(a + by ^1 

(a + by =.1 1 

(a + 6)2 = 1 2 1 

(a -f- 6)3 = 1 3 3 1 

(a + 6)4 = 1 4 6 4 1 

(a 4- 6)3 = 1 6 10 10 5 1 

(a -h 6)6 = 1 6 15 20 16 6 1 

Z The differential coefficient of any ^ower of a variable. To 
find the differential coefficient of 

y = aJ". 
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Let each side of this expression receive a small increment so that 
y becomes y + h' -when x becomes x + h i 

(y + /t') “ y = y {ps hy — 0?**. 

From the binomial theorem, (1) above, 

Incr. y = w£c” “ — T)x** “ + • • • 

Divide by increment x, namely h» 

Incr. y _ y - i 4. ^n{n — l)x** '~^h + • • . 

n, Incr. x 

Hence when h is made zero 




That is to say 


Incr. X 




ax dx 


( 2 ) 


Hence the rule : — The differential coefficient of any power of x 
is obtained by diminishing the index by unity and multiplying the 
power of X so obtained by the original exponent (or index). 

Examples. — ( 1) If y ■» a® ; show that dyjdx ~ 6ic®. This means that y 
changes 6a;® times as fast as x. It x = 1^ y increases 6 times as fast as as ; if 
ic=a — 2, y decreases — 6 x 32 s - 192 times as fast as a;. 

(2) If y = x^ ; show that dyjdx = 20a;^*. 

(3) If y = a;® ; show that dyjdx = Saj^. 

(4) It y = a? \ show that dyjdx « 300, when x = 10. 

Later on we deduce the binomial theorem by differentiation. 
The student may think we have worked in a vicious circle. This 
need not be. The differential coefficient of ic" may be established 
without assuming the binomial theorem. For instance, let 


and suppose that when x becomes x^ <=> x + hf y becomes ; then 
we have 


yi-y 

x^- X 


re," — OJ" 


x-^—x 


X 


n - 1 


+ XX-, 




by division. But Lt^^o^^^j =a; ; 

• = a;** - 1 + a?" ~ 1 + ... to W terms = wa?” ~ 

dx 


II. The differential coefficient of the sum or difference of any 
number of functions. Let u^ v, . . . be functions of a; ; ^ their 
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sum. ^ Let v^, Wi , , . . , be the respective values of these 
fuziotious when as is changed to x + h, then 

+ . , , ; ^ -h Wj + 

• •• 2 /j - y «» (Wj - w) +• * v) + (wj - itj) 4 - , , , ^ 

by subtraction j dividing by h, 

Incr* t(f , iBor, v Inor, w 

”T~ ■*■ "T" ~fc~ + • • • ' 



or, 




Inor. y 
Inor. X 


du dtv dw 

3®'’3S + SS+35 + -*- 


( 8 ) 


If some of the symtols have a cainns, instead of a plus, slttn a 
oorrespondiag resiat is obtained. For inatanoe, if 


then „ d/u dv dw 

dx ^ dx ’dm’" dx * * * (®) 

Hence the rule:-^The differential coefSoient of the sum or 
difference of any number of functions is equal to the sum or differ- 
ence of the differential coefficients of the several functions. 

Ill, The differential coefficient of the product of a variable and 
a constant quantity. Let 

y »= a®** ; 

Incr. y = a{x JCff — a®” =« anml^ ” "• . 

iTherefore 




Incr. y 

~hr 


dx 


anas'* 


1 

« 


( 8 ) 


Hence the rule :_The differential ooefBoient of the product of 
a variable quantity and a constant is equal to the constant multi- 
plied by the differential coefficient of the variable. 

IV. The differential ooeffioient of any constant term is zero. 
Since a constant term is essentiaUy a quantity that does not vary 
If y be a constant, say, equal to c ; then da/dt must be absolute 


y =* (®" -I- a) ; 

then, following the old track, 


incr. y = (® + ;i)« H- a - (a;« 4 . . 

Incr. y = + . 


Lti= 


u 


wu 

'h =0 a= -Tl 

Incr. X ax 


where the constant term, has disappeared. 


1 

> • 


( 6 ) 
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For the sake of brevity we have written 1! = 1;2! = 1><2; 
3 ! = 1 X 2 X 3 ; n! = 1 x 2 x 3 x . . . x (w - 2) x - 1) x n. ' Strictly 
speaking, 01 has no meaning ; mathematicians, however, find it con- 
venient to make 0! = 1. This notation is due to Kramp. ** n\ ’* 
is read “ factorial n 

V. The differ enticuL coefficient of a polynomial ^ raised to any 
yotder. Let 

y = {ax + 

If we regard the expression in brackets as one variable raised to 
the power of w, we get 

dy. = n{aco -4- x^Y ~ ^ d{acis + a?®). 

Differentiating the last term, we get 

^ = n{ax + . . (7) 

Hence the rule: — The differential coefficient of a polynomial 
raised to any power is obtained by diminishing the exponent of the 
power by unity and multiplying the expression so obtained by the 
differential coefficient of the polynomial and the original exponent. 

ExA.MPi:i3Bis. — (1) It y — X — 2a;®, show that dy/doi = 1 — 405 . 

(2) If y *=: (1 ~ 05®)®, show that dyjdx »= — 6a;(l - 05®)®. This means that 
y changes at the rate of — 6a;(l-a;®)* for unit change of a; in other words, 
y changes - 6o5(l - o5®)® times as fast as x. 

(8) If the distance, a, traversed by a falling body at the time t, is given by 
the expressi on s s show that the body will be falling with a velocity 
dsjdt yif at the time 

(4) Young's formula for the relation between the vapour pressure p and 
the temperature 0 of isopentatie at constant volume is, p bz b6 — where a 
and b are empirioel constants. Hence show that the ratio of the change of 
pressure with temperature is oonstant and eq^ual to h. 

(0) Mendeldeff's formula for the superficial tension s of a perfect liquid at 
any temperature 0 is, s s> a — 60, where a and b are constants. Hence show 
that rate of change of s with 0 Is constant. Ausr. — 6. 

(6) One of Calleudar*s forma Ise for the variation of the electrical resistance 
JR of a platinum wire with temperature 0 is, S ea + ad h- ySd®), where a and 
P and jRq are constants. Find the increase in the resistance of the wire for a 
small rise of temperature. Ansr. dB »= I2o(a + 2fi9)dd, 

(7) The volume of a gram of water is nearly 1 -f a (d — 4)® cos. where 0 
denotes the temperature, and a is a oonstant very nearly equal to 8*38 xlO “ 
Show that the coefhcient of cubical expansion of water at any temperature dis 
equal to 2a(d — 4). Hence show that the coeMcients of cubical expansion of 
water at 0" and 10” are respectively — 67*04 x 10"“®, and + 100*56 x 10” ®, 

® A. polynomCcil is an expression <iotitaiiilng two or more ternos connected by plus or 
minus signs. Thus, a + bxi ax by Zt etc. A binomzai contains two such terms. 
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(8) A piston slides fzeely in a circular cylinder (diameter 6 in.). At wlxat 
ralie is tlie piston moving wKen steam is admitted into tlie cylinder at the 
rate of 11 oahic feet per second ? Given, volume of a cylinder = trrVt. Hint. 
Xiet “0 denote tlie volume, x tlie height of the piston at any moment. Hence, 
« = ■>r(i)®as ; dv = »(J)®da5. But we require the value of dxjdt. Divide the 
last expression through with dt^ let «■ = 

dx dv 7 

**• di “ dB ^ ^ 22 “ ®®®* 

(9) If the q[uantity of heat, Q, necessaiy to raise the temperature of a 
gram of solid from 0® to is represented by Q = ad -h bO^ +■ cfl® (where a, b, c, 
are constants), what is the specific heat of the substance at 6^. Hint. Com- 
pare the meaning of dQJdO with your definition of specific heat. Anar , 
O'-H 2be + 3c0®. 

(10) If the diameter of a spherical soap bubble increases uniformly at the 
rate of 0*1 centimetre per second, show that the capacity is increasing at the 
rate of 0*2ir centimetre per second when the diameter becomes 2 centimetres. 
Given, volume of a sphere, v — 

dv = ^JD^dDt dvfdt = J X TP X 2® X 0-1 =s 0*2ir. 

(11) The water reservoir of a town has the form of an inverted conical 
frustum with sides inclined at an ^gle of 46® and the radius of the smaller 
base 100 ft. If when the water is 20 ft. deep the depth of the water is de- 
creasing at the rate of 5 ft. a day, show that the town is being supplied with 

water at the rate of 72,000 iroubio ft. jjcr 
diem. Given, frustum, y, of cone == -Jtt x 
height X (a? -i- ab -i- 6^, where and b are 
the radii of the circular ends. Hint. Let a 
(Big. 6) denote the radius of the smaller end, 
Fia. 6. ® the depth of the water. Birst show that 

a, 4 - X is the radius of the reservoir at the 
surface of the water. Hence, y ^ ^{a »)« 4- a{a + ») + a^}x ; dy = 

ip(a® -i- 2aa aj®)daj, etc. 

(12) If u, 6, c are constants, show that dyfdx =» 6, when a; =0, given that 
If ® 4" bx 4” CSX?. Hint. Substitute (B ss 0 after the differentiation. 

(13) The area of a circular plate of metal is expanding by heat. When 
the radius passes through the value 2 cm. it is increasing at the rate of 0*01 
cm. per second. How fast is the area changing ? Ansr. 0*04ir sq. cm. per 
second. Hint. Radius «= x cm. ; area=sy sq. cm. ; .*. area of circle &= y—vx?. 
Hence, dyjdt = 2*® . dasfdt ; when aj = 2, dx/dt = 0*01, etc. 

VI. The dij^BTeriftio/i GoeffiGieoit of the product of cbny uuniheT of 
functions. Lat 

y 

where u and v are functions of as. When a; becomes x + h, let u, v, 
and y become and y^. Then Wi - y ^ u^v^ - uv, 

add and subtract from the second member of this last equation, 
and transpose the terms so that 

yi- y-=> - 17 ) 4 - v^(u^ - u). 
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In the language of differentials we may write this relation 

= d(uv) « udv + vdu. . 

Or, divide by See, and find the limit when Sx = 0, thus, 


( 8 ) 




Sx 


dv 


dv. 


^dx ^dx* 


. dy d(uv) dv du 

^ ^ — I as u~s — h v-:r- 

dx dx dx dx 


( 9 ) 


Similarly, by taking the product of three functions, say, 

y sa uvw, 

Let vw «= z ; then y = uz. From (8) , therefore 

dy = z,du + u,dz — vw.du + u.d{vw) ; 
dy =s= vw.du + u(w.dv + v.dw) ; 

.*. dy «« vw.du + uw.dv + uv.dwy . . (10) 

in differential notation. To pass into differential coefficients, divide 
by dx. This reasoning may obviously be extended to the product 
of a greater number of functions. 

Hence the rule : — The differential coefficient of any number of 
functions is obtained by multiplying the differential coefficient of 
each separate function by the product of all the remaining func- 
tions and then adding up the results. 


Examplxss. — (1) If the volume, v, of gas enclosed in a vessel at a pressure 
p, be compressed or expanded -without loss of heat, it is known that the 
relation between the pressure and volume is pvy = constant ; y is a 

constant. Hence, prove that for small changes of pressure, dvfdp = — v/yp. 

(2) If y = (a — 1) (« — 2) (« — 3), dyjdx = 3x* — 12x + 11. 

(3) If y «= x®(l + ox®) (1 — ax®), dyjdx = 2x — 6a®x“. 

(4) Show geometrically that the differential of a small increment in the 
capacity of a rectangular solid figure whose unequal sides are x, y, e is 
denoted by the expression xyde + yzdx + zxdy. Hence, show that if an ingot 
of gold expands uniformly in its linear dimensions at the rate of 0*001 units 
per second, its volume, is increasing at the rate of dvjdt = 0*110 units per 
second, when the dimensions of the ingot are 4 by 5 by 10 units. 


The process may be illustrated by a geometrical figure similar 
to that of page 31. In the 
rectangle (Fig. 7) let the un- 
equal sides be represented by 
X and y. Let x and y be in- 
creased by their differentials 
dx and dy. Then the incre- 
ment of the area will be re- ®'^®* 

presented by the shaded parts, which are in turn represented by 
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the areas of the parallelograms xdy + ydx + dxdy^ but at the limit 
dx.dy vanishes, as previously shown. 

FiJ. The differential coeffioient of ol fraction^ or quotient. Let 

u 


where u and v are functions of a?. Hence, u =» vy, and from (9) 

/'*U\ Un 

du — vdy +■ ydv ; du 

on replacing y by its value ufi). Hence, on solving, 


du - —dv 


<0 — 7^-- <D = 


vdu — udv 
^^2 » 


( 11 ) 


in the language of differentials; or, dividing through with dx wa 
obtain, in the language of differential coefhcients. 


du dv 
da 


( 12 ) 


In words, to find the differential coefficient of a fraction or of a 
quotient, subtract the product of the numerator into the differ- 
ential coefficient of the denominator, from the product of the 
denominator into the differential coefficient of the numerator, and 
divide by the square of the denominator. 

A special case occurs when the numerator of the fraction a/x 
is a constant, a, then 



a, da — a .dx 


X 


S’ 


^ a, dx dy 



( 18 ) 


In words, the differential coefficient of a fraction a(x whose 
numerator is constant is minus the constant divided by the square 
of the denominator. 


ErAMPZiBS. — (1) If y s= os/fl — «) ; 8h.o-w that dyfoix = 1/(1 — »)*. 

(2) If X denotes the number of gram molecules of a substance A txans- 
formed by a reaction, with another substanoe B, at the time experiment 
shows that xj{a — x) ^ dkt, when h is constant. Hence, show that the 
velocity of the reaction is proportional to the amounts of A and B present at 
the time t. Iieb a denote the number of gram molecules of A, and of B 
present at the beginning of the reaction. Hint. Show that the velocity of 
the reaction is equal to h{a - a?)®, and interpret the result. 

(3) If y =» (1 + aj®)/(l - a:’*), show that dyjdx = 4a;/(l - a?)\ 

(4) If y »= show that dyfdx =» - na[af* + 
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(6) Tlie refractive index, of a ray of light of ivave-length A. is, according 
to OhxistofEeTs dispersion formula 

where' ^uq and are constants. Find the change in the refractive index 
corresponding to a small change in the wave-length of the light. Ansr. 
dfi/dK = — a/(1 — Ao®/a.*)}. It is not often so difdcult a differentia- 

tion occurs in praotice. The most troublesome part of the work is to reduce 

dfjL (I + 

3\ “ V(l + Xo/A) + n/( 1 - Ao/A)}’’ 

to the answer given. Hint. Multiply the numerator and denominator of the 
right member with the factor ■+ \qJk + >Jl - Aq/a.). *1^® 

terms which are equal to p, of the original equation to get Of course the 
student is not using this abbreviated symbol of division. See footnote, page 
14. I recommend the beginner to return to this, and try to do it without the 
hints. It is a capital exercise for revision. 

VIII. The differential coefficient of a function affected with a 
fractional or negative exponent. Since the binomial theorem is 
true for any exponent positive or negative, fractional or integral, 
formula (2) may be regarded as quite general. The following prool 
for fractional and negative exponents is given simply as an exercise. 
Let 

y = x\ 

First. When is a positive fraction. Liot n =« pjg^t where p 
and q are any integers, then 

£. 

2/ = a;«, . . . . . (14) 

Raise each term to the ( 7 th power, we obtain the expression 
Ry differentiation, using the notation of differentials, we have 

q'lf ~ '^dy = px^ ~~ ^dx. 

Now raise both sides of the original expression, (14), to the 
{q — l)th power, and w© get 

fv — y 
— 1 = a; « . 

Substitute this -value ot in the preceding result, and we get 


dy p dy 7? » “ 1 


( 15 ) 


which has exactly the same form as if were a positive integer. 
Second. When n is a negative integer or a negative fraction. 

Let 


y =■ ® ; 


then y — l/a;**. Differentiating this as if it were a fraction, (13) 
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above, *we get dyjdx = — which on reduction to its 

simplest terms, assumes the form 


dy _ d{x ~ ”) 
dx dx 


^x-^-\ 


Thus the method of differentiation first given is quite general. 

A special case occurs when y = x/a;, in that case y = a?*; 

*) „ _]i_ _ 1 . 

dx 2 Jx 2 ■ * ’ 

In words, the differential coef&oient of the square root of a variable 
is half the reciprocal of the square root of the variable. 

ExA-MPLHS. — ( 1 ) M!attlxiess 6 ii*s formula for the variation of the electrical 
reeistaxioe i2 of a platinum wire with, temperature S, between 0* and lOO® is 
E = -RgCl — aB + Bind the increase in the resistance of the wire for 

a small change of temperature. Ansr. dBJde = E®(<x — Sbfl)/!?®. Note a, and 
6 are constants ; dE = - Bo(l - oa + 6fl®) -^d{l - ad -h bdP) ; multiply and 
di'vide by ; substitute for R from the original ecj^uation, etc 

( 2 ) Siemens* formula for the relation between the electrical resistance of 
a metallic wire and temperatme is, E = Eo(l + a 0 -j- hs/d) Hence, find the 
rate of change of resistance with temperature. Ansr. Eo(a + ^hd — it). 

(3) Batschinaki {Bull. Soc. Imp. Hat. Mosixno, 1902) finds that the pro- 

duct + 273)* is constant for many liquids of viscosity ^ 7 , at the temperature 
e. Hence, show that if A is the constant, dnlde = ~ + 273). 

(4) Batschinski (Z. c.) expresses the relation between the “ viscosity para- 
meter,” 17, of a liquid and the critical temperature, 0 , by the expression 

= E, where B, M", and m are constants. Hence show that 

drjjdd SB — ^l0. 



% 

dx 


The differential coefficient of ci function of o> function. 

liCti 

U = <^( 2 /) ; and y = f{x). 

It is required to find the differential coefficient of u with respect to 
X. Let n and y receive small increments so that when u becomes 
y becomes and x becomes ajj. Then 

— 'll ^ u — y 

^ ^ Vx - y ' a?! “ a?* 

which is true, however small the increment may be. At the limit, 
therefore, when the increments are infinitesimal 

du du dy 

dx dy * dx ' * • • (^7) 

I may add that we do not get the first member by cancelling out 
the dy*B of the second. The operations are 
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In words, (17) may be expressed: tbe differential coefOicient of a 
function with respect to a given variable is equal to the product of 
the differential coefficient of the function with respect to a second 
function and the differential coefficient of the second function with 
respect to the given variable. We can get a physical meaning of 
this formula by talcing x as time. In that case, the rate of change 
of a function of a variable is equal to the product of the rate of 
change of that function with respect to the variable, and the rate 
of change of the variable. 

The extension to three or more variables will be obvious 
u = w = «/'(s/)> y — /(^)» follows that 

du _ dll dw dy 
dx dw ' dy ' dx 

With the preceding notation, it is evident that the relation 


If 


(18) 


a;. 


X 


Vi - y ^ 1 


2 / 1 - 2 / oji - a; 


is true for all finite increments, we assume that it also holds when 
the increments are infinitely small ; hence, at the limit, 

dx 1 , . 

(19) 


dx (ly 

— J- 


dy dx 


or. 


dy 


dy 

dx 


Wo have seen that if y is a function of x then a; is a function 
of y ; the latter, however, is frequently said to be an inverse 
function of the former, or the former an inverse function of the 
latter. This is expressed as follows : If y *= /(^)» ^ “= /”Ky)> 

or, if a; « /(y), then y *= / " K®)- 

Examplesb- — (1) \ty — a:«/(l + a)**, sho-w that dyjdx = wa” - VU + 

(2) If y = 1/ «^/(l — a®), show that dy/dx s= a:/ «/(l — £C®)®. 

(3) The use of formula (17) often simplifies the actual process of differentia- 

tion ; for instance, it is required to differentiate the expression u =>* \/(a® - a;®). 
Assume y — c^— aj®. Then^ZA = \l y \ and dyjdx=t — Sas; dujdy 

from (16) ; hence, from (17), duldx^ -x{a^ - a®) “L This is an easy example 
which could be done at sight ; it is given here to illustrate the method. 

By tho application of these principles any algebraic function 
which the student will encounter in physical science,^ may be 


^ K. Weieratrass has shown that there are some continuous fxinctions which have 
not yet been ditl'erentiated, but, as yet, they have no physical application except 
perhaps to vibrations of very great velocity and small amplitude. See J, Harkuess 
and F. Morley’s* Theory of" Functions, London, 65, 1893. 
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differentiated. Hefore proceeding to transcendental functions, that 
is to say, functions which contain trigonometrical, logarithmic or 
other terms not algebraic, we may apply our knowledge to the 
well-known equations of Boyle and van der Waals. 


§ 15. The Clas Clquations of Boyle and van der Waala. 

In van der Waals’ equation, at a constant temperature, 

(p + (v — 5 ) = constant, . . , ( 1 ) 

where & is a constant depending on the volume of the molecule, d 
is a constant depending on intermolecular attraction. Differenti- 
ating with respect to p and v, we obtain, as on pages 40 and 41, 


and therefore 


(v - b)d(p + - *) - 0 , 


dv 

dp 


( 2 ) 


_ V — b 
~ a 

^ ~ 7ri+ — 3 - 

The differential coefficient dv/dp measures the compressibility of 

thft 


6 ■» O, and 


( 3 ) 


UXJLW V>V./I.J,4 

the gas. If the gas strictly obeyed Boyle’s law, a 
we should have 

dv V 
dp^ “ p' 

The negative sign in these equations means that the volume of 
gas decreases with increase of pressure. Any gas, therefore, 
. less sensitive to changes of pressure than Boyles 

law indicates, according as the differential coefficient of (2) is 
greater or less than that of ( 3 ), that is according as 


t? - & 

I “ 


V 


- ; .-.po - pb 


• • 


a 

:pv h 

V 


a 2a 


2 ab 

2)2 


pb 


. ^ 
V 


2ab 




.2 




w 


If Boyle’s law were strictly obeyed. 

PV *= constant, . , 

bBt if the gas be less sensitive to pressure than -R^ i • i 
indicates, so that in « .3 ^ essuie than Boyle s law 

pressure has to be Thttr ^ “““‘motion, the 

demands, pv increases with increase of ur“°™ ‘'’““u 

®“®e of pressure ; whUe if the gas 
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be more sensitive to pressure than Bo 7 le’a law provides for, 
decreases with increase of pressure. 

Some valuable deductions as to intermoleoular aption have been 
drawn by comparing the behaviour of gases under compression in 
the light of equations similar to (4) and (5). But this is not all. 
From (S), if c = constant, v — c/p, which gives on differentiation 

dv ^ c 

djp ~~ 

or the ratio of the decrease in volume to the increase of pressure, is 
inversely as the square of the pressure. By substituting p 2, 8, 
4, ... in the last equation we obtain 

d-y 1 1 ^ 

~ ” 4 ^ 9 ' 16 ^ *•* 

where c — unity. In other words, the greater the pressure to 
which a gas is subjected the less the corresponding diminution in 
volume for any subsequent increase of pressure. The negative 
sign means that as the pressure increases the volume decreases. 


§16. The Differentiation of Trigonometrical Functions. 


Any expression containing trigonometrical ratios, sines, cosines, 
tangents, secants, cosecants, or cotangents is called a trigono- 
metrical function. The elements of trigonometry are discussed 
in Appendix I., on page 606 et seq^., and the beginner had better 
glance through that section. We may then pass at once in madias 
res. There is no new principle to be learned. 

J. The differential coefficient of sin x is cos x. Liet y become pj, 
when X changes to x + h, consequently, 
y ^ Bin x; and « sin (x + h); yi - y ^ sin (® + A) - sin a?. 
By (39), page 612, ^ ^ 

yi - y ^ 2 sin 2 cos (x -+ 

Divide by h and 

Vi - y _ sin , h\ 

”7r cos(^a;+2j. 

SI El 01 ^ 

But the value of approaches unity, page 611, as a; approaches 


zero, therefore, 


Lt* „ = cos rr ; 


dy _ d(si n x') 
dx ” dx 


cos a; 


(IJ 
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The rate of change of the sine of an angle with respect to the 
angle is equal to the cosine of the angle. " When x increases from 
0 to the rate of increase of sine x is positive because cos x is 
then positive, as indicated on page 610 ; and similarly, since cos x 
is negative from Jn- to tt, as the angle increases from Jtt to tt, sine x 
decreases, and the rate of increase of sin x is negative. 

If X is measured in degrees, we must write 

d(sin fl/®) d(sin a? ) ^ ^ Tra;*^ . o 

dx “ Si 180 “ » 

since the radian measure of an angle == angle in degrees x xi'Ty’*’* 
where ir *= 3*1416, as indicated on page 606. 

NuMBaicAri IxjLtjstbation. — Y ou can get a very fair approximation to 
the fact stated in (1), by taking h small and finite. Thus, if a; = 42® 6' ; 
and ^ 1' ; x + h=> 42® 7 ' ; 

, Inor. y __ sin (a? + 7t) — sin® _ 0*0002158 ^ 

Incr. X hvD, radians ““ 0*0002909 ~ 0*74183, 

But cos® = 0*74198; cos(® + 7i) =» 0*74178 ; so that when h is dyjdx lies 
somewhere between cos ® and cos (® + h). By taking smaller and smaller 
values of h, dy(dx approaches nearer and nearer in value to cos ®. 

II, The differential ooefficient of oos x is — sin x. Let us put 
y — oos X ; and y-^ «= cos -H ^) ; — y — cos {x + h) oos x, 

From the formula (41) on page 612, it follows that 

y, - s, = - 2sin|sin(. + |) ; o. - ?^^sin(x + |); 

and at the limit when h = 0, 


Lt;, „ 


Vi-y 

® h 


sin a;; 


dy _ d{<iOBx) 
' ' dx'~ dx 


— sin a; 


( 2 ) 


The meaning of the negative sign can readily be deduced from 
the definition of the differential coefficient. The differential co- 
efficient of cos X with respect to x represents the rate a t which 
cos a; increases when x is slightly increased. The negative sign 
shows that this rate of increase is negative, in other words, cos x 
diminishes as x increases from 0 to W^hen x passes from ^tt to 

w cos a; increases as a; increases, the differential coefficient is then 
positive. 


III. The differential coefficient of tanx is sec^x. XJsing the re- 
sults already deduced for sin x and oos x, and remembering that 
sin a?/cos x is, by definition, equal to tan x, let y *= tan x, then 
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\COS £C/ 


<i(sin. x) . d(co3 x) 
008 x ^^ — i - sin a; - 


dx 


dx 


coa^x + sin®a? 


COB^X 

Hence 


— sec^a?. 


( 8 ) 


w 


cZ(tan x) 

dx dx cos‘^aj 

But the numerator is equal to unity (19), page 611. 

<i(tan x) 

dx ~ cos^x 

In the same way it can be shown that 

d(c^) ^ 

oLoij 

The remaining trigonometrical functions may be left for the 
reader to work out himself. The results are given on page 193. 

Examples. — ( 1) If y =5= cos"® ; dyjdx =t — n cos" — ’® . sin x, 

(2) If y s= sin"® ; dyfdx s= n sin" ~ . cos x, 

(3) If a particle vibrates according to the equation y »» a sin {qt — e), what 
is the velocity at any instant when a, q and e are constant ? The answer is 
aq cos (qt — «). 

(4) If y =s sin®(n® — a) ; dyfdx = 2,n sin {nx — a) cos {nx — a). 

(6) Differentiate tan 6 = y/x. Ansr. de = (xdy — ydx) -5- (®® + 2/*)* Hint. 

seo^e . (fd = (1 + t&n^$)dd ; ^ dQ==^~ ^ etc. 

(6) If the point P moves upon a circle, with a centre O and radius 18 cm., 
AJB is a diameter ; MJP is a perpendicular upon AR, show that the speed of M. 
on the line AB is 226 cm. per second when the angle BOP = a = SO® ; and 
P travels round the perimeter four times a second. Sketch a diagram. Here 
OM =z y s= r cos a = 18 cos a ; dyfdt == — (18 sin a)da/dt. But dafdt = 4 x 2ir 
since *• = half the circumference ; sin 30® = i ; 

dyjdt s=-18xix83r = -9x 8 x 3* 1416 = — 22U cm. per sec. (nearly). 


§ 17. The Differentiation of Inverse Trigonometrical 
Functions. The Differentiation of Angles. 

The equation, sin y ^ x, means that y is an angle whose sine is 
X. It is sometimes convenient to write this another way, viz., 

sin ~^x = y, 

meaning that sin ~ ^x is an angl& whose sine is x. Thus if sin 30® = J , 
we say that 30® or sin“^^ is an angle whose sine is Trigono- 

metrical ratios written in this reverse way are called inverse 
trigonometrical functions. The superscript “ - 1 " has no other 
signification when attached to the trigonometrical ratios. Note, if 
tan 46° = 1, then tan~^l =■ 45° ; .•.• tan (tan“^l) = tan 45®. 

Some writers employ the symbols arc sin x ; arc tan x\ , . , for our 
sin ” ; tan -^x ; ... 

D 
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The differentiation of the inverse trigonometrical functions may 
be illustrated by proving that the differential coefficient of sin ” is 
1/ ^(1 — a^). If y = sin “ ^£D, then sin y =» £c, and 

dx , dy X 

dy dx cos y 

But we know from (19), page 611, that 

oos^y + sin'^y «« 1 ; or cos y—± ,,/ ( 1 ~ sin®^/) » ± ^(1 — a;*), 
for by hypothesis sin y ^ x. Hence 

d(8in ~ ^a?) ^ 1 , 1 


dx 


dx 


cos y - ^ x^ 

The fallacy mentioned on page 6 illustrates the errors which 
might enter our work unsuspeotiogly by leaving the algebraic sign 
of a root extraction undetermined. Here the ambiguity of sign 
means that there are a series of values of y for any assigned value 
of x between the limits + 1. Thus, if n is a positive integer, we 
know that sin x = sin (wtt ± a;) ; the + sign obtains if n is even ; 
the negative sign if n is odd. This means that if x satisfies sin “ 

BO will TT i a? i 2ir ± a? ; . . . If we agree to take sin “ '^y as the angle 
between — and + , then there will be no ambiguity because 

cos y is then necessarily positive. The differential coefficient is 
then positive, that is to say, 

d(sin “ %) _ 1 

dm ~ - x‘y • 

Similarly, 

d(cos ~ ^a?) ^ _ 1 ^ _ / 1 1 

dx “ ““ sm 3 ^ “ V± VI - ^ VI ~ rr®* 

The ambiguity of sign is easily decided by remembering that sin y 
is positive when y lies between tt and 0. Again, if y ^ tan " ^x, 
X *= tan 2 ^, dxjdy »» l/cos®^. But oos^ «!/(! + tan®^^) = 1/(1 + a?®) 
(page 612). Hence 


( 1 ) 


( 2 ) 




( 3 ) 


1 + a:® • 

The differential coefficient of tan^^a? is an important function, 
since it appears very frequently in practical formulae. It follows in 
a similar manner that 

d(oot ~ '^x ) 1 

dx * ~ 1 + a; 2 * 


( 4 ) 
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The remaining inverse trigonometrical functions may be left as an 
exercise for the student. Their values will be found on page 193. 
IjXampeiBS. — ( 1) Differentiate y ssssin— +**)]• yB=a:/N/l + «* 

hence cos ydy = dxl{l + But cos y != ^y(l — siuV) = “ **/(! ■+ **)]• 

Substituting this value of cos y in the former result we get, on reduction, 

dyjdx = (1 + x^) — the answer required. Note the steps ; 

(1 -I- £b“) “ ^dx - a;®(l + a;® "" ^dx *= (1 + «-) "■ - a:^)da3, etc. Also 

cos ^ X (1 4- «» (1 + i (1 4- x^)i BB (1 4 - a®). 

(2) If ^ ss sin — ^aj® \ dyjdx = 2aj(l - 

(3) If y = tan - 1 — — -L— ■ See formula (22), page 612. 

§ 18 . The Differentiation of Logarithms. 

Any expression containing logarithmic terms is called a logar- 
ithmic ftinotion. JS,g.^ y = loga 7 4- a^. To find the differential 
coefficient of log x. Let 

y — logo;; and y-^ — log(ic 4- K). 

Where denotes the value of y when x is augmented to x -{• h. 
By substitution, 

Vi - y _ log(a? 4- ;i) - log a? . 

“A h 

Ob 

but we know, page 23, that log a — log 6 = therefore 

Incr. y 1 /x h\ 1 

and 25 ” Ijt» = og^log(l a)' ' • • 

The limiting value of this expression cannot be determined in its 
present form by the processes hitherto used, owing to the nature 
of the terms 1/h and Jhjx. The calculation must therefore be made 
by an indirect process. Let us substitute 

hi 1 u 

X u h X 

••• + i) “ 5 • «‘os(i + \ ■ >°g(i S ■ 

As h decreases u increases, and the limiting value of u when 
h becomes vanishingly small, is infinity. The problem now is to 
find what is the limiting value of log(l + when u is infinitely 

great. In other words, to find the limiting value of the above 
expression when u inoreases without limit. 
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.•.g=.Lt..4.iog(i + iy 

According to the binomial theorem, page 36, 




+ • • • : 


( 2 ) 


1 + 1Y-1 + - i + ~ 

dividing out the u*b in each term, and we get 

fi.iY o, ('-=), . 

[1^-) -^+ •+ +... 

The limiting value of this expression when u is infinitely great is 
evidently eq[ual to the sum of the infinite aeries of terms 

111.1 
1 


^ infinity. 


(3) 


Let the sum of this series of terms be denoted by the symbol e. 
By taking a sufficient mimber of these terms we can approximate 
as close as ever we please to the absolute value of e. If we add 
together the first seven terms of the series we get 2*71826 


1 -hi 

i 

at 

1 A .A 

8t — 3 21 

1 A .i 

— 4 3t 

1 1. . A 

61 — 6 41 

1 i . A 

61 — 6 61 

1 i . A 

71 — 7 61 


« 2-00000 
= 0*50000 
= 0*16667 
= 0*04167 
= 0*00833 
= 0*00139 
= 0*00020 


Btini of first seven terms = 2*71826 

The value of e correct to the ninth decimal place 

e = 2*718281828 . . . 

This number, like w = 3*14169265 . .., plays an important r/)le in 
mathematics. Both magnitudes are incommensurable and can only 
be evaluated in an approximate way. 

Returning now to (2), it is obvious that 


(4) 


This formula is true whatever base we adopt for our system of 
logarithms. If we use 10, logj^e = 0*43429 . . . = (say) M, 


and 


% ^ <^GogiQa?) ^ 
dsD dx x' 


(fi) 
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Since log„« = 1, from (6), page 27, we can put expression. (4:) in a 
much simpler form by using a system of logarithms to the base e, 
then 


dy _ <g(log.a?) _ 1 

dec dx X * ’ * ^ ^ 

Continental writers Tariously use the symbols Xr, Z, In, Ig, for 
“log” and “log uep"; ** nat log,” or “hyp log," for “log,”. 
“ Nep ” is an abbreviation for “ Neperian,” a Latinized adjectival 
form of Napier's name. — J. Napier was the inventor of logarithmic 
computation. You will see later on where “hyp log " comes from. 


Exa-mpues. — ( 1) If y =s log oar*, sho'w that dyjdx = 4/a?. 

(2) If y ss a?" log a?, show that dyjdx *» as** — ^(1 H- log a?). 

(3) "What is meant by the expression, 2 * 71828 '‘ ^ _ io»? Ansr. If 

n is a common logarithm, then n x 2*8026 is a natural logarithm. Note, 
e = 2*71828. 

(4) A. Dupre (1869) represented the relation between the vapour pressures, 
p, of a substance and the absolute temperature T by the equation 


log p = -^ H- 6 log r + c. 


. <f(log p) _A + BT ^ 
dT ~~ • 


a result resembling van’t Hoff’s well-known equation. Hence show that if 
a, 6, c. A, B are all constants, dpfdT — p(A + BT)jT^. 


In seeding the differential coefficient of a complex function 
containing products and powers of polynomials, the work is often 
facilitated by taking the logarithm of each member separately be- 
fore differentiation. The compound process is called logarithmio 
differentiation. 


Examples. — ( 1 ) Differentiate y = «"/(! + a?)”. 

Here log y ^ n log as — -n log (1 + a?), or dyjy — ndxla{l + as). Hence 
dyjdx = ynfx(l + as) =» nx** ““ 7(1 +■ «)”■*■*• 

( 2 ) Differentiate a?*(l 4 - a;)'*/(®® ~ !)• 

Ansr. {(?i^ + l)£c^ -j- a::® — (»t 4- 4)aj — 4}a;®(l 4 - x)**“ ^(a;* — 1) 

(8) Establish (10), page 41, by log differentiation. In the same way, 
show that d{xyz) = yzdx -{- exdy 4 - xydz. 

(4) If y = ©(a® 4 - 0 ?®) sjeu^ - a?®; dyjdx = {a* 4 - — 4a?*)(ot® — as®) “ i. 

(6) If y = log sin as ; dyfdaa = £2(sin as)/sin x = cot as. 

(6) How much more rapidly does the number x increase than its log- 
arithm ? Here d(log a?)/c£e = l/os. The number, therefore, increases more 
rapidly or more slowly than its logarithm according as a? > or 1, If 
a: = 1, the rates are the same. If common logarithms are employed, M will 
have to be substituted in place of unity. E,g., d(logi^)dx = M/x. 

(7) If the relation between the number of moleoulesrcof substances A and 
B transformed in the ohemical reaction : A - 1 - B =: 0 4 * D, and the time i be 
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represented by the equation 

'Where k Is constant, and a and b respectively denote the amounts of A and B 
present 'when ss 0, show that the velocity of the reaction is proportional to 
the amounts of A and B actually present at the time t. Hint. Show that the 
velocity of the reaction is proportional to (a — as)(& - x) and interpret. 


§ 19. The Differential Goeffiolent of Exponential Functions. 


Functions in which the yariable quantity occurs in the index 
axe called exponential f auctions. Thus, a*, and (a 4- sc)* are 
exponential functions. A few words on the transformation of 
logarithmic into exponential functions may be needed. It is re- 
quired to transform log y <= oujb into an exponential function. 
Hemembering that log a to the base a is unity, it makes no 
difference to any magnitude if we multiply it by such expressions 
as log^a, ; logjQlO ; and log«e. Thus, since log,(e“*) -» ax log.« ; if 
“ oXf we can write 

log.y =» ax log^e « log.e«* ; ^ — e“, 

when the logarithms are removed. In future “ log ’* will generally 
be written in place of “log, **. “Exp as “ is sometimes "written for 
«e*”; “Exp(~ »)*’ for ‘‘e-**’. 

Examplbss. — ( 1) If y s e ; show y — x^ 

(2) If log J — — am \ J sas c — «•. 

(8) If e = 6e — «* ; log 6 — logtf = at. 

(4) If log,« — oB ; logio« = 0-4343ae. 

(6) Show that if log y^ — log y ^ Tid'y y = y^e - >**. 


The differentiation of exponential functions may be conveniently 
studied in three sections : 

(i) Let 

y =» e*. 

Take logarithms, and then, differentiating, we get 
log y =05 log fi ; ^ dec, OT = c* ; 
in other words, the differential coefficient of e* is e* itself, or. 


dx 


e* . 


( 1 ) 


The simplicity of this equation, and of (6) in the preceding 
section, explains Jihe reason for the almost exclusive use of natural 
logarithms in higher mathematics. 
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(ii) Let 

y * a*. 

As before, taking logaiithms, and differentiating, "we get 

log y «= a; log a ; ^ y log a; =« a* log.a . 


( 2 ) 


In words, the differential coeffioient of a constant affected with 
a variable exponent is equad to the product of the constant affected 
with the same exponent into the logarithm of the constant. 

(iii) Let 

y ^ of, 

where x and z are both variable. Taking logarithms, and differ- 
entiating 

log y ^ z log x\ ~ log xdz -I- ; 

dy = aflo^xdz + zaf-^dx , . (3) 

If X and e are functions of t, we have 


d(cif) _ dy 
dt ~ dt 


dz 

= re* log 


.dx 

dt 


( 4 ) 


BxampiiBs. — ( 1) The amount, », of aubstance transformed In a chemical 
reaction at the time i is given by the expression x *=* a,e ** where a denotes 
the amount of substance present at the beginning of the reaction, hence show 
that the velocity of the chemical reaction is proportional to the amount of 
substance undergoing transformation. Hint. Show that dxfdt «- - kx, and 
interpret. 

(2) If y ss (a*-Haj)*, dyfdx = 2(o* + x) (o* log a + 1). 

(3) If y =» a*>*, dyfdx = na«* logo. 

From ^fagnus empirical formula for the relation between the pres- 
sure of aqueous vapour and temperature 

0 0 
+ - arlogft 

» •' d9- Tr + e)^ * ’ 

where o, 5, y are constants. This difEereutial coefficient represents the in- 
crease of pressure, corresponding with a small rise of temperature, say, 
roughly from eP to (« + 1)®. 

(5) Biot’s empitioal formula for the relation between the pressure of 
aqueous vapour, jp, and the temperature, 6, is 


logp = -I- 6a« - e^e ; show ^ = p6a» log a - pc/9® log/8. 

(6) Required the velocity of a point which moves according to the 

equation y = oe - oos 2ir(2^ -f «). Since velocity = dyjdt, the answer is 
— ae- A.t{A cos 2ir(g< + e) + 2irg sin 27 r(g< e)!. 

(7) The relation between the amount, a?, of substance formed by two con- 
secutive unimolecular reactions and the time t or the intensity of the “excited ” 
radioactivity of thorium or radium emanations at the time f, is given by th« 
espressiou 
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CB =: 1 •+ 




k-k 

wbexe /fj and axe constants. Shtcw that the last expression represents the 
velocity of the ohange. 

(8) The viscosity, n, of a mixture of non-eleotrolytes (vrhen the concentra- 
tions of the substances “with viscosity coefdoients A, B, C, . are as, 0 , . . . 
respectively) is =s A^B»C‘ . . . Show that for a small change in as, «... 
<2)7 becomes 7i(adx + bdy -+• cds), 'where log A ss a, log JB s= b, log C =: c. Hint. 
Take logs before differentiation. 


§20. The Compound Interest Raw” in Nature. 

I cannot pass by the function e* 'without indicating its great 
significance in physical processes. From the above equations it 
follows that if 

y = = ie” . . . (1) 

where a, h and O are constants, b, by the way, being equal to 
aO log^e. G is the value of y when a; = 0. Why? It will be 
proved later on that this operation may b© reversed under certain 
conditions, and if 

^ = bef“, then y = Oe". ... (2) 

where h and C are again constant. All these results indicate 
that the rate of increase of the exponential function e* is e* itself. 
therefore, in any physical investigation, we Jhid some f^bticHon, 
Vi varying at a rate proportioTial to itself (with or without 
some constant term) we guess at onoe that we are dealuig with an 
exponential function. Thus if 
dy 

=» ± ay ; we may write y = Ce"*, or Oe ~ (^u) 

according as the function is increasing or decreasing in ijiagnitude. 

Money lent at compound interest increases in this way, and 
hence the above property has been happily styled by Lord Kelvin 
“the compound interest la-w’* (Mncyc. Brit., art. “Elasticity," 
1877). A great many natural phenomena possess this property. 
The following will repay study: — 

ItiLXJBTEATiON- 1. — Compound interest. If £100 is lent out at 
6 per annum, at the eud of the first year £105 remains. If 
this be the principal for a second year, the interest during that 
time will be charged not only on the original £100, but also on the 
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additional £5. To put this in more general terms, let £pq be lent 
^ /o P®^’ annum, at the end of the first year the interest amounts 

ToojPo» if Pi be the principal for the second year, we have at 
the end of the first year 

Pi + ioo) » 

and at the end of the second year, 

P2 = jPl(l + I^) = Po(l + 

If this be continued year after year, the interest charged on the 
increasing capital becomes greater and greater until at the end of 

t years, assuming that the interest is added to the capital every 
year. 


P = i>o(l + • . . . (3) 

ExAMPXii]. Find the amount (interest + principal) of JS500 for 10 years 
at 6 7^ compound interest. The interest is added to the principal annually 
From (3), logp = log 500 + 10 log 1-05 ; p = £814 8s. (nearly). 

Instead of adding the interest to the capital every twelve 
months, we could do this monthly, weekly, daily, hourly, and so 
on. If Nature were our banker she would not add the interest 
to the principal every year, rather would the interest be added to 
the capital continuously from moment to moment. Natura non 
facit saltus. Let us imagine that this has been done in order that 
we may compare this process with natural phenomena, and appro ri - 
mate as closely as w© can to what actually occurs in Nature. As 
a first approximation, suppose the interest to be added to the 
principal every month. It can be shown in the same way that the 
principal at the end of twelve months, is 

P ~ “1“ 12. loo)^'^ . . . (4) 

If we next assume that during the whole year the interest is added 
to the principal every moment, say n per year, we may replace 12 
by w, in (4), and 


For convenience in subsequent calculation, let us put 


— , so that n 
u 


lOOn 

From (5) and formula (11), page 28, 


ur 

loo* 


r 
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But (1 + !/«*)“ lias been shown in (3), page 52, to be equivalent to 
e when u is infinitely great ; hence, writing ^ » a*, 

V = l>o«* '> 

which represents the amount of active principal bearing interest at 
the end of one year on the assumption that the interest is added to 
the principal from moment to moment. At the end of t years 
therefore, from (3), 

r 

p = ; or, jp « ... (6) 

EximpIiB. — C ompare the amount of £500 for 10 years at 6 ®/o compound 
interest 'when the interest is added annually by the hanher, 'with the amo'ont 
whioh would accrue if the interest were added each instant it became due. 
In the first case, use (3), and in the latter (6). For the first case y a £814 Ss.; 
for the second jpas: £824 Ts. 

IiiiitJSTBATiON 2. — Newton’s law oj cooling. Let a body have a 
uniform temperature 0-^^ higher than its surroundings, it is required 
to find the rate at which the body cools. Let Oq denote the tem- 
perature of the medium surrounding the body. In consequence of 
the exchange of heat, the temperature of the body gradually falls 
from 6^ to Let t denote the time required by the body to fall 
from to 6. The temperature of the body is then 6 — above 
that of its surroundings. The most probable supposition that we 
can now make is that the rate at which the body loses heat 
{— dQ) is proportional to the difference between its temperature 
and that of its surroundings. Hence 

where fc is a eoefboient depending on the nature of the substance. 

From the definition of specific heat, if s denotes the specific 
heat of unit mass of substance. 


Q = s{0 — ^q), ; OT dQ = sd6. 

Substitute this in the former expression. Since k/s = constant = 
a (say) and 0^^ **= 0® C. , we obtain 


dt 


= a0. 


( 7 ) 


or, in words, the velocity of cooling of a body is proportional to 
the difference between its temperature aud that of its surroundings. 
This is generally styled Newton’s law of cooling, but it does not 
quite express Newton’s idea (Phil. Trans., 22, 827, 1701). 

Since the rate of diminution of 0 is proportional to 0 itself, we 
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guess at once that we are dealing -with the compound interest law, 
and from a comparison with (1) and (2a) above, we get 

.... ( 8 ) 

or log h — log 0 at. . . . (9) 

If 6i represents the temperature at the time ti, and 6^ the 
temperature at the time we have 

log b — log and log b — log 

By subtraction, since a is constant, we get 

<* - ■ i°g|. • • • ao) 

The validity of the original “simplifying assumption" as to the 
rate at which heat is lost by the body must be tested by comparing 
the result expressed in equation (10) with the results of experiment. 
If the logical consequence of the assumption agrees with facts, 
there is every reason to suppose that the working hypothesis is 
true. For the purpose of oomparison we may use A. Winkelmann's 
data, published in Wied. Ann.^ 44, 177, 429, 1891, for the rate of 
cooling of a body from a temperature of 19*9"* C. to 0° G. 

If 6 denote the temperature of the body after the interval ol' 
time — ^2 and 6^ »» 19*9, »=« 9, remembering that in practical 
work Briggsian logarithms are used, we obtain, from (10), the 
expression 

1 9 

— . Iogio“2 constant, say k. 

f] — ^2 “ 

■Winkelmann’s data for 0 and tj — t.^ are to be arranged as 
shown in the following table : — 



«a — 

k (calculated). 

18*9 

3-45 

0-006490 

16-9 

10-86 

0-006540 

14*9 

19-30 

0-006511 

12-9 

28-80 

0-006537 

10-9 

40-10 

0-006519 

8-9 

58-76 

0-006602 

6-9 

70-95 

0-006483 


Hence, 1e is constant within the limits of certain small irregular 
variations due to experimental error. Thus the truth of the sup> 
position is established within the limits of the errors incidental to 
Winkelmann’s method of measurement. 
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This is a typical example of the way in which the logical de- 
duotions of an hypothesis are tested. There are other methods. 
Eor instance, Dulong and Petit (Arm. Chim. JPh/ys.^ [2], 7, 225, 337, 
1817) have made the series of exact measurements shown in the 
first and second columns of the following table : — 


excess of 
temp, of 
body above 
Uiat of 
medium. 

V, 

velocity of cooling' dff/dt. 


Observed. 

Calculated by the formula of : 

rfevton. 

Daloxiff and 
Petit. 

Stefan. 

220® 

8-81 

6-82 

8-97 

8-95 

200® 

7*40 

6*20 

7*41 

7-44 

180® 

610 

5-58 

6-06 

6-11 

160® 

4-89 

4*96 

4-91 

4*95 

140" 

3*88 

4*34 

8-92 

8-94 

120® 

302 

3-72 

8*08 

8-05 

100® 

2-30 

3-10 

2-35 

2-80 


If we knew the numerical value of the constant a, in formula 
(7), this expression could be employed to calculate the value of dB/dt 
for any given value of 6. To evalioate a, substitute the observed 
values of V and 9 in (7) and take the mean of the different results 
so obtained. Thus, a => 0*031. The third column shows the 
velocities of cooling calculated on the assumption that Newton’s 
law is true. The agreement between the experimental and theo- 
retical results is very poor. Hence it is necessary to seek a second 
approximation to the true law. With this object, Dulong and Petit 
have proposed 

F=6(c«-1), . . . . (11) 

as a second approximation. Here h == 2‘037, c = 1*0077. Column 
4 shows the velocity of cooling calculated from Dulong and Petit's 
law. The agreement between theory and fact is now very close. 
This formula, however, has no theoretical basis. It is the result 
of a guess. Stefan's guess is that 

Y = a{(273 + OY - (273)^K . . (12) 

where a =» 10 x 16'72. The calculated results in the fifth column 
are quite as good as those attending the use of Dulong and Petit’s 
formula. Galitzine has pointed out that Stefan’s formula can be 
established on theoretical grounds. 

It is a very common thing to find different formulae agree, so 
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fcir as we <jaa test them, equally well with facts. The reader rmistf 
therefore^ guard agadnst implicit faith in this criterion — the agree- 
ment between observed and calculated results — cls an infallible 
eocperimentum crucis. 

Lord Kelvin once assumed that there was a complete transfor- 
mation of thermal into electrical energy in the chemical action of a 
galvanic element. Measurements made by Louie and himself with a 
Daniell element gave results in harmony with theory. The agree- 
ment was afterwards shown to be illusory. Success in explaining 
facts is not necessarily proof of the validity of an hypothesis, for, 
as Leibnitz puts it, le vrai pent 4tro tir6 du faux,” in other words, 
it is possible to infer the truth from false premises. 

A little consideration will show that it is quite legitimate to 
deduce the numerical values of the above constants from the 
experiments themselves. For example, we might have taken the 
mean of the values of h in Winkelmann’s table above, and applied 
the test by comparing the calculated with the observed values of 
either — tj, or of 9, 

Examples. — (1) To again quote from Wialcelmann's paper, if, when the 
temperature of the surrounding medium is 99*74®, the body cools so that when 

119*97®, 117*97®, 116*97°, 113*97®, 111*97®, 109*97®; 

t ^ 0, 12*6 26*7 42-9 61*2 83*1. 

Do you think that Newton's law is confirmed by these measuremenbs ? 
Hint. Instead of assuming that Bq = 0, it will be found necessary to retain 
Bq in the above discussion. Do this and show that the above results must be 
tested by means of the formula 

1 , 9a - 00 ..X 

3 r • iogiosr a “ ®o*istant. 

(2) What will be the temperature of a bowl of coffee in an hour’s time if 
the temperature ten minutes ago was 80®, and is now 70® above the tempera- 
ture of the room ? Assume Newton’s law of cooling. Ansr. 81*2® above the 
surrounding temperature. Hiut. From (8), 70™ 80.e~^®“; a =» 0*0134; 
aud again, a =s 80. e “* ® x 7o^ cannot apply the amended laws — Dulong 

and Petit’s, and Stefan’s — until we have taken up more advanced work. See 
(14) and (15), page 872. 

IriiiUSTRATioN 3 . — The variation of atmospheric pressure with 
altitude above sea-level can be shown to follow the compound 
interest law. Let be the pressure in centimetres of mercury at 
the so-called datum line, or sea-level, p the pressure at a height h 
above this level. Let po be the density of air at sea-level (Hg == 1). 
Now the pressure at the sea-level is produced by the weight of 
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the superincumbent air, that is, by the weight of a column of air 
of a height h and constant density po* This weight is equal to hpo. 
If the downward pressure of the air were constant, the barometric 
pressure would be lowered po centimetres for every centiihetre rise 
above sea-level. But by Boyle's law the decrease in the density 
of air is proportional to the pressure, and if p denote the density 
of air at a height dh above sea-level, the pressure dp is given by 
the expression 

dp ^ — pdh. 

If we consider the air arranged in very thin strata, we may regard 
the density of the air in each stratum as constant. By Boyle’s law 


pPo = Pop ; or. p = PcPjpa- 

Substituting this value of p in the above formula, we get 

dp P3P 

dh Po ' * ' 

The negative sign indicates that the pressure decreases vertically 
upwards. This equation is the compound interest law in another 
guise. The variation in the pressure, as we ascend or descend, is 
proportional to the pressure itself. Since pjpo is constant, we 
have on applying the compound interest law to (13), 



p = constant X 6 

We can readily find the value of the constant by noting that at 
sea-level = constant x e® — p^. Substituting 

these values in the last equation, we obtain 


Po 


( 14 ) 


p « Poe 

a relation known as Halley’s law. Continued p. 260, Ex. (2). 

ILI 1 USTRA.TION 4 . — The absorption of actinic energy from light 
passing through an absorbing medimn. The intensity, jf, of a beam 
of light is changed by an amount dl after it has passed through 
a layer of absorbing medium dl thick in such a way that 

dl =» auldlj 


where a is a constant depending on the nature of the absorbing 
medium and on the wave length of light. The rate of variation 
in Ihe intensity of the light is therefore proportional to the in- 
tensity of the light itself, in other words, the compound interest 
law again appears. Hence 


^ _ 
dl “■ 



or I 


constant X C 



63 


§ 20. TttE raf’FERENTIAL CALCUXitJS. 


If Jq denote the intensity of the incident light, then 'when 

i 0, Z * « constant. 

Hence the intensity of the light after it has passed through a 
medium of thickness Z, is 

I -Joe— .... (16) 

EzAAfPiiiBS. — (1) A 1*006 cm. layer of azx aqueous solution of copper 
chloride (2*118 gram molecules per litre) absorbed 18*18 **/«, of light in the 
region x ss 551 to 654 of the spectrum. What would be absorbed by a 
layer of the same solution 7*64 cm. thick ? Ansr. 78*18 ^/g. Hint. Find a in 
(15) from the first set of observations ; Zg » 100, Z » 81*87 ; .*. a = 0*1989. See 
T. Ewan’s paper **On the Absorption Spectra of some Copper Salts in Aqueous 
Solution” {JPhih Magr., [5], 33» 817, 1892). Use Table lY., page 616. 

(2) A pane of glass absorbs 2 of the light incident upon it. How much 
light will get through a dozen panes of the same glass? Ansr. 78*66 
Hint. Jg = 100 ; r = 98 ; a = 0*02. Use Table lY., page 616. 


Illustbation 5. — Wilhelmy's law for the velocity of chemical 
reactions, Wilhelm y as early as 1850 published the la-w of mass 
action in a form wMch wiU be recognised as still another example 
of the ubiquitous law of compound interest. “The amount of 
chemical change in a giyen time is directly proportional to the 
quantity of reacting substance present in the system.*’ 

If x denote the quantity of changing substance, and doc the 
amount of substance which disappears in the time dZ, the la'w of 
mass action assumes the dress 


dx 

dt 


kx. 


where k is b, constant depending on the nature of the reacting 
substance. It has been called the coefficient of the velocity of the 
reaction^ its meaning can be easily obtained by applying the 
methods of § 10. This equation is probably the simplest we have 
yet studied. It follows directly, since the rate of increase of x is 
proportional to a;, that 

oj =. he “ 

where h is a constant whose numerical value can be determined if 
we know the value of x when Z = 0. The negative sign indicates 
that the velocity of the action diminishes as time goes on. 


ExAUPiiSS. — (1) If a. volume v of zaerouiy be heated to any temperature 6, 
the ohauge of volume dv corresponding to a small increment of temperature 
de, is found to be proportional to v, hence dv = avde. Prove Bossoha's lor< 
mula, for the volume of mercury at any temperature 0. Ansr. 
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^hexe a, b axe constants. If we staxt with, unit volume of mercury at O*’, 
and we have the required result. 

(2) According to Nordenskjold’s solubility law, in the absence of super- 

saturation, fox a small change in the temperature, cZ9, there is a change in the 
solubility of a salt, proportional to the amount of salt s contained in 
the solution at the temperature 0, or ds = asde where is a constant. Show 
that the equation connecting the amount of salt dissolved by the solution 
with the temperature is a = where Sq is the solubility of the salt at O**. 

(3) If any dielectrio (condenser) be subject to a difference of potential, the 
density p of the charge constantly diminishes according to the relation p—be — *^, 
where b is an empirical constant ; and a is a constant equal to the product 4ir 
into the coefficient of conductivity, o, of the dielectric, and the time, t, divided 
by the specific inductive capacity, /u, i.e., a = 4tTrctjfjL, Hence show that the 
gradual discharge of a condenser follows the compound interest law. Ansr. 
Show dpjdt — ap. 

(i) One form of Dalton's empirical law for the pressure of saturated 
vapour, p, between certain limits of temperature, $, is,psa: aeo. Show that 
this is an example of the compound interest law. 

(6) The relation between the velocity P' of a certain chemical reaction 
and temperature, 0°, is log F = a + £0, where a and 6 are constants. Show 
that we are dealing with the compound interest law. What is the logical 
consequence of this law with reference to reactions which (like hydrogen and 
o^gen) take place at high temperatures (say 500*’), but, so far as we can 
tell, not at ordinary temperatures ? 

(6) The rate of change of a radioactive element is represented by 
dN/dt = — rlT where N" denotes the number of atoms present at the time t, 
and r is a constsunt. Show that the law of radioactive change follows the 
« compound interest law”. 

§ 21. Successiire Differentiation. 

Tlie differential coefQ.cienti derived from any function of a 
variable may be eitber another function of the variable, or a con- 
stant. The new function may be differentiated again in order to 
obtain the second differential coefiBoient. We can obtain the third 
and higher derivatives in the same way. Thus, if y = a;3, 

The first derivative is, ^ = Bx^ ; ^ 

dfX 

The second derivative is, » 6a; ; 

dx^ 

The third derivative is, = 6 ; 

dx^ 

The fourth derivative is, = 0. 

dap 

It will be observed that each differentiation reduces the index 
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of the power by unity. If the index » is a positive integer the 
number of derivatives is finite. 

In the symbols 5^(2^) * • * » superscripts simply de- 


note that the differentiation has been repeated 2, 3 . . . times. In 
differential notation we may write these results 

d^y IS 6a? , dx ^ ; == 5 • • • 

The symbol da?^, da?® . . meaning dx . da?, dx . da ? . dx , . must 
not be confused with dx^ d(a?®) = 2a? . dx; da?® = d(a?)® = Sx^ . da? . . . 

The successive differential coefficients sometimes repeat them- 
selves; for instance, on differentiating 

y = sin X 


we obtain successively 

dy d^y 

di “ d^^ “ ■ 


sin a? 


. ^ 

’ da?® 


d% 

cos a? ; ^ = sin a? ; - . . 
da?^ 


The fourth derivative is thus a repetition of the original function, 
the process of differentiation may thus be continued without end, 
every fourth derivative resembling the original function. The 
simplest case of such a repetition is 


which furnishes 


y 




da? 


c* 


da?® 


da?® 


e*; . 


The differential coefficients are all equal to the original function 
and to each other. 


ExAMPiiBJS. — (1) If y log a? ; show that d*ylda!* =» — 6/a?*. 

(2) If ^ = *»•; show that d*y/dac^ = n{n — l)(7i — 2)(7i — 3)a?**”’** 

(3) If ^ = a; ; show that d^y^da? = — 24a; - 

(4) If ^ = log (x + 1) ; show that d^fdx'^ = — (® + 1) — 

(5) Show that every fourth derivative in the successive differentiation of 
y = cos X repeats itself. 

Just as the first derivative of a? with respect to t measures a 
velocity, the second differential coefficient oj x with respect to t 
measures an acceleration (page 17). For instance, if a material ^ 


^ A material point is a fiction much u.scd in applied mathematics for purposes 
of calculation, just as the atom is in chemistry. An atom nmy contain an infinite 
number of “materiai points'' or particles. 


E 
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point, P, move in a straight line AB (Pig. 8) so that its distance, 
s, from a fixed point O is given by the ©q[uation s = a sin t, where 
a represents the distance OA or OJ5, show that the acceleration 


A P B 

0 

Fio. 8. 


due to the foroe acting on the particle is proportional to its distance 
from the fixed point. The velocity, F, is evidently 

TT ds 

F ^ = a cos t ; . , . (1) 


and the acceleration, P, is 


d^s 
dt ~~ dt^ 


= — a sin t ^ s. 


( 2 ) 


the negative sign showing that the force is attractive, tending to 
lessen the distance of the moving point from O. To obtain some 
idea of this motion find a set of corresponding values of P, s and V 
from Table XIV., page 609, and (1) and (2) above. The result is 


If < = 

0 


TT 


S'lr • • • 

r = 

a 

0 

— a 

0 

CL ■ • M 

s = 

0 

a 

0 

a 

0 . . . 


0 

— a 

0 

— a 

0 

jp is at 

o 

B 

O 

A 

0 . . . 


A careful study of these facts will convince the reader that the 
point is oscillating regularly in a straight line, alternately right and 
left of the point O. In this sense, the equation d^sfdt^ — — s 
describes the motion of the particle. It is called an equation of 
motion. An equation like ds/dt *= a cos or (d^sfdt^ = — 5 , con- 
taining differentials or differential coefficients is called a differ- 
ential equation. 


Ex/LMPitESS. — (1) If a body falls from a vertical height according to the 
law a = ^gt^, where g represents the acceleration due to the earth's gravity, 
show that g is eq[ual to the second difierential coefficient of s with respect to t. 

(2) If the distance traversed hy a moving point in the time t be denoted 
by the equation s = a<® ^ Jjt + c (where n, 6 and c are arbitrary constants), 
show that the acoeleration is constant. 

(8) Experiments show that the velocity acquired by a body in falling from 
a height s is given by the expression T® = 2^(5 ■“ ® where g denotes 

the acceleration of gravitation at the earth’s surface, and r the radius of the 
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earth. Show that the acceleration, of a body at different distances from the 
earth’s centre is inversely as the square of its distance (Newton’s law). Hint. 
Differentiate the equatibh as it stands ; divide by dt and cancel out the v on 
one side of the equation with ds/dt on the other. Hence, d^s/dt^ == — gr'^Jd^ 
remains. Now show that if a body falls freely from an infinite distance the 
maximum velocity with which it can reach, the earth is less than seven miles 
per second, neglecting the resistance of the air. In the original equation, Sg 
is CO, and « » r 3,962 miles ; g => 32^ feet = 0*00609 miles. .*. Ansr. 6*95 
miles per sec. 

(4) Show that the motion of a point at a distance s a a cos qt from a 
certain fixed point is given by the equation <PsJdt^ = — 

(6) Show that the first and second derivatives of De la Roche’s vapour 
pressure formula, jp — ab^ where a, b, m, and n axe constants, are 

^ ^ * miog bjm. log b - 2n(m + »^g)} 

de {m + ney^ * de‘^ (w + »»)■* 

Fortunately, in applying the calculus to practical work, only the 
first and second derivatiyes are often wanted, the third and fourth 
but seldom. The calculation of the higher differential coefficients 
may be a laborious process. Leibnitz’s theorem, named after 
its discoverer, helps to shorten the operation. It also furnishes 
us with the general or derivative of the function which is useful 
in discussions upon the theory of the subject. We shall here 
regard it as an exercise upon successive differentiation. The direct 
object of Leibnitz's theorem is to find the nth differential coefficient 
of the product of two functions of cc in terms of the differential co- 
efficients of each function. 

On page 40, the differential coefficient of the product of two 
variables was shown to be 

dy d{uv) du dv 

dx ~~ dx "^dx '^dx* 

where u and v are functions of x. By successive differentiation 
and analogy with, the binomial theorem (1), page 36, it may be 
shown that 

d^Cuv) d”u dv d” " . 

dx'^ ~ ^dx^ ^d£c ’ dx^ _ H- ...-+• . ( ) 

The reader must himself prove the formula, as an exercise, by 
comparing the values of d\uv)jdx'^ ; d'\uv)ldx'^ ; . . with the de- 
velopments of (x -f hy ; {x hy ; . . ., of page 36. 

Examples. — ( 1) If y = find the value of d^g/dx^. Substitute x* 

and e"* respectively for v and u in (1). Thus, 

V .*. dvjdx — 4a;''; dhjjdx^ ** 12a;® ; = 24a: ; 

u = dujdx = oe®*; d'^^ufdx^ = d^uldx* = 

E ^ 
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From (1) 

(py _ 




dffi® 




dv dHi 
^dx * da?® 


n{n — 1) Pv du . n{ 7 i — l> f-n - 2^ 

— • 3^ • ^ — sr 


dh} , 
dp' 


( 2 ) 


M r» d?V\ 

- + Ba--^ + Sajp + ^ j : . . 

= + 12a?P + Z&cvP + 24®). 

(2) If ^ ss log aj, allow that d^y/diP = -. Slfafi. 

If V7Q pretend, for the time being, that the symbols of operation 
d / dy /dy , 

\dx) » \j[^) * ™ (2)» represent the magnitudes of an operation, 
in an algebraic sense, "we can write 
dHe^) / d \3 

= e“(a + 3i)^- «“(« + . (3) 

instead of (2), and substituting D for . The expression (c + Z))3 

is supposed to be developed by the binomial theorem, page 36, and 
dv/dx, dH/dx^,, substituted in place of I>v, DH,. in the re- 
sult. Equation (3) would also hold good if the index 3 were re- 
placed by any integer, say n. This result is known as the symbolic 
form of Leibnitz's theorem. 


§ 22. Partial Differentiation, 

Up to the present time we have been principally occupied with 
functions of one independent variable cc, such that 

. . . f{^) y 

but functions of two, three or more variables may occur, say 

“ = /(ic, y,z,.. .), 

where the variables a;, y, 5 :, . . . aie independent of each other. Such 
A ^^iichons are common. As 

illustrations, it might be pointed 
out tbat tbe area of a triangle 
^ depends on its base and altitude ; 
^ the volume of a rectangular box 
^ ^ depends on its three dimen sions ; 

Fio. 9. volume of a gas depends 

on the temperature and pressure. 



JL. u%jjerent%als. 


a.hJ^" °f “ f^r^tion of two independent vari- 

ablee. This caa be best done in Uie following manner, partly 
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graphic and partly analytical. In Fig. 9, the area u of the root- 
angle AIBCD, with the sides a?, is given by the function 


u = xy. 

Since x and y are independent of each other, the one may be sup- 
posed to vary, while the other remains unchanged. The function, 
therefore, ought to furnish two differential coefiQcients, the one re- 
sulting from a variation in x, and the other from a variation in y. 
First, let the side x vary while y remains unchanged. The 
area is then a function of x alone, y remains constant. 

{du)^ = ydx, . . . . (1) 

where (d«), represents the area of the rectangle BB'0"0. The 
subscript denoting that y is constant. 

Second, in the same way, suppose the length of <»he side y 
changes, while x remains constant, then 

{du)^ =« osdy, .... (2) 

where {du)^ represents the area of the rectangle DD'CO. Instead 
of using the differential form of these variables, we may write the 
differential coefficients 


^du\ 


/du\ 

y- 




y> sp 


SB. 


*i »» 


^ C. G. J. Jacobi’s notation, where is the symbol of differ- 

entiation when all the variables, other than x, are constant. Sub- 
stituting these values of x and y in (1) and (2), we obtain 

: W. - sf 

Lastly, let us allow x and y to vary simultaneously, the total 
increment in the area of the rectangle is evidently represented by 
the figure D'EB'BGD. 

Incr. u BB'CG" + DD'CC' -i- CO'C^JS 
= ydx 4- xdy + dx . dy. 

Neglecting infinitely small magnitudes of the second order, we get 

du = ydx -\r xd/y ; . . , . (g) 


or 


which is also written in the form 


, bu . bu , 
du = ^dx + ^dy. 


(«) 


/du\ , /dw\ , 
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In equations (3) and (4), dnd, is called the total differential of the 
function ; |“da5 the partial differential of u with respect to a? when 

y is constant ; and the partial differential of u with respect 

to y when x is constant. Hence the rule : The total differential of 
two (or more) independent variables is equal to the sum of their 
partial differentials. 

The physical meaning of this rule is that the total force acting 
on a body at any instant is the sum of every separate action. 
When several forces act upon a material particle, eaxih force pro- 
duces its own motion independently of all the- others. The actual 
velocity of the particle is called the resultant velocity, and the 
several effects produced by the different forces are called the Gom- 
yonent velocities. There is here involved an important principle — 
the principle of the mutual independence of different reactions ; 
or the principle of the coexistence of different reactions — which lies 
at the base of physical and chemical dynamics. The principle 
might be enunciated in the following manner : — 

When a number of changes are sirmdtaneously taking •place in 
an/y system, each one proceeds as if it tuere independent of the others ; 
the total change is the sum of all the independent changes. Other- 
wise expressed, the total differential is equal to the sum of the 
partial differentials representing each change. The mathematical 
process thus corresponds with the actual physical change. 

To take a simple illustration, a man can swim at the rate of 
two miles an hour, and a river is flowing at the rate of one mile an 
hour. If the man swims down-stream, the river will carry him 
one mile in one hour, and his swimming will carry him two miles 
in the same time. Hence the man's actual rate of progress down- 
stream will be three miles an hour. If the man had started to 
swim up-stream against the current, his actual rate of progress 
would be the difference between, the velocity of the stream and his 
rate of swimming. In short, the man would travel at the rate of 
one mile an hour against the current. 

This means that the total change in u, when, x and y vary, is 
made up of two parts : (i) the change which would occur in •a if 
X alone varied, and (ii) the change which would occur In u \t y 
alone varied. 

Total yariatioiL = variation due to. a; alone + variation due to y alone. 
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If the meaining of the d.iff0ren.t terms in 

du = ^dx + ^dy 

is carefully noted, it -will be found that the equation is really ex- 
pressed in differential notation, not differential coefficients. The 
partial derivative 'dufdx represents the rate of change in the magni- 
tude of u when x is increased by an amount ^x, y being constant ; 
similarly 'hwfby stands for the rate of change in the magnitude of u 
when y is increased by an amount x being constant. The rate 
of change Tizifbx multiplied by dx, furnishes the amount of change 
in the magnitude of u when x increases by an amount dx, y being 
constant ; and similarly (pupiy) dy is the magnitude of the change 
u when 2 ^ increases an amount dy, x being maintained constant. 

Ba:A.MPi. 3 JS. — ( 1 ) If M = a;» + ^ 

=®>+ 82 /a; ... ^ (3a5« + 2a;2/)^i® + (a» +. 

(2) Iiu= X log y ; du = logy. dx+ x . dy/y, 

(8) If u =s cos X . sin y +- sin x . cos y ; 

du = (da + <2y)(oos x cos y — sin a sin y) = (dx + <2y){co8(aj + y)}. 

( 4 ) du^ yap - "^dx + ajr log xdy. 

(6) The difierentiation of a function of three independent variables may 
be left as an exercise to the reader. Neglecting quantities of a higher order* 
if u be the volume of a rectangular parallelepiped i having the three dimen- 
si OHS Xjf j/, independently V£iri8<bl0| tlxen zc — xyz^ sund 


** = + s'** ’ 


( 6 ) 


or an infinitely small increment in the volume of the solid is the sum of the 
infinitely small increments resulting when each variable changes indepen- 
dently of the others. Show that 

du *= yzdc -f azdy -i- xyd» ^7) 

(6) If the relation between the pressure p, and volume v, and tempera- 
ture 0 of a gas is given by the gas law = BT, show that the total change 
in pressure for a simultaneous change of volume and temperature is 

\avj9 


V* 


ou u J.D J 


This expression is only true when the changes dT and do are made in- 
finitesimal. The observed and calculated values of dp, arranged side by side 

“ P®raJlelopiped ” by false analogy with “parallelogram’*. I follow 
the will of CMzUiin— quern penes arbitrium est etfus et norma, loquendi. Etymolosricall v 
t e word should he spelt “ parallel(rplped ”. It only adds new interest to learn that 
the word is derived from “ irapaWrjKftrnr^Soy used by Plutarch and others’* ■ and 
makes one lament the decline of p-laTSs ieSx ' 
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in the follo-^ng table (from J. Perry’s The Stea/m Erigine, Eondon, 564, 1904), 
shovr that even when &o and AT are relatively large, the observed values agree 
pretty well with the calculated results, but the error becomes less and less as 
dT and dv are made smaller and smaller : — 


T 

dT 

by difference. 


dv 

by difference. 

oL. 

dp 

Oslo. 

Obs. 

500 


14*4 


2000 



501 

1*0 

14*5 

0*1 

1990*2 

-9*8 

-9*9 

600*1 

0*1 

14*41 

0*01 

1999*2 

-1*0 

-0*90 

500*01 

0*01 

1 

14*40 

0*001 

1999*9 

-0*1 

-0*10 


(7) Olairaut’s formula for the attraction of gravitation, at different 
latitudes, !>, on the earth’s surface, and at different altitudes, H, above mean 
tide level, is 

g = 980*6066 — 2*5028 cos 2Ij — 0*0000031?, dynes. 

Discuss the changes in the force of gravitation and in the weight of a sub- 
stance with change of locality. ITote, “ weight *’ is nothing more than a 
measure of the force of gravitation. 

II. Differential Coefficients. 

To find the differential coefficient of a fnmotion of two indejpen- 
dent 'cariahles. If the variables x and y are both functions of t 
(say), we may pass directly from differentials to differential co- 
efficients by dividing through with dt^ thus 

dn _ 'dn dx "bu dy 
dt ^ Tix ' dt ^ ^ 
which may also be written 

du _ /d*^\ dx /du\ dy 

dt ~ \daj,dt'^ \3yJ.df 

In words, the total variation of a function of x and y is equal to 
the partial derivative of the function when y is constant multiplied 
by the rate of variation of x, added to the partial derivative of the 
function when a? is constant multiplied by the rate of variation of y. 
If the function remains constant while its variables change, the 
total rate of change of the function is zero, 

Tiu dx Tm dy ^ 

^x ' ~dt "by ' ~dt ^ • ‘ • 

Examples of this will be given very shortly. 

When there is likely to be any doubt as to what variables have 
been assumed constant, a subscript is appended to the lower corner 
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on the right of the bracket. The subscripts can only be omitted 
when there is no possibility of confusing the variables which have 
been assumed constant. For example, the expression 'dC^fdT m&y 
have one of three meanings. 


(dO.\ . 

fdG.\ . 

/dG,\ 

Kdr). ’ 

KdTj^’ 



Perry suggests ^ the use of the alternative symbols 

'dG, 5 a 7>C, 

I have just explained the meanings of the partial derivatives of 
u with respect to cc and y, Let me again emphasisse the distinction 
between the partial dififerential coefl&cient 'dy.f'dx, and the dififerential 
coefficient dujdx. In 'buj'bx, y is treated as a constant ; in dufdx, 
y is treated as a function of 05. The partial derivative denotes the 
rate of change of u per unit change in the value of x when the 
other variable or variables remain constant ; dujdx represents the 
total rate of change of u when all the variables change simultan- 
eously. 

Exauplei. — li y and u are functions of x such that 

y = sin X ; a a; sin x, . . . . (10) 
wo can write the last expression in several ways. The rate of change of u 
with respect to x (y constant) and to y {x constant) will depend upon, the way 
y is compounded with, x. The total rate of change of u with respect to x will 
be the same in all cases. For example, we get, from equations (10), 

u =s xy; .*. du y .dx + x . dy \ u = x sin x ; du = {x 00 s x + sin. x)dx\ 

•u, = sin “ * 2 / • sin x ; du = sin ~^y . cos x , dx + sin x . (1 — y^) ~ 4 dy. 
The partial derivatives are all different, but dujdx, in every case, reduces to 
sin X 4 - as oos x. 

Many illustrations of functions with properties similar to those 
required in order to satisfy the conditions of equation ( 8 ) may 
occur to the reader. The following is typical : — "When rhombic 
crystals are heated they may have different ooefi&oients of ex- 
pansion in different directions. A cubical portion of one of these 
crystals at one temperature is not necessarily cubical at another. 
Suppose a rectangular parallelopiped is out from such a crystal, 
with faces paradlel to the three axes of dilation. The volume of 
the crystal is 

V «= xyz. 


*J. Perry, Nature, 66,53, 271, 520, 1902 ; T, Muir, mmo references. 
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where a, y, z are the lengths of the different sides. Hence 

'b'O 'b'O i)*!? 

^ = ^ ^ xy. 

Substitute in (6) and divide by dO^ where dS represents a slight 
rise of temperature, then 


&v 


3g- = y»Ts + 


1 dz 
It' M' 


dx dy dz X dfo 1 dx 1 dy 
‘dB ^^d6 V * x dd ^ y ’ ^9 

where the three terms on the right side respectively denote the 
ooefOiolents of linear expansion, A., of the substance along the three 
directions, a?, y, or z. The term on the left is the coefficient of 
cubical eaypcmsionj a. For isotropic bodies, a = 3\, since 

X dx _1 dy X dz 
x’^~~ y' do ^ i ' d6' 

EzA-urLsis. — (1) lioschraidt and Obexmeyer’s formula for the ooe£5.oieiit 
of diffusion of a gas at T” (absolute), assuming Tbg and Tg are constant, is 


% 


( p 


J 760’ 

'where Tpq is the coefdcient of diffusion at 0** G. and p is the pressure of the gas. 
Beq[uired the variation In the ooefdcient of diffusion of the gas corresponding 
with small changes of temperature and pressure. Put 




0ft 




® “ 7601^ ’ 3^^227= ^dp « aT^dp, 

. dh -'SidT . dir - Tdp)k^T»' - > 

..AH- 0^2 + ^cp, . . cfA 750 To« 

^2) Hiot and A.rago’s formula for the index of refraction, /u, of a gas or 
vapour at 6° and pressure p is 

, 1 /*o ~ ^ -g 

^ 1. + ae' 760’ 

where jug is the index of refraction at 0®, a the coefficient of expansion of the 
gas with temperature. "What is the effect of small variations of temperature 
and pressure on the index of refraction ? Ansr. To cause it to vary by an 


amount iu _ 

^ 760 \1 + aff (l + a0)®y 


(3) li y^ f{x + af), show that dx/dt = a. Hint. Find "dyfdx, and 'dyfdt; 
divide the one by the other. 

(4) If “M = xy, where as and y are functions of t, show that (8) reduces to 
our old formula (9), page 41, 

du dy dx 

dt-^dt'^ ^di (^ 1 ) 

(5) If £6 is a function of t such that x ss t, show^ that on differentiation 
with respect to t, tc = xy becomes 

du __ S-M 0M dy 

dt ^'dt' 

since dt/dt is self-evidently unity. 


( 12 ) 
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with respeot“'tf functions of show that on difierentiation of tt = 

^ _ 3u dy ^ du ^du dt 

dt ' dy ~ ’ "Sy" • • • ( 13 ) 

A result obtained in a difEerent way on page 44. 


§ 23, Euler’s Theorem on Homogeneous Functions. 

One object of Byder’s theorem is to eliminate certain arbitrary 

conditions from a giyen relation between the variables and to build 

up a new relation free from the restrictions due to the presence of 

arbitrary functions. I shall however revert to this subject later 

on. Euler’s theorem also helps us to shorten the labour involved 

m making certain computations. According to Euler’s theorem : 

In any homogeneous fwnction, the mm of the pro^kiots of each 

variable with the partial differential coefficients of the original 

fumction with respect to that variable is equal to the product of 

the original function with its degree. In other words, if « is a 

homogeneous function i of the nth degree, Euler’s theorem states 
that if 


when a + yS - n, then * 

^u tiu 

The proof is instruotive. By difierentiation of the 
function, 

u » ax^^P + bx^^iy^i + . . . - ^ax»yP, 
when a + ^ = uti + /3j s= . . , = n, we obtain 


. ( 1 ) 

• . ( 2 ) 


homogeneous 


Tix “ ; and ^ 

Hence, finally, by multiplying the first with », and the second 
with y, and adding the two results, we obtain 

7>u <iu 

= n%ax^^ « nu. 

The theorem may be extended to include any number of variables 


1 ^ homogeneous function is one in which all the terms containing the variables 
have the same degree. Examples: xyz^ + are homo- 

geneous functions of the second and fourth degrees respectively 

“ f 2 ” is to be read “ the sum of all terms of the* same type as ... - 
or here the sum of all terms containing x, y and constants ”. The symbol “ n *’’is 
sometimes nsed m the same way for “ the product of all terms of the type 
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(3) 




u = a' * ‘ 

we may write down at once, 

liu 'b'u, 

and we have got rid of the conditions imposed upon u in virtue of 
the arbitrary function /(. . .). 

014 “^U n 

ErAMPiiBJS- — (1) If u s= a;^ + tc^ 4- Bxyz, then 4- 2/^ 4- = S^4. 

Prove this result by aotual difCereuti&tion. It of course follows directly from 

Euler’s theorem, since the equation is homogeneous and of the third degree. 

sc* 4- aA/ -1- 4/* 'Sw "bv, « . 

(2) If w ft. - gg-i- gy + yg * ^ equation is of the first 

degree and homogeneous. 

J 3J\ *9*4 3*4 

(8) If *4 =s f\y)* show that =»,0* Here n in (3) is zero. Prove 

the result by actual diiSerentiation. 

§ 24. Suocessiire Partial Differentiation. 

We can get the higher partial derivatives by combining the 
operations of successive and partial differentiation. Thus when 

aj 2 4 . y 2 _j. a;2y3^ 

the first derivatives of u with respect to x, when y is constant, and 
to y, when x is constant are respectively 

3*4 ^ 3*4 

^ = 2a; 4- 2y^x', = % + Zx^y^- . . (1) 

repeating the differentiation, 

551 “ 2(1 4. 2 , 3 ) . _ ^ 2(1 + 3 ^^), . . ( 2 ) 

If we had differentiated ^ufbx with respect to y, and ’buf'by with 
respect to a?, we should have obtained two identical results, viz. : — 


3% 

'by'bx 


as Qy^Xf and 


<)^*4 

’bx'hy 


= Zy'^x. 


(3) 


The higher partial derivatives are independent of the order of 
differentiation. By differentiation of 3 * 4 / 3 a; with respect to */, 

o 

assuming x to be constant, we get , which is written 

3 ®^ "Sql 

^he other hand, by the differentiation of ^ with re- 
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speot to X, assuming y to be constant, we obtain 
to say 


'thji 

lixdy' 


That is 


__ c)% 

"dylix "" Tix^y' * * ‘ * ^ ^ 

This was only proved in (3) for a special case. As soon as the 
reader has got familiar with the idea of differentiation, he will no 
doubt be able to deduce the general proof for himself, although it 
is given, in the regular text-books. The result stated in (4) is of 
great importance. 


Example.— I f y = + + v is to satisfy the equation 






show that a'-* _ +■ B^, where a, fi, y, are constants. Hint. First find the 

three derivatives and substitute in the second equation ; reduce. 


§ 25. Complete or Exact Differentials. 


To find the omidition that u may be a ficnction of x andy in 
the equation 

du — Mdx -f Ndy, ... (5) 

where M arid N are futictions of x atid y. We have just seen that 
if w is a function of x and y 


du. = 






that is to say, by comparing (5) and (6) 


(6) 




bu 

Da 


by 


Differentiating the first with respect to y, and the second with 
respect to a;, we have, from (4) 


'bM 

by ” Da‘ 


( 7 ) 


In text- books on differential equations this condition is shown 
to b© necessary and sufficient in order that certain equations may 
be solved, or “integrated ” as it is called. Equation (7) is called 
Euler’s criterion of integrability. An equation that satisfies 
this condition is said to be a complete or an exact differential. 


Example. — Show that yda — xdy — 0, is not exact, and that ydx -h scdy = 0 
Is a complete differential. Hint. 'dMj'dy = 'dyfdy', and 'dNf'doo = — 'dal'dx; 
hence, in the first case, 'dMi'dy is not equal to 'dN/'Dx, and therefore the equa- 
tion is not exact ; etc. 
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§ 26. Integrating Factors. 

The equation 

Mdx + Ndy = 0 . • • • ( 8 ) 

can always be made exact by multiplying through with some fuuo- 
tion of X and y, called an integrating factor, {M and N are sup- 
posed to be functions of x and y.) 

Since M and N are functions of x and y, (8) may bo written 

^ ^ /g*. 

or the variation of y with respect to a? is as — M is to JV ; that is 
to say, X is some function of y, say 

y(*c, y') 

then from (5), page 69, 




0 . 


( 10 ) 


By a transformation of (10), and a comparison of the result with (9), 
we £nd that 

A /(a7,y) 

tiX 


dx 


Hence 


7>2/ 


M 

N 


( 11 ) 




: fxM ; and 


V(a?,y) 




( 12 ) 

Multi- 
fjLf and 


-bX 

where fx. is either a function of x and y, or else a constant, 
plying the original equation by the integrating factor 
substituting the values of juJUf, fjiJT obtained in (12), we obtain 

'^f^dx + ^I^dy - 0 . 

dijj oy 

which fulfils the condition of exactness. The function /{x, y) is to 
be derived in any particular case from the given relation between 
X and y. 

SzAMPni:. — Show tbat the equation ydx — xdy O becomes exact 'when 
multiplied by the integrating factor 1/^^. 

0M 1 'dir 1 




V 


3» 


9aj 




In the same ■way sho'vr 


Hence dMfby ** dN/dx, the condition required by (7). 
that llxy and IJac^ are also integrating factors. 

Integrating factors are very much used in solving certain forms 
of differential equations and in certain important equations 

which arise iu thermodynamics. 
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§ 27. llluBtrations from Thermodynamics. 


As a first approximation we may assume that the change of 
state of every homogeneous liquid, or gaseous substance, is com- 
pletely defined by some law connecting the pressure, p, volume, v, 
and temperature, T, This law, called the charaoteristia equation, 
or the equation of state of the substance, has the form 

/(p, u, 7^ « 0 (1) 

Any change, therefore, is completely determined when any two of 
these three variables are known. Thus, we may have 

P =»/i(v, T) ; V - /gCp, T) ; or, T = ffp, v). . (2) 

Confining our attention to the first, we obtain, by partial differen- 
tiation. 


The first partial derivative on the right represents the coefficient 
of elasticity of the gas, the second is nothing but the so-called 
coefiQicient of increase of pressure with temperature at constant 
volume. If the change takes place at constant pressure, dp = 0, 
and (3) may bo written in the forms 


^dp\ 1 

\dTj, . /^\ V Ugy, 

UtJ, 7W\‘ ’V27. • 

\dv/j, V \dpJr 


( 4 ) 


The subscript is added to show which factor has been supposed 
constant during the differentiation. Note the change of "bv/TiT to 
dvjdT at constant pressure. The first of equations (4) states that 
the change in the volume of a gas when heated is equal to the ratio 
of the increase of pressure with temperature at constant volume, 
and the change in the elasticity of the gas ; the second tells us 
that the ratio of the coefficients of thermal expansion and of com- 
pressibility is equal to the change in the pressure of the gas per 
unit rise of temperature at constant volume. 


E 2 :a.mfl.bs. — ( 1) Show that a pressure of 60 atmospheres is required to 
keep unit volume of mercury at constant volume when heated 1*^0. Oo- 

1 / dv \ 

efficient of expansion of Hg = O’OOOIS = compressibility 

x= 0*000008 = — M;. Planck, Vorlesnngen ilher CThermodynamilc. 

Hieipzig, 8, 1897. 

(2) J. Thomsen’s formula for the amount of heat Q disengaged when one 
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molecule of aulpliuric acid, II 2 SO 4 , is mixed with n molecules of water, HjO, 
is Q SB 17860 n^/ (1*798 + w-) cals. Put a « 17860 aruf h =b 1*798, for the sake of 
brevity. If » of H 3 SO 4 be mixed with y of HaO, the quantity of heat dis- 
engaged by the mixture is x times as great as when one molecule of HaS 04 
unites with y/aj molecules of water. Since y\x s= n in Thomsen’s formula 
<5 = » >c ayUPx + y) cals. If dx of acid is now mixed with x of HaS 04 and y 
of H 3 O, show that the amount of heat liberated is 

^dx — ^^2^ ; or, ^^^x cals. 

In the same way the amount of heat liberated when dy of water is added to a 
similar mixture is 

ab j 

“ (h' 

Let Q, T, p, Vt represent any four variable magnitudes what- 
ever. By partial differentiation 

Equate together the second and last members of (S), and substitute 
the value of dp from (3), in the result. Thus, 





dv. ( 6 ) 


Put dv «= 0, and divide by dTt 

{^),=(W}JM\- • • • • p) 

Again, by partial differentiation 



Substitute this value of dT in the last two members of (5), 

Put dp = 0, and write the result 

“ (^X 

By proceeding in this way, the reader can deduce a great 
number of relations between Q, T, _p, v, quite apart from any 
physical meaning the letters might possess. If Q denotes the 
quantity of heat added to a substance during any small changes 
of state, and p, v, F, the pressure, volume and absolute tempera- 
ture of the substance, the above formulae are then identical with 
corresponding formulae in thermodynamics. Here, however, the 
relations have been deduced without any reference to the theory 
of heat. Under these circumstances. {dQfbF)jdF represents the 
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quantity of heat required for a small rise of tooaperature at con- 
stant volume ; (D Qfb T)^ is nothing but the specific heat of the 
substance at constant volume, usually written 0„ ; similarly, 
QiQJ^T)p is the specific heat of constant pressure, written Cp ; and 
Q>QI^v)t and Q>Ql^p)r refer to the two latent heats. 

These results may be applied to any substance for which the 
relation pv = holds good. In this case, 



by (7) 


EzA-Hmsis. — (1) A litble ingenuity, and the reader should be able to 
deduce the so-<ia]led Heech’s Theorem : 



employed by Clement and Desormes for evaluating 7 . See any text-book on 
physics for experimental details. Hint. Find djp for v and Q ; and for v and 
T as in (3) ; use (7) and (10). 

(2) By the definition of adiabatic and isothermal elasticities (page 113), 

; and Er = — 'o(bpl'^)Ty respectively. 

The subscripts <}> and T indicating, iu the former case, that there has been 
neither gain nor loss of heat, in other words that Q has remained oonstant, 
and in the latter case, that the temperature remained oonstant during the 
process 'dpf'dv. Hence show from the first and last members of (5), when Q 
is constant. 



From (7), (10) and (4), we get the important result 


JE7^ _ 

TSq 


K'diJ, 


\^/A OV/r 




ml 


(md) 




y. (12) 


According to the second law of thermodynamioa, for reversible 
changes “the expression dQ/T is a perfect differential”. It is 
usually written d<f>, where </> is called the entropy of the substance. 
From the first two members of (5), therefore, 


^ ^ dp ^ • 

is a perfect differential. Prom (7), page 77, therefore, 
d/l 'dQ\ d/1 

dv\T'W)v ~ \^/r “ K'dTJ, T' 

where O, has been written iov QiQfbT)^ L for (t)Q/<3w)r- 


(13) 

(14) 
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AccoroUng to the first law of thermodynamics, when a quantity 
of heat dQ is added to a substance, part of the heat energy dU \b 
spent in the doing of internal work among the molecules of the 
substance and part is expended in the mechanical work of expansion, 
p . dv against atmospheric pressure. To put this symbolically, 

dQ =s dJJ + ; car dU mm dQ jpdv. . . . (16) 
Now dC7 is a perfect differential. This means that however much 
energy U, the substance absorbs, all will be given back again when 
the substance returns to its original state. In other words, U is a 
function of the state of the substance (see page 385). This state 
is determined, (2) above, when any two of the three variables 
p, V, T, are known. 

For the first two members of (5), and the last of equations (15), 
therefore, 

dU as Cm . dT I j .dv - pdv =» dT + (i - p)dvm • <16) 

IS a complete differential. In consequence, as before, 

i^X = (M). ~ (M)- • • • • ( 17 ) 

From (14) and (17), 



a “law *’ which has formed the starting point of some of the finest 
deductions in physical chemistry. 

ExampIiBB.— r(l) Bstablisli Mayer’s formula, for a perfect gas. 

Op - a, =» B (19) 

Hints: (i.) Since pn = i2T. = B}v ; - RT/v = p, by (18). 

(ii.) liValuate dv as in (3), and substitute the result in the second and third 
members of (fi). (iii.) E(iuate dp to zero. Find "dvfdT from the gas equation, 
use (18), etc. Thus, 



(2) Establish the so-called “Four thermodynamic relations*’ between 
p, V, T, when any two are taken as independent variables. 

(S).-®).‘ «),-»).. (Sl-iS).- 

It is possible that in some future edition of this work a great 
deal of the matter in the next chapter will be deleted, since 
and their properties ” appears in tbe curriculum of most 
schools. However, it is at present so convenient for reference that 
I have decided to let it remain. 
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COORDINATE OR ANALYTICAL GEOMETRY. 

Order and regularity are more readily and clearly recognised whetf 
exhibited to the eye in a picture than they are when presented 
to the mind in any other manner.*’ — D r. WhbwelIi. 

§ 28. Cartesian Coordinates. 

The physical properties of a substance may, in general, be con- 
cisely represented by a geometrical figure. Such a figure furnishes 
an elegant method for studying certain natural changes, because 
the whole history of the process is thus brought "viyidly before the 
mind. At the same time the numerical relations between a series 
of tabulated numbers can be exhibited in the form of a picture and 
their true meaning seen at a glance. 

Let xOx' and (Fig. 10) be two straight lines at right angles 
to each other, and intersecting at the point 0, so as to divide the 
plane of this paper into four quadrants I, II, III and IV. Let 
jPj be any point in the first quadrant yOx ; draw -PiMj parallel to 
Oy and parallel to Ox. Then, if the lengths OM^ and 
are known, the position of the point P with respect to these lines 
follows directly from the properties of the rectangle 
(Euclid, i., 34). For example, if OM^ denotes three units, 
four units, the position of the point Pj is found by marfdng off 
three units along Ox to the right and four units along Oy vertically 
upwards. Then by drawing jVPj parallel to Ox, and PiM^ parallel 
to 0^, the position of the given point is at Pj, since, 

PjATj = ON = 4 units ; NPj = OM^ = 3 units. 

x'Ox, yOy* are called coordinate axes or frames of reference " 
(Love). If the angle yOx is a right angle the axes are said to be 
rectangular. Conditions may arise when it is more convenient 
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U 

to make yOx an oblique aagle^ the axes are thea said to be oblique. 
T.Ox' is called the abscissa or x-axis, yOy' the ordinate or y-axis. 
The point O is csalled the origin ; the abscissa of the point 

P, and PjMi the ordinate of the same point. In referring the posi- 
tion of a point to a pair of coordinate axes, the abscissa is always 
mentioned first, Pj is spoken of as the point whose coordinates are 
3 and 4 ; it is written the point Pj^(3, 4)^’. In memory of its 
inventor, Ren^ Descartes, this system of notation is sometimes 
styled the system of Cartesian coordinates. 

The usual conventions of trigonometry are made with respect 
to the algebraic sign of a point in any of the four quadrants- Any 
abscissa measured from the origin to the right is positive, to the 
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Tig. 10. — Cartesian Coordinates — Two Dimensions. 


left, negative ; ordinates measured vertically upward are positive, 
and in the opposite direction, negative. Tor example, if a and 
b be any assigned number of units corresponding respectively to 
the abscissa and ordinate of some ^ven point, then the Car- 
tesian coordinates of the point P;^ are represented as Pj (<x, 6 ), of 
P 2 as PgC - a, b), of P 3 as PgC - a, - h) and of P^ as PM* “ 
Points falling in quadrants other than the 6 rst are not often mot 
with in practical work. 

Thus, any point in a plane represents two things, ( 1 ) its hori- 
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zontal distance along some standard line of reference — the a;*axis, 
and ( 2 ) its vertical distance along some other standlard line of refer- 
ence — the y-axis. 

When the position of a point is determined by two variable mag- 
nitudes (the coordinates), the point is said to be two dimerisional. 

We are always making use of coordinate geometry in a rough 
way. Thus, a book in a library is located by its shelf and number ; 
and the position of a town in a map is fixed by its latitude and 
longitude. See E. S. H. Shaw’s “ Beport on the Development of 
Graphic Methods in Mechanical Science,” B. A, Be-portSf 373, 
1892, for a large number of examples. 

§ 29. Graphical Representation. 

Consider any straight or curved line OP situate, with refer- 
ence to a pair of rectangular: co-ordinate axes, as shown in Fig. 11. 
Take any abscissae OM^, OMg, OM 3 , . . . OM, and through 
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Mg . . . draw the ordinates MjPj, MgPg . . . MP parallel to the 
2 /-axis. The ordinates all have a definite value dependent on the 
slope of the line^ and on the value of the abscissae. If x beany 
abscissa and y any ordinate, x and y are connected by some 
definite law called the equation of the curve. 

It is required to find the equation of the curve OP. In the 
triangle OPM 

MP — OM tan MOP, 


^ Any straiglit or curved line when refeired to its coordinate axes, is called a 
curve 
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or y — oi tan a, . 

where a denotes the positive angle MOP. But if OM == MP, 

ta.n MOP = ^ = 1 = tan 45”. 

OM 

The equation of the line OP is^ therefore, 

2/ = a? ; . . . . (2) 

and the line is inclined at an angle of 45** to the a;-axis. 

It follows directly that both the abscissa and ordinate of a point 
situate at the origin are zero. A point on the a;-axis has a zero 
ordinate ; a point on the ^-axis has a zero abscissa. Any line 
parallel to the aj-axis has an equation 

2/ = & ; . . . . (3) 

any line parallel to the 2 /-axis has an equation 

X = a, . . . . (4) 

where a and b denote the distances between the two lines and their 
respective axes. 

It is necessary to warn the reader not to fall into the bad habit 
of writing the line OM indifferently '' OM ” and MO ** so that he 
will have nothing to unlearn later on. rines measured from left 
to right, and from below upwards are positive ; negative, if measured 
in the reverse directions. Again, angles measured in the normal or 
clockwise direction of the motion of the hands of a watch, when the 
watch is facing the reader, are positive, and negative if measured in 
the opposite direction. Many difficulties in connection with optical 
problems, for instance, will disappear if the reader pays careful 
attention to this. In the diagram, the angle MOP will be positive, 
POM negative. The line MP is positive, PM negative. Hence, 
since 

tap MOP = = + ; tan POM - — . 

+ OM + OM 

30. Practical Illustrations of Graphical Bepresentation. 

Suppose, in an investigation on the relation between the pres- 
sure, p, and the weight, w, of a gas dissolved by unit volume of a 
solution, wo obtained the following successive pairs of observations, 

p = i, 2, 4, 8 . . . = a;. 

= 4, 1, 2, 4 . . . = y. 
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By setting off on millimetre, 
(Eig. 12) points Pi(i, i), P 2 ( 2 , 1) 

. . . , and drawing a line to pass 
through all these points, we are 
said to plot the curve. This has 
been done in, Pig. 12. The only 
difference between the lines OP 
of Pigs. 11 and 12 is in their 
slope towards the two axes. 

Prom equation (1) we can put 


coordinate or squared paper 



Fie. 12. — ^Solution of Gases 
in liquids. 

w <p tan a, or tan a = 


that is to say, an angle whose tangent is This can be found by 
reference to a table of natural tangents. It is 26** 33' (approx.). 
Putting tan a *= m, we may write 


w = nrypi .... ( 6 ) 

where m is a constant depending on the nature of the gas and 
liquid used in the experiment. Equation (5) is the mathematical 
expression for the solubility of a gas obeying BL&wry*% law, viz. : 
** At constant temperature, the weight of a gas dissolved by unit 
volume of a liquid is proportional to the pressure The curve 
OP is a graphical representation of Henry’s law. 

To take one more illustration. The solubility of potassium 
chloride. A, in 100 parts of water at temperatures, Oj between 0® 
and lOO® is approximately as follows : 

9 = 0®, 20®, 40®, 60®, 80®, 100® = a?, 

A = 28-5, 39 ’7, 49*8, 59-2, 69*5, 79*5 = y. 


By plotting these numbers, as in the preceding example, we obtain 
a cui-ve QP (Pig- 13) which, instead of passing through the origiu 
at O, cuts the y-a,xis at the point Q such that 


OQ = 28*5 units = h (say). 


If OP' be drawn from the point O parallel to QP, then the equation 
for this line is obviously, from (5), 

A. = m9 ; 

but since the line under consideration cuts the y-axis at Q, 

A *1“ 5, .... (^) 


where b = OQ. In these equations, h, A and 9 are known, the 
value of m is thei*eforo obtained by a simple transposition of (6), 
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m =« = tan 27“ 43' = 0’5254. 

Substituting in (6) the numerical values of m and &(= 28-5),' we 
can find the approximate solubility of potassium chloride at any 
temperature (0) between 0“ and 100“ from the relation 

A. = 0*6128(9 + 28*6. 

The curve QJP in Fig. 13 is a graphical representation of the 



Fia. 13. — Solubility Ovrvefor KOlin water. 

variation in the solubility of KCl in water at different temperar- 
tures. 

Knowing the equation of the curve, or even the form of the 
curve alone, the probable solubility of KCl for any unobserved 
temperature can be deduced, for if the solubility had been de- 
termined every 10“ (say) instead of every 20”, the corresponding 
ordinates could still be connected in an unbroken line. The same 
relation holds however short the temperature interval. Prom this 
point of view the solubility curve may be regarded as the path of 
a point moving according to some fixed law. This law is defined 
by the equation of the curve, since the coordinates of every point 
on the curve satisfy the equation. The path described by such a 
point is called the picture, locus or graph, of the equation. 

Exa-mpliss.— ( 1) LiOt tb© reader procur© som© ** squared ” paper and plot : 
y = — 2 ; 2y + Saj = 12. 

(2) The following experimental results have been obtained : 

When a; = 0, 1, 10, 20, 30,... 

y = -1*56, 11-40, 26-80, 40*20,... 


1 Betermiued by a metliod to be described later. 
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(a) Plot the carve. (b) Shew (i) that the slope of the curve to th e a^>ax:is 
is nearly 1*44 = tan a = tan 55°, (ii) that the equation to the curve is 
y s» 1 * 443 ; — 8. (c) Measure off 5 and 15 units along the a;-axis, and show 

that the distance of these points from the curve, measured vertically abpve 
the a;-axis, represents the corresponding ordinates, (d) Oompare the values 
of y so obtained with those deduced by substituting a; = 5 and a; « 15 in the 
above equation. Note the laborious and roundabout nature of process (c) when 
contmsted with (d). The graphic process, called graphic interpolation (j.v.), 
is seldom resorted to when the equation connecting the two variables is 
available, but of this anon. 

(3) Get some solubility determinations from any chemical text-book and 
plot the values of the composition of the solution (C, ordinate) at different 
temperatures (a°, abscissa), e.g.^ Loewel’s numbers for sodium sulphate are 

C = 6*0, 19*4, 66 0, 46*7. 44*4, 43*1, 42*2 ; 

0 “ = 0°, 20®, 34°, 60°, 70°, 90°, 103*6°. 

What does the peculiar bend at 84° mean ? 

In this and analogous cases, a question of this nature has to be decided : 
"WTuit is the hest way to represe/nt ths composition of a solution T Several 
methods are available. The right choice depends entirely on the judgment, 
or rather on the finesse, of the investigator. Most chemists (like Loewel 
above) follow Gay Xjussac, and represent the composition of the solution as 
“parts of substance which would dissolve in 100 parts of the solvent'*, 
Etard found it more convenient to express his results as “ parts of substance 
dissolved in 100 parts of saturated solution *’. The right choice, at this day, 
seems to be to express the results in molecular proportions. This allows the 
solubility constant to be easily compared with the other physical constants. 
In this way. Gay Lnssac's method becomes “ the ratio of the number of 
molecules of dissolved substance to the number, say 100, molecules of 
solvent ’* ; Etard’s “ the ratio of the number of molecules of dissolved sub- 
stance to any number, say ICX), molecules of solution’’. 

(4) Plot log« 3 ; = y, and show that logarithms of negative numbers are 

impossible. Hint. Put as = 0, e ~®, 1, e, e®, 00 , etc., and find correspond- 

ing values of y. 

So many good booklets have recently been published upon 
** Graphical Algebra *’ as to render* it unnecessary to speak at greater 
length upon the subject here. 

§ 31. Properties of Straight Lines. 

If equations (1) and (6) be expressed in general terms, using 
as and y for the variables, m and h for the constants, we can 
deduce the following properties for straight lines referred to a pair 
of coordinate axes. 

1. A straight line passing through the origin of a pair of 
rectangular coordinate axes, is represented by the equatio7i 


y = WM?, 


( 7 ) 
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where m = tan a. ^ yfx^ a constant representing the slope of the 
curve. The equation is obtained from (5) above. 

II. A straight line which cuts one of the reotamjular coordinate 
axes at a distance b from the origin^ is represented by the equation 

y = mac + 6 . (8) 

where m and b are any constants whatever. For every value of 
m there is an angle such that tan a >=> m. The position of the "line 
is therefore determined by a point and a direction. Equation (8) 
follows immediately from (6). 

III. A straight line is always represented by am equation of the 
first degree^ 

Ax + By -I- O *= 0 ; . . . (9) 


and conversely, any equation of the first degree betwe&n two variables 
represents a straight line.^ 

This conclusion is drawn from the fact that any equation 
containing only the first powers of x and y, represents a straight 
line. By substituting ??z, = — AJB and & = — CJB in (8), and 
reducing the equation to its simplest form, we get the general 
equation of the first degree between two variables : Ax + By -(-(7 = 0. 
This represents a straight line inclined to the positive direction of 
the ai-axis at an angle whoso tangent is — ■ AJB, and cutting the 
i/-axis at a point — CfJB below the origin. 

lY. A straight line whieh cuts each coordinate axis at the re- 
spective distances a and h from the origin, is rep>resented by the 
equation 


? + y 

a^ h 


= 1 


( 10 ) 


Consider the straight line AB (Fig. 14) which intercepts the 
X- and y-ares at the points A and B respectively. Let OA = a 
OB = b. From the equation (9) if 

y = 0, X = a ; Au-(-<7=0, a= - C/A. 

Similarly if a; = 0, y=6;B6-i-(7=0, & =- C/B. 

Substituting these values of a aud h in (9), i.e., in 

A B ^ £c 2/ 

~ ~ ~Qy 1 5 and we get — + ^ = 1 . 


I'Hie reader met with the idea conveyed by a general equation,” on page 
26. By as-signing suitable values to the cou.stants A, Ji, (7, lie will be able to de<luce 
every possible equatloui of the first degree between the two variables x aud y. 
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There are several proofs of this useful equation. Formula (10) is 
called the intei*cept form of the equa- 
tion of the straight line, equation (8) 
the tangent form. 

y. The so-called normal or per- 
pendicular form of the equation of a 
straight line is 

p ^ X cos a 4- y sin a, . (11) 

where p denotes the perpendicular dis- 
tance of the line jBA (Fig. 1^) from the 
origin O, and a represents the angle 
which this line makes with the a?-axis. 

Draw OQ perpendicular to AB (Fig. 14). 
drop a perpendicular BB, on to the a:-axis, draw B.T> parallel to AB cutting OQ 
in D. Drop PC perpendicular on to BB, then PRC = o = QOA. Then, 
OQ ea OD 4 PC OB = X cos a ; PC » y sin a. Hence follows (11). 

Many equations can be readily transformed into the intercept 
form and their geometrical interpretation seen at a glance. For 
instance, the equation 

a; 4 y ssa 2 becomes ^a? + \y » 1, 

whioh represents a straight line cutting each axis at the same 
distance from the origin. 

One way of stating Charles' law is that “ the volume of a 
given mass of gas, kept at a constant pressure, varies directly as 
the temperature If, under these conditions, the temperature be 
raised the volume increases the part of what it was at 

the original temperature.^ Let the original volume, Xq, at 0® O,, 



/ 


Take any point P(x, y) and 


^ Many students, and even some of the text- books, appear to have hazy notions on 
this question. According to Guy Lussac’s law ’* the increase in the volume of a gas 
at any tontperature for a rise of temperature of 1**, is a constant fraction of its initial 
volume at 0**C. ; ** J. Dalton’s law ” {M(itic?iester Memoirs^ 5, 695, 1802), on the other 
hand, supposes the increase in the volume of a gas at any temperature for a rise of 1®, 
is a constant fraction of its volume at that temperature (the “Compound Interest 
Law,” in fact). Tlio former appears to approximate closer to the truth than the latter. 
(See page 286.) J. B. Gay Lussac {Annalas de Ghim/U^ 43, 137, 1802) says that Charles 
had noticed this same property of gases fifteen years earlier and hence it is sometimes 
called Cliarles’ law, or the law of Charles and Gay Lus-sac. After inspecting Charles’ 
apparatus, Gay Lussac expressed the opiiuou that it was not delicate cnougli to es' 
tablish the truth of the law iu question. But then .1. Priestley in his Experiments and 
Observations on J Hfft^rent ICvnds ttf Air (2, 448, 1790) .say.s that “ from a very coar.se 
experiment which I made very early I concluded that lixe<l and common air eximiided 
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be unity ; the final volume t?, thea at ff* 

*1) = 1 + Tg-f 

This equation resembles the intercept form of the equation of a 
straight line (10) where a = - 273 and 6==1. The intercepts a and 
h may be found by putting x and y, or rather their equivalents. 



Fio. 15. 

0 and V, successively equal to zero. If ^ = 0, u = 1 ; if v *= 0, 
6 = — 273, the well-known absolute zero (Fig. 15). 

It is impossible to imagine a substance occupying no space. 
But this absurdity m the logical consequence of Charles* 
law when d = —273®, Where is the fallacy? The answer is that 
Charles’ law includes a “ simplifying assumption The total 
volume occupied by the gas really consists of two parts : (i) the 
volume actually occupied by the molecules of the substance ; and 
(ii) the space in which the molecules are moving. Although we 
generally make 'o represent the total volume, in reality, v only refers 
to the space in which the molecules are moving, and in that case 
the conclusion that u ** 0, when ^ — 273° involves no absurdity. 

No gas has been investigated at temperatures within four degrees 
of — 273°. However trustworthy the results of an interpolation 



Fig. 16. Pig, 17 ^ 


may be, when we attempt to pass heyond the region of measure- 

alike 'With the same degree of heat ”. Tlie cognomen ‘ * Priestley's law »' would settle 
all confusion between the three designations “Dalton’s,” “Gay Lnssac’a*’ and 
“ Charles' *’ of one law. 
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raent, the extrapolation, as it is called, becomes more or less 
hazardous. Extrapolation can only be trusted 'when in close prox- 
imity to the point last measured. Attempts to find the probable 
temperature of the sun by extrapolation have given numbers 
varying between the 1,398* of Yicaire and the 9,000,000* of 
Waterston ! We cannot always teU whether or not new forces 
come into action 'when we get outside the range of observation.- 
In the case of Charles’ law, we do know that the gases change 
their physical state at low temperatures, and the law does not 
apply under the new conditions. 

VI. To find the angle at the point of intersection of t'wo curves 
whose equations are given. Let the equations be 

y = mx -h & ; y' = mV + b\ 

Let be the angle required (see Pig. 16), m = tano, rrV «= tan a. 
Prom Euclid, i., 32, a' — a = < 5 ^, tan (a — a) = tan <l>. By formula, 
page 612, 

^ tan CL — tan a. vn' — m 

1 + tan a . tan a' “ 1 -I- w/mf ' 

ExA-MPiiES. — (1) Eind the angle at the point of intersection of the two 
linos X* +• 2/ = 1, and y =s x 2. in = 1, m' = — 1 ; tan <^ = - co = — 90°. 

(2) Find the angle between the lines 3?/ — sc == 0, and 2a; +- J/ — 1. Ansr. 
Tan (81® 62') ^ 7. 

VII. To fhzd the distance bekveen two points in terms of their 

coordinates. In Pig. 17, let and be the given points. 

Dniw QM' parallel to NM. OM=x^t MP~y^\ ON = x.2, NQ = y^\ 
M'P - MP - MM = MP - NQ ^ y^ - y^’, 

QM - NM =- OM - ON - x,^. 

Since QM' P is a right-angled triangle 

{QPf =- {QM'y -H {PM'y. 

QP =» - x.^y -H (7/1 - y. 2)'^. . . ( 13 ) 

ExA,MPr^KS. — (1) Show that the distance between the pointa ( - 2,1) and 
( - 6, — 2) iB 6 units. 

(2) Show that tho distance from (lO, - 18) to the point (3, 6) is the same 
as to the point (—6, 2). Ansr. 25 units in each case. 

§ 32 . Curves Satisfying Conditions. 

Tho roiidor shouhl work through the following examples so as 
to familijiriice himself with the conceptions of coordinate geometry. 
Many of the properties hero developed for the straight line can 
easily be extended to curved lines. 
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I. The condition that a our'oe may pass thro^tgh a given point. 
This evidently requires that the ooordinates of the point should satisfy 
the equation of the line. Jjet the equation be in the tangent form 

y ~ mx + h. 

If the line is to pass through the point 

y^ = mx-^ ■+ b, 

and, by subtraction, 

(y - y^) « m(x - Xj) . . . (14) 

which is an equation of a straight line satisf 3 dng the required 
conditions. 

!EiXA.upi:iBS. — (1) The equation of a line passing through a point '(vhose 
absoissa is 5 and ordinate 3 is ^ — mx = 3 - 5m. 

(2) Find the equation of a line which will pass through the point (4, — 4) 
and whose tangent is 2. Ansx. 2^ — Sa? - 4 - 12 0. 

12. The condition that a curve may pass through two given 
points. Contiauing the preceding discussion, if the line is to pass 
through (a^a, substitute x^^ in (14) 

(y* - Si) “ - ®i) : 

Substituting this value of m in (14), we get the equation, 

y-TA . . . (la) 

Vi -Vl ®2 - «1 

for a straight line passing through two given points (a?i, Pi) and 

(« 2 . 2 / 2 )- 

ExAMPtiBS. — (1) Show that the equation of the straight line passing 
through the points Pi(2, 3) and P3(4,5) is a? — y + 1 « 0. Hint. Substitute 
— 2, Oj = 4, yi = 8, ^2 s* 5, in (15). 

(2) Find the equation of the line which passes through the points 
Pj(4, - 2), and Pa(0, — 7). Ansr. 5a; — 4y = 28. 

Ill, The coordinates of the point of intersection oj two given 
lines, Liet the given equations be 

y « mx •¥ b I and y =* m'x -f- b\ 

New each equation is satisfied by an infinite number of pairs of 
values of x and y. These pairs of values are generally different 
in the two equations, but there can be one, and only one pair of 
values of x and y that satisfy the two equations, that is, the 
ooordinates of the point of intersection. The coordinates at this 
point must satisfy the two equations, and this is true of no other 
point. The roots of these two equations, obtained by a simple 
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algebraic operation, are the coordinates of the point required. The 
point whose coordinates are 

^ h* ~~ b ^ _ h^Tn — bm/ 

m - m' ' ^ “ w - m' 
satisfies the two equations. 



Exampejos, (1) I’ind the coordinates of the point of intersection of the 
two lines s + y » 1, and y = oj 4- 2. Ansr. a; = — 4, y =■ ft. Hint, wt = — 1. 
w' = 1, 6 = 1, = 2, etc, 

(2) The coordinates of the point of interseotion of the ourves 3y - « = 1, 
and 2x + y Ba 3 are a: = f , y s 

(8) Show that the two ourves y® = fta?, and =« 4y meet at the point 

09 ss 4, y ft.. 


IV. Th& coTiditicyn, that tTvr6& giv&n lines may Tuest out a point. 
The roots of the equations of two of the lines are the coordinates of 
their point of interseotion, and in order that this point may be on a 
third line the roots of the equations of two of the lines mnst satisfy 
the equation of the third. 

Examplibs.— (1) If three lines are represented by the equations 5aj-t- 3y*.7, 
3x — 4y = 10, and a; + 2y = 0, show that they will all intersect at a point 
whose coordinates are a? = 2 and y == - 1. Solving the last two equations, 
we get « =* 2 and y - 1, but those values of x and y satisfy the first equation, 
hence these three lines meet at the point (2, — 1). 

( 2 ) Show that the linos 3aj + 5y + 7=0; a:-H2y + 2 = 0 ; aud 4a5 - 8y- 10 = 0 , 
do nob pass through one point. Hint. Prom the first and second, y = 

* = - 4. These values do not satisfy the last equation. 

V. The condition that two straight lines may be parallel to one 
another. Since the lines are to be parallel they must make equal 
augles with the a;-axis, i.e., angle of = angle a, or tan a = tan a, 

.\m ^m' ( 17 ) 

that is to say, the coefficient of x in the two equations mnst b© 
equal. 

ExAMPnBS. — (1) Show that the lines y = Sa: + 9, and 2y =. 6® +- 7 are 
parallel. Hint. Show that on dividing the last equation by 2, the ooefiSoient 
of OD in eaoh equation is the same. 

(2) Find tbe equation of the straight line passing through (2, - 1) parallel 
to 3® 4- y 2. Ansr. y + 8®=i5. Hint. Use (17) and (14). y + 1 = — 3 (® - 2). 

VI. The condition that two lines may be perpendicular to one 
another. If the angle between the lines is </> = 90", see (12), 

a' - a = 90", 

tan a «» tan (90 + a) »= — cot a =» — r— — * 

' ^ tan a 
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(18) 


or, the slope of the one line to the ^c-axis must be equal and 
opposite in. sign to the reciprocal of the slope of the other. 


EiZAiiiPiins. — (1) Find the equation of the line which passes through the 
point (3, 2), and is perpendicular to the line y = 2® -i- 5. Ansr. x + 2y = 1. 
Hint. Use (18) and (14). 

(2) Find the equation of the line which passes through the point (2, — 4) 
and is perpendicular to the line Sj/ -f 2* — 1 = 0. Ansr. - Sa + 14 = 0. 


§ 33. Changing the Coordinate Axes. 

In plotting the graph of any function, the axes of reference 
should be so chosen that the resulting curve is represented in the 
most convenient position. In many problems it is necessary to 
y y pass from one system of coordinate axes 

to another. In order to do this the 
equation of the given line referred to 
j the new axes must be deduced from the 

^ _ j u : corresponding equation referred to the 

Oij ;M, old set of axes. 

^ j J. To 2 >ass Jrom any system of oo- 

51 H ^ ordinate acces to another set parallel to 

Fic. 18. — Transformation of former hut having a different origin. 

Liet Ox, Oy (I^g. 18) be the original axes, 
and KO^x-j^^ SO^y-^ the new axes parallel to Ox and Oy. Let MM^P 
be the ordinate of any point P parallel to the axes Oy and 
Let h, h be the coordinates of the new origin Oj referred to the old 
axes. Let {x, y) be the coordinates of P referred to the old axes 
Ox, Oy, and its coordinates referred to the new axes. Then 

OH = h, HO^ - k, 

X = OM = OH + HM = OH + O^Mj^ ^ h 
y = MP *= MZkfi + MjP = P-Oj + M^P ^ k y^. 

That is to say, we must substitute 


a; = + a?! ; and y « A; + yj, . . (19) 

in order to refer a curve to a new set of rectangular axes. The 
new coordinates of the point P being 

a?i = a? - A ; and yj = y - A;. . , ( 20 ) 

Example. — Given the point (2, 8) and the equation 2® -h 3y = 6, find the 
coordinates of the former, and the equation of the latter when referred to a 
set of new axes parallel to the original axes and passing through the point 
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3, 2). Ausr. — 3s — l;yisy— 2sl. The position of the 

point on the new axes is ( — 1, 1). The new equation will be 2(3 + aBj) + 
3<3 + j/i) s 0; 2aji + 3yj + 12 = O. 

To pass froTTh one set of ouces to another having the sa/me 
origin but different directions. 

Liet the two straight lines ajj^O 
and y-iOf passing through O (Rig. 

19), be taken as the new system 
of coordinates. Ijet the coordin- 
ates of the point P (a;, y) when 
referred to the new axes be 
yi- Draw MJP perpendicular to 
the old ay-axes, and M-J? perpen- 
dicular to the new axes, so that 
the angle MPM^ = ROM^ =» a, 

OM = X, OM^ s rcj, MP == y, MfP — y^. 

Draw RM^ perpendicular and QM^ parallel to the a?-axis. Then 
X =s OJMi ~ OR — ATP = OP — QHdi-yf 
X — OMi cos a — MfP sin a. ; 

£C = asi cos a — 2/1 sin a- . . (21) 

Similarly y = MP — MQ + QP = +• QP ; 

. y = OMy^ sin a -h M-^P cos a, 

y = osj sin a 4 - yi cos a. . . . (22) 

Equations (21) and (22) enable us to refer the coordinates of a 
point P from on© set of axes to another. Solving equations (21) 
and (22) simultaneously, 

ajj == a? cos a -+ y sin a ; yi *=.y cos a — x sin a. . (23) 

ExA-MPiiH. — Find what the equation aji* -- = cl^ becomes when the 

axes auxe turned through - 45°, the origin remaining the same. Here 

sin (- 45°) 00 a (- 46") = From (23), ajj = - v'iy; 

2 /j= sj^x 4 - Hence, aj — 2/i ®=» — n/ 2 . 2/ ; + 2/i = *= - 2*3/ 5 

from the original equation, '2xy =ss — or, xy = constant. 

In order to pass from one set of axes to another set having a 
different origin and different directions, the two preceding transfor- 
mations must be made one after another. 

§ 34. The Circle and its Equation; 

There is a set of important curves whose shape can be obtained 
by cutting a cone at different angles. Hence the name conic seo~ 

G- 




08 


JaiGHEtt MATtlEMAttCiS. 


§ 34 . 


Hons. They include the parabola, hyperbola and ellipse, of which 

the circle is a special case. 1 
shall describe their chief pro- 
perties very briefly. 

A circle is <t <yurve such 
that all joints on the curve 
are equi-distant from a given 
foint. This point is called the 
centre y the distance from the 
centre to the curve is called 
the radius. Let r (Fig. 20) be 
the radius of the circle whose 
centre is the origin of the rect- 
angular coordinate axes xOsf 
and gOy'. Take any point 
P(a?, y) on the circle. Let JPM be the ordinate of P. From the 
dehnition of a circle OP is constant and equal to r. Then by 
Euclid, i., 47, 

(OJf)2 + (MPy = (OP)2, or -h 2/2 _ , ^ 1 ) 

which is said to be the equation of the circle. 

In connection with this equation it must be remembered that 
the abscissae and ordinates of some points have negative values, 
but, since the square of a negative quantity is always positive, the 
rule still holds good. Equation (1) therefore expresses the geo- 
metrical fact that all points on the circumference are at an equal 
distance from the centre. 

ExAMPuas. — (1) Required the locus of a point moving in a path, according 
to the equations y = a cos ty x » asin t, where t denotes any given interval of 
time. Square each equation and add, 

+ aj* = a®(cos®f -H sin®^). 

The expression in brackets is unity (19), page 611, and hence for all values of t 

i.e., the point moves on the perimeter of a circle of radius a. 

(2) To find the equation of a circle, whose centre, referred to a pair of 
rectangular axes, has the coordinates h and 7c. ’From (19) , previous paragraph, 

(X -h)^+(y . . . . ( 2 ) 

where P(a, y) is any point on the oircumferenoe. Note the product asy is 
absent. The coefificients of £B^ and y'^ are equal in magnitude and sign. 
These conditions are fulfilled by every equation to a circle. Such is 

Sa-a + Sy* + 7* - 12 * 0. 

(8) The general equation of a circle is 

«2 + ^-t-aaj+-6y-t-c = 0. 



( 3 ) 
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Plot (3) on squared paper. Try the effect of omitting aos an.d of by separately 
and together. This is a sure way of getting at the meaning of the general 
equation. 

(4) A point moves on a circle aj® + = 26. Compare the rates of change 

of X and y when a: a 3. If a; a 8, obviously y = + 4. By differentiation 
dyfdt : dxjdt = — xfy *= ± J. The function decreases when x and y have the 
same sign, i.e., in the first and third quadrants, and increases in the second 
and fourth quadrants ; y therefore decreases ox increases three-quarters as 
fast as X according to the quadrant. 

g 3S. The Parabola and its Equation* 

A jparabola is a outvq such, that any point on, the curve is equi- 
distant from, a given point cmd a given straight line. The given 
point is called the focus , the straight line 
the directrix, the distance of any point on 
the curve from the focus is called the fooal 
radius. O (Fig. 21) is called vertex of the 
parabola. AK is the directrix ; OF, FP^ 
jPPj . . . are focal radii ; OF — AO ; FP — 

EP ; jPPj = -SiPi ... It can now be proved 
that the equation of the parabola is given by 
the expression 

2^2 4aa;, . . (1) 

where a is a constant equal to AO in the 
above diagram. In words, this equation tells us that the abscissss 
of the parabola are proportional to the square of the ordinates. 

ExampIiBS. — ( 1) By a transformation of coordinates show that the para- 
bola represented by equation (1), may be written in the form 

X a by -f— cy^, . * * • « 

where a, b, c, are constants. Let ® become x + h; y = y + k; a=s j where h, k, 
and j sure constants. Substitute the new values of x and y in (1) ; multiply 
out. Oolleot the constants together and equate to a, b and c as the case 
might be. 

(2) Investigate the shape of the parabola. By solving the equation of 
the parabola, it follows that 

y ^ ’iz 2 

First. Every positive value of x gives two equal and opposite values of 
y, that is to say, there are two points at equal distances perpendicular to the 
x-axis. This being true for all values of x, the part of the curve lying ou one 
side of the a;-axis is the mirror image of that on the opposite side ^ ; in this 

* The student of stereo-chemistry would say the two sides were ** enantiomorphic ”. 

Q * 
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case the ic-axis is said to be syrwmetrical with respect to the parabola. Hence 
any line perpendicular to the ir>axis cuts the curve at two points equidistant 
from the fc-axis. 

Second. When a; « 0, the ^/-axis just touches ^ the curve. 

Third. Since a is positive, when x is negative there is no real value of y# 
for no real number is known whose square is negative ; in consequence, the 
parabola lies wholly on the right side of the y-axis. 

T’ourth. As x increases without limit, y approaches infinity, that is to say, 
the parabola recedes indefinitely from the sc or symmetricahaxes on both 
sides. 


§ 86. The Ellipse etnd its Equation. 


An ellipse is a curve such, that the sicm of the distances of any 
point on the curve from two given points is always the same, Liet 
J? (Eig. 22) be the given point which moves on the curve PPj 
so that its distance from the two fixed points P^, called the 



fooiy has a constant value say 2a. The distance of P from either 
focus is called the focal radivs, or radius vector. O is the so-called 
centre of the ellipse. The equation of the ellipse 




yi 

62 


= 1 


( 1 ) 


can now be deduced from the above described properties of the 
curve. The line (^g* 22) is called the major axis ; PjP^ the 

minor axis, their respective lengths being 2a and 26 ; the magni- 
tudes a and 6 are the semi-axes ; each of the points F 1, P 2 ) P 3> P4» 
is a vertex. 

ExiampxiESS. — ( 1) Let the point jP(a5, y) move on a curve so that the position 


^ Some mathematicians define a “tangent” to be a straight line which cuts the 
curve in tvo coincident points. See TJve tSc/tool World, 6, 323, 1904. 
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of the point, at any moment, is given by the equations, aj =s a cos t and 
y a= bsin^; required the path described by the moving point. Square and 
add ; since oos®^ + sin®i is unity (page 611), x^\d?‘ -j- y^\l^ = 1. The point 
therefore moves on an ellipse. 

(2) Investigate the shape of the ellipse. By solving the equation of the 
ellipse we get 

y “ ± and® -±05/^1 - 1^. ... (2) 

Eirst. Since j/® must be positive, a;®/a® 1, that is to say, aj cannot be 
numerically greater than a. Similarly it can be shown that y cannot be 
numerically greater than 6. 

Second. Every positive value of x gives two equal and opposite values of 
y, that is to say, there are two points at equal distances perpendicularly above 
and below the x-axis. The ellipse is therefore symmetrical with respect to 
the a;-axis. In the same way, it can be shown that the ellipse is symmetrical 
with respect to the y-axis. 

Third. If the value of x increases from the zero until a; =+: a, then ^=0, 
and these two values of cu furnish two points on the a^axis. If as now increases 
until 05 > a, there is no real corresponding value of j/®. Hence the ellipse 
lies in a strip bounded by the limits x — ±: a; similarly it can be shown that 
the ellipse is bounded by the limits y = + b. 

Obviously, if a =6, the equation of the ellipse passes into that of a circle. 
The circle is thus a special case of the ellipse. 

The absence of first powers of x and y in the equation of the ellipse shows 
that the origin of the coordinates is at the “ centre *' of the ellipse. A term in 
xy shows that the principal axes — major and minor — are not generally the 
X- and y-axes. 

§ 37. The Hyperbola and its Equation. 

The hyperbola is a curve such that the difference of the distance 
of any point on the curve 
from two faced points is al- 
ways the same. Let the point 
P (Fig. 23) move so that the 
difference of its distances 
from two fixed points P, 
called the foci, is equal to 2a. 

O is the so-called centre of 
the hyperbola ; OM = x ; 

MP =» y ; OA = a ; OJ5 ~ h. 

Starting from these definitions 
the hyperbola has the form 

^ 

a® 



it can be shown that the equation of 

y'^ 


( 1 ) 
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The a;>asi3 is called the trcunsverse or real axes of the hyperbola ; 
the y~axis the conjugate or imaginary aaoea ; the points A, A' are 
the vertices of the hyperbolas, a is the real semi-axis^ b the imaginary 
semi-axis. 

Eza-mpiobs. — ( 1) Sho-w that the equation of the hyperbola whose origin 
Is at its vertex is ss 2a&^ +• 2>^^. Substitute as -{- a for x in the regular 
equation. Bote that y does not change. 

(2) luTestigate the shape of the hyperbola. By solving equation (1) for 
X, and we get 

y *= and <B = + , . . (2) 

First. Since must be positive, ^ a^, or x cannot be numerically less 
than a. No limit with respect to y can be inferred from equation (8). 

Second. For every positive value of a, there are two values of y difiering 
only in sign^. Hence these two points are perpendicular above and below the 
ir*azis. that is to say, the hyperbola is symmetrical with respect to the a^axis. 
There are two equal and opposite values of x for all values of y. The hyper* 
bola is thus symmetrical with respect to the y-axis. 

Third. If the value of x changes from zero until x <^±: a, then y a 0, and 
these two values of x furnish two points on the a;-axis. If a, there axe 
two equal and opposite values of y. Similarly for every value of y there are 
two equal and opposite values of x. The curve is thus symmetrical with 
respect to both axes, and lies beyond the limits a; s + a. 

Before describing the properties of this interesting curve I 
sball discuss some fundamental properties of curves in general. 


§ 38. The Tangent to a Curve. 

We sometimes define a tangent to a curve as a straight line 

which touches the curve at two co- 
incident points. 1 If, in Fig. Sd, P 

and Q are two points on a curve 
such that MP «= NB = y ; ItQ »= dy ; 
OM =x; M27 — Pit « dx\ the straight 
line PQ = ds. Otherwise, the diagram 
explains itself. Now let the line APQ 
revolve about the point P. We have 
already shown, on page 15, that the chord PQ becomes more and 
more nearly equal to the arc PQ as Q approaches P ; when Q 



Fio. 24. 


1 Koto the equivocal use of the word “tangent” in geometry and In trigonometry. 
In geometry, a “tangent is a line between -which and the curve no other straight line 
can be drawn,*’ or “a line which just touches but does not cut the curve The 
slope of a curve at any point can be represented by a tangent to the curve at that 
point, and this tangent makes an angle of tan a with the a;-axia. 






§ 38 . 


COOBDINATE OB ANALYTICAL GEOMETRY. 


103 


coincides -with P, the angle MTP = angle JEtPQ =» a ; dx, dy and 
ds are the sides of an infinitesimally small triangle with an angle 
at P equal to a ; consequently 

^ = taji a (1) 

This is a most important result. The differential ooejQfioient repre- 
sents the slope of gradient of the curve. In other words, the tan- 
gent of the angle made by the slope of any part of a curve with 
the a;-axis is the first differential coefficient of the ordinate of the 
curve with respect to the abscissa. 

We can also see very readily that in the infinitely small triangle, 

dx ~ ds . oos aidy=>ds. sin a ; . . (2) 

and, since Jf2 is a right angle, 

{dsy = (dy)2 + {dx)\ ... (3) 

If we plot the distances, as, traversed by a particle at different 
intervals of time (abscissae) ; or the amounts of substance, a?, trans- 
formed in a chemical reaction at different intervals of time, U we 
get a curve whose slope at any point represents the velocity of the 
process at the corresponding interval of time. This we call a 
velocity curve. If the curve slopes downwards from left to right, 
dxjdt will be negative and the velocity of the process will be 
diminishing ; if the curve slopes upwards from left to right, dxfdt 
will be positive, and the velocity will bo increasing. 

If we plot the velocity, F", of any process at different intervals of 
time, wo get a curve whose slope indicates the rate at which the 
velocity is changing. This we call an aoceleration curve. The 
area bounded by an acceleration curve and the coordinate axes 
represents the distance traversed or the amount of substance trans* 
formed in a chemical reaction as the case might be. 

ExA-MPnas. — (1) At what point in the curve y-^ — 4^ does the tangent 
make an angle of 60® with the c-axis ? Here dyJdsDi = 2/yj s= tan 60® = n/ 3. 
Ansr. =2 ccj 

(2) Find the tangent of the angle, a, made by any point P(a;, y) on the 
parabolio curve. In other words, it is required to find a straight line which 
has the same slope as the curve has which passes through the point P(sd, y). 
Since = 4tax ; dyjdoi = 2aly = tan «• If the tangent of the angle were to 
have any particular value, this value would have to be substituted in place of 
dyfdx. For instance, let the tangent at the point P(a5, y) make an angle of 
45®. Since tan 45 unity, 2a/y =; tan a = 1, y a 2a. Substituting in the 
original equation y* = 4iaas, we get a ss a, that is to say, the required tangent 
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passes thxough. the extremity of the ordinate perpendicular on the focus. 
If the tangent had to be parallel to the fc-axis, tan 0 being zero, dyfdx is 
eg[uated to zero ; while if the tangent had to be perpendicular to the ar-axis, 
since tan 90** s oo, dyfche = oo. 

(3) Req[uiied the direction of motion at any moment of a point moving 
according to the equation, y ssa a cos 2iir(x + c). The tangent, at any time 
has the slope, — Shra sin 2ir(a; + e). 

(4) E. Mallard and H. le Ghatelier represent the relation between the 
molecular speciho heat, e, of carbon dioxide and temperature, 0, by the 
expression s « 6*8 + 0*00564^ — 0*000001,086®. Plot the (0,dsjd0)-o\irve from 

0° to 6 s: 2,000 (abscissse). Possibly a few trials will have to be made 
before the ** scale** of each coordinate will be properly proportioned to give 
the most satisfactory graph. The student must learn to do this sort of thing 
for himself. What is the difference in meaning between this curve and the 
(«, 6)-curve ? 

(5) Show that dxidy is the cotangent of the angle whose tangent is dy}dx. 

Let TP (Fig. 25) be a tangent to the curve at the point 
P{pi, yi). Let OM x^, MP^yi. Let y =» mx + 6, be the equation 
of the tangent line TPT\ and y-^ ®= /(®i) equation of the curve, 
BOP. From (14), page 94, we know that a straight line can only 
pass through the point Pipc-i' yi)* when 

y ^ ^ - a?i) . . . (4) 

where m is the tangent of the angle which the line y =» fiux makes 
with the a;-axis ; and a and y are the coordinates of any point taken 
at random on. the tangent line. Hut we have just seen that this 
angle is equal to the first differential coefficient of the ordinate of 
the curve ; hence by substitution. 

y-vi- - ®i), ... (5) 

which is the required equation of the tangent to a curve at a 
point whose coordinates are y-^. 

ExajifIjXS. — ( 1) Find the equation of the tangent at the point (4, 2) in 
the curve y^® « Hero, dyjdas^ « 1 ; ajj = 4, yj = 2. Hence, from (4), 

y ss X — 2 is the rec[uired equation. 

(2) Required the equation of the tangent to a parabola. Since 

l/i* = 4cai, dyjdxx = SXt|y^. 

Substituting in (5) and rearranging terms, 

(y “ Vj)yi = m - y* =2o(aj - 
Substituldng for we get 

yVi “ 2a(aj + (6) 

as the equation for the tangent line of a parabola. If x = 0, tan a = oo, and 
the tangent is perpendicular to the ss-axis and touches the y-axis. To get the 
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point of intersection of the tangent with the a;-axis put y *= O, then as = ~ ajj. 
The vertex of the parabola therefore bisects the sj-axis between the point of 
intersection of the tangent and of the ordinate of the point of tangency. 

(3) !Find the equation of the tangent to the ellipse, 


+ 58 - 1- 


. 

* dXi d? ’ 


substituting this value of dy^fdx^ in (6), multiply the result by y ^ ; divide 
through by 6® ; rearrange terms and combine the result with the equation of 
the ellipse, (1), page 100. The result is the tangent to any point on the ellipse, 

vs'here »j, are coordinates of any point on the curve and a;, y the coordi- 
nates of the tangent. 

(4) Rind the equation of the tangent at any point iP(a5i, y^) on the hyper- 
bolic curve. Differentiate the equation of the hyperbola 

au 5a “ 1- • • d£Ci“aa y^* ' ’ «« ~ 

Multiply this equation by j/j ; divide by 6* ; rearrange the terms and combine 
the result with the second of the above equations. We thus fiLnd that the 
tangent to any point on the hyperbola has the equation 

^-^ = 1 (8) 

• * * • * W 

At the point of intersection of the tangent to the hyperbola with the ac-axis, 
y =s0 and the corresponding value of sc is 

xsCy — a® j or, x = • ^9) 

the same as for the ellipse. 


Prom (9) if is infinitely great, a? = 0, and the tangent then 
passes through the origin. The limiting position of the tangent 
to the point on the hyperbola at an infinite distance away is 
interesting. Such a tangent is called an asymptote. To find 
the angle which the asymptote makes with the rr-axis we must 
determine the limiting value of 

62 a2 

when Xi is made infinitely great. Multiply both sides by 
and 

If Xj^ be made infinitely great the desired ratio is 

Iit_ _ . . Lt„ _ - f. 



EIGHEB MATHEMATICS. 


106 


§ 39. 


Differentiate the eqaation of the hyperbola, and introduce this 
value for x^fy^, and we get 

^ - tan a (»y) - g . . . . (10) 

If we now construct the rectangle RSS'R' (I’ig* 23, page 101) 
with sides parallel to the axes and cut off OA — OA' = o, OB = 0J5' = 6, 
the diagonal in the first quadrant and the asymptote, having the 
same relation to the two axes, are identical. Since the x- and 
y-axes are symmetrical, it follows that these conditions hold for 
every quadrant. Hence, B'OS, and BOS' are the asymptotes of 
the hyperbola. 


§ 89. A Study of Curves. 

A normal line is a perpendicular to the tangent at a given 

point on the curve, drawn to the 
a5-axis. Let NP be normal to the 
curve (Eig. 25) at the point P 
(a^, yj). Ijet y =» mx +■ 5, be the 
equation of the normal line ; 2/1 
/(ajj), the equation of the curve. 











f 

s 

\\ 


If ■ N 

1 ttiO-MrtaaZ 


Fig. 26. 


or, 


( 1 ) 


be perpendicular to the tangent 
line jTP, is that m'=» —Ifm, (17), 
page 96. From (6) 

y - t/i — - * 1 ), 

or, the equation of the normal line is 

.. „ y - vi 

dy-y X — Xy 

Examples. — (1) Find tlie equation of the normal at the point (4, 3) in the 
curve = a. Here dic^jdyy = — 8a?j/2yj. Henoe, by substitution in (1), 

y = 2flS - 6. 

(2) Show that y = 2(0$ — 6) is the equation of the normal to the ouwe 

4^1 + = O, at the point (4, - 4). 

(3) The tangent to the ellipse outs the (c-axis at a point where y = Oj 
from (7), page 105, 

aca;, = a® ; or, » = .... 

In Fig. 26 let PT be a tangent to the ellipse, NP the normal. Prom (2), 


S' - : 


F iT s a; c — o*/a^ + c ; FT = a; — c s a®/ 


as, 


( 2 ) 
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since = OF ■« c ; OT = x ; OM =* aj^, 

_ a* + «Bi 

''''FT- 

Since FP = r, jP\P = ; OP s= F^O = c ; OM = ; MP = 

r® = yi® + (c - osi)®; ri® = y-^ + (c 4- asi)®. 
r2 - rj® = (r + ri) (r - rj) = - 4ca5i ; 

But by the definition of an ellipse, pages 100 and 101, 

r + rj = 2a ; r - = — 2caoJa ; r = a - ox^Ja ; = a + cxja. 

PiP r, a® + c®, 

" v = rv r = — * = • A • i • 

PP r a® — ea^i 

From (8) and (4), therefore. 



Fia. 26. — The Foci of the Ellipse. 


(S) 


(4) 


By Euclid, vi.. A: **If, in any triangle, the segments of the base produced 
have to one another the same ratio as the remaining sides of the triangle, 
the straight line drawn from the vertex to the point of section bisects the 
external angle". Bence in the trismgle PPPj, the tangent hiseots the ex- 
ternal angle PPB, and the normal bisects the angle PPPu. 


The preceding esiample shows that the normal at any point on 
the ellipse bisects the cungle efncloseA by the focal radii ; and the 
tangent at any point on the ellipse bisects the exterior angle formed 
by the focal radii. This property accounts for the fact that if 
be a ray of light emitted by some source the tangent at P 
represents the reflecting surface at that poiut, and the normal to the 
tangent is therefore normal to the surface of incidence. Prom a 
well-known optical law, *Hhe angles of inoidenoe and reflection 
are equal,** and since F-j^JPN is equal to NPF when PP is the re- 
flected ray, all rays emitted from one focus of the ellipse are 
reflected and concentrated at the other focus. This phenomenon 
occurs with light, heat, sound and electro- magneldo waTSS. 
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To find the length of the tangent and of the normal. The length 
of the tangent caai be readily found by substituting the values 
MP and TM in the equation for the hypotenuse of a right-angled 
triangle TPM (Euclid, i., 47) ; and in the same way the length 
of the normal is obtained from the known values of MN and PM 
already deduced. 

The subnopmal of any curve is that part of the as-axis lying 
between the point of intersection of the normal and the ordinate 
drawn from the same point on the curve. Let MM be the sub- 
normal of the curve shown in Eig. 25, then 


MM == a? — a; 


i» 


and the length of MN is, from (1), 

’ ’ 3a;i 


X ^ X-i 


a? — 

Vi 


(S) 


when the normal is drawn from the point P(iPi, ^i)- 

The sabtangent of any curve is that part of the tr-axis lying 
between the points of intersection of the tangent and the ordinate 
drawn from the given point. Let TM (Eig. 25) be the subtangent, 
then 

ajj - oj = TM. 

Putting 2 / = 0 in equation (1), the corresponding value for the 
length, TM, of the aubtangent is 


X-, - X — 


dx-i 


or. 


dx^ _ ~ 


X 


( 6 ) 


EzampIjSS. — (1) Find the length of the sub tangent and subnormal lines 
in the parabola, » 4tax^, Since yxdygdx,^ = 2a, the subtangent is 2a!i ; the 
subnormal, 2a. Hence the ^vertex of the parabola bisects the subtangent. 

(2) Show that the sub tangent of the ourve pv constant, is equal to — t?. 

(3) Let JP(aj, y) be a point on the parabolic ourve (Fig. 27) referred to the 
coordinate axes Oas, Oy^ TT a tangent at the point P, and let KA be the 
dixeotrix. Let F be the f oous of the parabola y,^ = iaa?. Join PP. Draw KP 
parallel to Ox. Join KT. Then KPFT is a rhombus (Euclid, i., 84), for it 
has been shown that the vertex of the parabola O biseots the subtangent. Ex. 
(1) above. Hence, TO = OM; and, by dednitiou, AO =» OF ; 

. *. TA s= FM ; and KP =s TF ; 

consequently, the sides KT and PF are parallel, and by definition of the para> 
hola, KP = PFf the two triangles KPT and PTF are equal in all respects, 
and (Euclid, i., 5) the angle KPT =* angle PPP, that is to say, the tangent 
to the parabola at any given point bisects the angle made by the focaZ radins 
and the perpendicular dropped on to the directrix from the given point. 

In Fig. 27, the angle TPF angle TPK *= opposite angle RPT' (Euclid, 
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i., 16). But, by construction, the angles TPN and NPT' are right angles ; 
take away the equal angles TPF and RPT 
and the angle PPN is equal to the angle 
JSTPR. 

The normal at any point on the 
parabola bisects the angle enclosed by 
the focal radius and a line drawn 
through the given point, parallel to the 
x~axis. This property is of great im- 
portance in physics. All light rays 
falling parallel to the principal (or a;-) 
axis on to a parabolic mirror are reflect- 
ed at the focus jP, and conversely all 
light rays proceeding from the focus 
are reflected parallel to the ic-axis. Hence the employment of 
parabolic mirrors for illumination and other purposes. In some 
of Marconi’s recent experiments on wireless telegraphy, electrical 
radiations were directed by means of parabolic reflectors. Hertz, 
in his classical researches on the identity of light and electro- 
magnetic waves, employed large parabolic mirrors, in the focus of 
which a “ generator,” or “ receiver ” of the electrical oscillations 
was placed. See D. E. Jones’ translation of H. Hertz’s Electric 
Waves, London, 172, 1893. 



Fio. 27. — ThePoous of the 
Parabola. 


§ 40. The Rectangular or Equilateral Hyperbola. 

If we put a = b in the standard equation to the hyperbola, the 

result is an hyperbola (Fig. 28) for which 

a?" -y^= Or^ . (1) 

and since tan a = 1 = tan 

45°, each asymptote makes 

an angle of 45° with the x- 

or ^/-axes. In other words, 

the asymptotes bisect the 

coordinate axes. This special 

form of the hyperbola is called 

an equilateral or rectangular 

hyperbola. It follows directly 

that the asymptotes are at 

, i_ i. 1 . Pro. 28. — The Rectangular Hyperbola, 

right angles to each other. 

The asymptotes may, therefore, serve as a pair of rectangular 
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coordinate axes. This is a yalnable property of the rectangular 
hyperbola. 

The equation of a rectangular hyperbola referred to its asymp- 
totes as coordinate axes, is best obtained by passing from one set of 
coordinates to another inclined at an angle of — 45® to the old set, 
but having the same origin, as indicated on page 96. In this way 
it ia found that the equation of the rectangular hyperbola is 

ajy « a, . . . . (2) 

where a is a constant. 

It is easy to see that as y becomes smaller, x increases in magni- 
tude. When y = 0, re == oo, the a?-axi3 touches the hyperbola an 
infinite distance away. A similar thing might be said of the y-axia 

§ Illustrations of Hyperbolic Cupyes. 

X The graphical representation of the gas equation, pv = 
furnishes a rectangular hyperbola when 6 is fixed or constant 
The law as set forth in the above equation shows that the volume 
of a gas, x, varies inversely as the pressure, p, and directly as the 
temperature, 0. For any assigned value of we can obtain a 
series of values of p and v. For the sake of simplicity, let the 


constant M - 

= 1. 

Then if 






9^ 

{P- 

0*1, 

0*5, 

1-0, 

5-0, 

100, 

• 

• • • J 


10*0, 

2*0, 

1*0, 

0-2, 

01, 

« 

. . a , 

a 

II 


0-1, 

5*0, 

0*6, 

1-0, 

IK), 

0*5, 

5*0, 

0-1, 

100, 

0*05, 

. . . ; 

. . . etc. 

The * * curves ’ 

" of constant 

temperature obtained by 

plotting 


these numbers are called isothermals. Each isothermal (i.e., 
curve at constant temperature) is a rectangular hyperbola obtained 
from the equation pv = = constant, similar to (2), above. 

A series of isothermal curves, obtained by putting 6 successively 
equal to dj, 0^ ... and plotting the corresponding values of 
p and V, is shown in Fig. 29. 

We could have obtained a series of curves from the veuriables 
p and 6, or v and $, according as we assume -u or ^ to be constant. 
If V be constant, the resulting curves are called isometric lines, 
or isochores ; if jp be constant the curves are isopiestic lines, 
or isobars. 

II. Exposure formula for a thermometer stem. When a ther- 
mometer stem is not exposed to the same tempei'ature as the 
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btilb, the meroiiry in the exposed stem is cooled, and a small 
correction must be made for the consequent oontraotion of the 
mercury exposed in the stem. If x denotes the difference between 
the temperature registered by the thermometer and the tempera- 



ture of the exposed stem, y the number of thermometer divisions 
exposed to the cooler atmosphere, then the correction can be 
obtained by the so-called ex^swre formula of a thermometer^ 
namely, 

9 = O'OOOlGrry, 

which has the same form as equation (2), page 110. Ry assuming 
a series of suitable values for 9 (say 0*1 . . . ) and plotting the 
results for pairs of values of x and y, curves are obtained for use 
in the laboratory. These curves allow the required correction to 
be seen at a glance. 

III. Dissociation ctirves. G-aseous molecules under certain 
conditions dissociate into similar parts. Nitrogen peroxide, for 
instance, dissociates into simpler molecules, thus ; 

N2O4 2NO2. 

Iodine at a high temperature does the same thing, becoming 21. 
In solution a similar series of phenomena occur, KOI becoming 
K ■+ Cl, and so on. Let sc denote the number of molecules of an 
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acid or salt "w^hich dissociate into two parts called ions ; (1 - a:) 
the number of molecules of the acid, or salt resisting ionization ; 
c the quantity of substance contained in unit volume, that is the 



concentration of the solution. Nernst has shown that at constant 
temperature 



where K is the so-called dissociation constant whose meaning is 
obtained by putting cc = 0-5. In this case K = that is to sa.y, 
K is equal to half the quantity of acid or salt in solution when 
half of the acid or salt is dissociated. 

Butting == 1 we can obtain a series of corresponding values 
of c and x. Bor example, if 

a; =-16, 0-25, 0-6, 0-75, 0*94 ...; 

then 0 = 32, 12, 2, 0*44, 0-07 . . . 

It thus appears that when the concentration is very great, the 
amount of dissociation is very small, and vice vers A, when the con- 
centration is small the amount of dissociation is very great. Com- 
plete dissociation can perhaps never bo obtained. The graphic 
curve (I^g. 30), called, by Nemst, the dissociation isotherm, is 
asymptotic towards the two axes, but when drawn on a small scale 
the curve appears to cut the ordinate axis. 

IV. The volume elasticity of a substance is defined as the ratio 
of any small increase of pressure to the diminution of volume per 
unit volume of substance. If the temperature is kept constant 
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during the change, we have isothermal elasticity, while if the 
change takes place without gain or loss of heat, adiabatic elas- 
ticity. If unit volume of 
gas, V, changes by an ^ 
amount dv for an increase 
of pressure dp, the elastic- 
ity, JB, is 

V 

A similar equation can be 
obtained by differentiating h 
Boyle’s law,pv = oonstanti 
for an isothermal change 
of state. The result is 
that Q 

dp 

p sss — , (2) Fia. 81. — ptj-curvea. 

an equation identical with that deduced for the definition of volume 
elasticity. The equation pv =» constant is that of a rectangular 
hyperbola referred to its asymptotes as axes. 

Liet JP(p, v) (Fig. 31) be a point on the curve pv == constant. 
In constructing the diagram the triangles KNP and PMT were 
made equal and similar (Euclid, i., 26). See Ex. (2) page 108, and 
note that KN is the vertical subtangent equivalent to - p. 

KN => — NP tau a = — V tan KPN = — 

dv 

that is to say, the isothermal elcbsHcity of a gas in any assig^ud 
condition, is mbmerieaZly equal to the vertical subtang&nt of the 
curve corresponding to the substance in the given state. 

But since in the rectangular hyperbola KN = PM, the iso- 
thermal elasticity of a gas is equal to the pressure (2). The 
adiabatic elasticity of a gas may be obtained by a similar method 
to that used for equation (1). If the gas be subject to an adia- 
batic change of pressure and volume it is known that 

pd* = constant = C. . . . (3) 

Taking logarithms, (3) furnishes log^ +■ y log v = log C. By 
differentiation and rearrangement of terms, we get 

■ • • <*) 

H 
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in other words the adiabatic elasticity ^ of a gas is y times the 
pressure. A similar construction for the adiabatic curre furnishes 

XW : PM ^ KP-.PT ^yil, 

that is to say, the tangent to an adiabatic curve is divided at the 
point of contact in the ratio y : 1. 

Ezamfuss. — ( 1) Assuming the Hewtoa-ljaplace formula that the square 
of the velocity of propagation, 'P, of a oompression wave of sound) in a 
gas varies directly as the adiabatic elasticity of the gas, and inversely as 
the density, p, or F* oc E^Jp ; shov» that F* oc yRF. Hints ; Since the com- 
pression wave travels so rapidly, the changes of pressure and volume may be 
supposed to take place without gain or loss of heat. Therefore, instead of 
using Boyle’s law, pv = constant, we must employ pvv = constant. Hence 
deduce yp == v. dp/dv =: Hote that the volume varies inversely as the 

density of the .gas. Hence, if 

F® oe Etf>lp Gc EiftV oc ypv oc yJRT, .... {6) 

(2) R. Mayer’s equation, page 82 and (5) can be employed to determine 
the two specific heats of any gas in which the velocity of sound is known. 
Liet a be a constant to he evaluated from the known values of i2, ST, F^, 

.*. = JR/{1 — n), and Op *= aOp, . . (6) 

Boynton has employed van der Weals* equation in plaoe of Boyle’s. Per- 
haps the reader can do this for himself. It will simplify matters to neglect 
terms containing magnitudes of a high order (see W. P. Boynton, JPhysical 
Review, 12, 858, 1901). 


§ 42. Polar Coordinates. 

Instead of representing the position of a point in a plane in 
terms of its horizontal and vertical distances along two standard 
lines of reference, it is sometimes more convenient to define the 
position of the point by a length and a direction. !Por example, in 
l?ig. 32 let the point O be fixed, and Ox a straight line through O. 

Then, the position of any other point P will 
be completely defined if (1) the length OP 
and (2) the angle OP makes with Ox, are 
known. These are called the polar coordin- 
ates of P, the first is called the radius 
ireotop, the latter the veotorial angle. The 
radius vector is generally represented by the 
symbol r, the vectorial angle by 9, and P is 
called the point 6), O is called the pole and Ox the initial Htio. 
As in trigonometry, the vectorial angle is measured by supposing 



Pic. 32. — Polar Oo- 
ozdinates. 


1 From other considerations, Rq is usually written ^4^. 
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the angle B has been swept onfc by a revolving line moving from 
a position coincident with Ox to OJP- It is positive if the direction 
of revolution is contra wise to the motion of the hands of a clock. 

To change from polar to rectangular coordinates and vice versA. 
In Fig. 33, let (r, 6) be the polar coordinates of the point y)» 
Let the angle x'OP «= 9. 


I. To pass from Cartesian to polar coordinates. 


sin 6 


MP y ^ OM X 

OP ~~ r * ^ “ "OP ~ r ^ 


^ r sin B and as =» r cos B, . 
which esipresses as, and y, in terms of r and 6. 


( 1 ) 


ExA-JugMSfl. — (1) Transform the equation a:^ — = 3 from rectangular to 

polar coordinates, pole at origin. Ansr. r^cos 20 = 3. Hint. — sin^ == 

cos 20. 




(2) Show that aj® 4- 9 represents blio same line as r =; S. Hint. 

r*(sin*ff 4- cos®^) = 9 ; and sin®^ 4- cos®® s= 1. 

(S) A point jP moves along a curve in such, a way that the ratio of its 
distance from a given point P, and from a given straight line OK (Eig. 34) is 
a constant quantity, say «. Find the path of the point. Hint. In Fig. 31 
F’jP = eKP. Let KJP — OM — tc ; MP = y. Required the equation connect* 
ing 0 and y. (JFP)® »« (ilfP)® 4 {FMY = y® + (a? - a)®, where OF is put « a. 
If e is unity, the curve is a parabola ; if s 1 the curve is an ellipse ; if 
s ^ 1 the curve is an hyperbola, e is called the eccentricity of the curve. 
In polar coordinates XP = OF + jP’Jkf = o 4 - r cos tf, 

T CLS 

* * ® <z 4 r QOS 0 ’ ^ “ 1 — e cos 

whether curve be an hyperbola, ellipse or parabola. 


II. To pass from polar to Cartesian coordinates. In the same 
figure 
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r2 


tan 0 


MP y , 
OM “ a;' 


(0JP)2 = (OM)-' + [MPy^ = a;2 + 2/2 ; 


& = tan “ ; r » + fjx^ + y~ ^ • (3) 

Cu 

wMcli expresses 0, and r, in terms of a? and y. The sign of r is 
ambiguous, but, by taking any particular solution for the pre- 
ceding remarks will show which sign is to be taken. 

Just as in Cartesian coordinates, the graph of a polar equation 
may be obtained by assigning convenient values to 6 (say 0®, 30®*, 
45®, 60®, 90® . . .) and calculating the corresponding value of r from 
the equation. 


EtZAMPiiBS. — (1) What are tbe rectangular coordinates of tbie points (2,60*^), 
and (2, 45®) respectively? Ansr. (1, •Js), and (\/2, ij2). 

(2) Express the equation r = meos9 in rectangular coordinates. Ansr. 

4 - 2/2 z= ntx. Hint. GosC = afr ; etc. 

Polar coordinates are particularly useful in astronomical and 
geodetical investigations. In meteorologioal charts the relation 
between the direction of the wind, and the height of the barometer, 
or the temperature, is often plotted in polar coordinates. The 
treatment of problems involving direction in space, displacement, 
velocity, acceleration, momentum, rotation, and electric current 
are often simplified by the use of vectors. But see O. Henrioi 
and G. C. Turner’s Vectors and Rotor London, 1903, for a simple 
exposition of this subject. 


§ 43. Spiral Curves. 

The equations of the spiral curves are considerably simplified 

by the use of polar coordinates. For in- 
stance, the curve for the logarithmic spiral 
(Fig. 35), though somewhat complex in 



Cartesian coordinates, is represented in 
polar coordinates by the simple equation 

r = a®, . . (1) 

w’here a has a constant value. Hence 

Fio. 35. — liOgarithmic 

Spiral. log r = 6 log a. 

Let O, Oj, C 2 , . • • (I'fg- 35) be a series of points on the spiral cor- 
responding with the angles (9j, <9.^, . . . ; and the radii vectores 
Tj, rg, . . . Hence, 
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log rj « 0^ log a ; log « 0^ ^ • 

Since log a is constant, say equal to k, 

= («i - e,)*. 

that is, the logarithm of the ratio of the distance of any two points 
on the curve from the pole is proportional to the angle between 
their radii veotores. If and lie on the same straight line, then 

— ^2 s=s Qtt =* 360** ; and log ~ = 2 A: 7 r, 

^2 

w being the symbol used, as in trigonometry, to denote 180**. 

Similarly, it can be shown that if r^, ... lie on the same 

straight line, the logarithm of the ratio of to r^, ... is given by 

dfcir, GAtt. . . . This is true for any straight line passing through 
O ; and therefore the spiral is made up of an infinite number of 
turns which extend inwards and outwards without limit. 

If the radii veotores OC, OD, OE . . . OOj, ODj ... be taken to 
represent the number of vibrations of a sounding body in a given 
time, the angles COD, DOE . . . measure the logarithms of the 
intervals between the tones produced by these vibrations. A point 
travelling along the curve will then represent a tone continuously 
rising in pitch, and the curve, passing successively through the 
same line produced, represents the passage of the tone through 
successive octaves The geometrical periodicity of the curve is 
a graphical representation of the periodicity perceived by the ear 
when a tone continuously rises in pitch. 

This diagram may also be used to illustrate the Newlands- 
Mendel4efl: law of octaves, by ai'ranging the elements along the 
curve in the order of their atomic weights. E. Lioew {Zeit, phys, 
Ohem., 23, 1, 1897) represents the atomic weight, as a function 
of the radius vector, r, and the vectorial angle, 6 : W == /(r, (9), so 
that r $ = JW. He thus obtains W « rO. This curve is the 
well-known Archimedes' spiral. If r is any radius vector, the 
distances of the points Dj, Pg, P 3 , ... from O are 

Tg = r -h -JT ; = r -h Stt ; =■ r -+■ S-jt ; . . . 

r3 = r +■ Stt ; =» r -i- dvr ; =» r -I- Gtt ; . . . 

ExAMPiiKH. — (1) Plot Archimedes’ spiral, r aB \ and show that the re- 
volutions of the spiral are at a distance of 'latr from one another. 

(2) Plot the hyperbolic spiral, re ^ a ; and show that the ratio of the 
distance of any two points from the pole is inversely proportional to the 
angles between their radii veotores. 
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§ $4. TvilineaF Coordinates and Triangular Diagrams. 


Another method of representing the position of a point in a 
plane is to refer it to its perpendicular distance from the sides of a 

triangle called the triangle of reference. 
The perpendicular distances of the 
point from the sides are called tri- 
liuear coordinates. In the equi- 
lateral triangle ABC (Pig. 36), let the 
perpendicular distance of the vertex A 
from the base be denoted by 100 
units, and let p be any point within the 
j triangle whose trilinear coordinates are 

B*!®. 36. — Trilinear Coordinates. then 



pa + pb + pc ^ 100. 

This property^ has been extensively used in the graphic repre- 
sentation of the composition of certain ternary alloys, and mixtures 
of salts. Each vertex is supposed to represent one constituent of 

the mixture. Any 
point within the tri- 
angle corresponds to 
' that mixture whose 
percentage composi- 
tion is represented by 
the trilinear coordin- 
ates of that point. 
Any point on a side of 
the triangle represents 
a binary mixture. 
Fig. 37 shows the 
melting points of ter- 
nary mixtures of iso- 
Pia. 87 .- 8 urfaoe of Fusibility. morphous caibonatea 

of barium, strontium and calcium. Such a diagram is sometimes 
called a surface of fusibility. A mixture melting at 670® may 



^ It is not difficult to see tiis. Through, p dr&yrpG parallel to AO cutting A£ at 
G ; through Q draw QK parallel to jBO cutting AD at F, and AC at K\ produce the 
line tip until it meets OK at B\ draw OK pei^endicular to AO. Now show that 
AF — SG = pb ; that pB <^pc ; that DB szpc -h pa ; and that DA = pa •+ pb + pe. 
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have the composition represented by any point on the isothermal 
curve marked 670®, and so on for the other isothermal curves. 

In a similar way the composition of quaternary mixtures has 
been graphically represented by the perpendicular distance of a 
point from the four gddes of a square. 

Roosseboom, Bancroft and others have used triangular diagrams 
with lines ruled parallel to eaoh other as shown in Fig. 38. Sup- 



pose we have a mixture of three salts, A, B, <7, such that the three 
vertices of the triangle ABG represent phases ' containing 100 ®/^ of 
eaoh component. The composition of any binary mixture is given 
by a point on the boundary lines of the triangle, while the com- 
position of any ternary mixture is represented by some point inside 
the triangle. 

The position of any point inside the triangle is read directly 
from the coordinates jparallel to the sides of the triangle. For 
instance, the composition of a mixture represented by the point O 
is obtained by drawing lines from O ‘pa/raXl^ to the three sides of 
the triangle OP, OP, OQ. Then start from one corner as origin 
and measure along the two sides, AP fixes the amount of O, A(^ 


^ A jihast ia a maaa of uniform coiiceutration. Tho number of phases in a system 
is th« number of masses of different concentration present. For example, at tlie tem- 
perature of melting ice three phases may be present in the HflO-system, ins., solid ice, 
liquid water and steam ; if a salt is dissolved in water there is a solution and a vapour 
phase, if solid salt .separates out, another phase appears in the system. 
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the amount of R, and, by difference, GJR determines the amount A. 
Eor the point chosen, therefore A = 40, B = 40, C = 20. 

(i) Suppose the substance A melts at 320°, B at 300°, and C at 305°, and 
that the point D represents an eutectic alloy ^ of ^ and C melting at 215° ; 
JSf of an eutectio alloy of A and B melting at 207° ; J?', of an eutectic alloy of 
JB and C melting at 268°. 

(ii) Along the line Z)0, the system A and C has a solid phase ; along jE70» 
A and B have a solid phase ; and along FO^ B and O have a solid phase. 

(iii) At the triple point O, the system A, S and O e:icists in the three-solid, 
solution and vapour-phases at a temperature at 186° (say). 

(iv) Any point in the area A DOB represents a system comprising solid, 
solution and vapour of A, — in the solution, the two components B and C are 
dissolved in A, Any point in the area ODOF represents a system comprising 
solid, solution and vapour of O, — in the solution, A and B are dissolved in C. 
Any point in the area BEOF represents a system comprising solid, solution 
and vapour of B , — ^in the solution, A and C are dissolved in B. 

Each apox of the triangle not only represents 100 of a substance, but 
also the temperature at which the respective substances A, B, or C melt ; 
2>, E, F also represent temperatures at which the respective eutectic alloys 
melt. It follows, therefore, that the temperature at 2) is lower thau at either 
A or O. Similarly the temperature at E is lower than at A or JB, and at F 
lower than at either B or C. The melting points, therefore, rise as we pass 
from one of the points JD, £7, F to an apeX' on either side. 

Eor details the reader is referred to W. D. Bancroft’s The Phase Rule, 
Ithaca, 1897. 


§ 45. Orders of Curves. 

The order of a ctirve corresponds with the degree of its equa- 
tion. The degree of any term may be regarded as the sum of the 
exponents of the variables it contains ; the degree of an equation 
is that of the highest term in it. For example, the equation 
xy + X 0, is of the second degree if b is constant ; the 

equation = 0, is of the third degree ; x^yz^ +■ ax = 0, is of 

the sixth degree, and so on. A line of the first order is repre- 
sented by the general equation of the first degree 

oa? 4- H- c = 0. . . . . (1) 

This equation is that of a straight line only. A line of the second 
order is represented by the general equation of the second degree 
between two variables, namely, 

ax^ + bxy -h fx gy h = 0. . . (2) 


* An eutectic alloy is a mixture of two substances in such proportions that the 
alloy melts at a lower temperature thau a mixture of the same two substances in auy 
other proportions. 
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This equation includes, as partioular oases, evexy possible form of 
equation in which no term contains ic and y as factors more than 
twice. The term hscy can be made to disappear by changing the 
direction of the rectangular axes, and the terms containing fx and 
gy can be made to disappear by changing the origin of the co- 
ordinate axes. Rvery equation of the second degree can be made 
to assume one of the forms 

aa^ + cy^ — fc, or, = fx. . . . (3) 

The first can be made to represent a circle,^ ellipse^ or kyj^erbola ; 
the second a parabola. Hence every equation of the second degree 
between two variables includes four species of curves — circle, 
ellipse, parabola and hyperbola. 

It must be here pointed out that if two equations of the first 
degree with all their terms collected on one side be multiplied 
together we obtain an equation of the second degree which is 
satisfied by any quantity which satisfies either of the two original 
equations. An equation of the seoond degree rrva/y thus ^represent 
two straight lAnes, as well as one of the above species of curves. 

The condition that the general equation of the second degree 
may represent two straight lines is that 

{bg - 2c/)^» = (*2 - 4ac) {g'^ - 4cA). . . (4) 

The general equation of the second degree will represent a 
parabola, ellipse, or hyperbola, according as — doc, is zero, 
negative, or positive. 

ExAUCPtiBS. — (1) Show that the graph of the equation 
205^ - lOasy + -f 6® — IGy - 8 »= O, 
represents two straight lines. Bint. d(«ac2; ; OBa)12; /~5 ; — 16 ; 

* - 8 ; (&i7 - 2c/)* - 1600 ; (6» - 4ac) {g^ - 4eh) = 1600. 

(2) Show that the graph of — 2xy + — 8® + IS sa O represents a 

parabola. Hint. From (2), 6® - 4ac ==— 2x--2— 4 xlxl—0. 

(8) Show that tiie graph of — Q(oy + y* + 2«+-2y-f-2=a0 represents 
a hyperbola. Here b* — 4ac *sai--6x— 6 — 4 xlx !=■ 32, 

§ 46. Coordinate Geometry in Three Dimensions. — Geometry 

in Spaoe. 

Methods have been described for representing changes in the 
state of a system involving two variable magnitudes by the locus 
of a point moving in a plane according to a fixed law defined by 


^ The circle may be regarded as an ellipse -with miyor and minor axes equal. 
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the equation of the curve. Such was the _pv-dia.gram described on 
page 111. There, a series of isothermal curves were obtained, when 
$ was made constant during a set of corresponding changes of p 
and V in the well-known equation pv *= HO. 

When any three magnitudes, £c, 3 /, z, are made to vary together 
we can, by assigning arbitrary values to two of the variables, find 
corresponding values for the third, and refer the results so obtained 
to three fixed and intersecting planes called the coordinate planes. 
Of the resulting eight quadrants, four of which are shown in 
fig. 39 , only the first is utilized to any great extent in mathe- 
matical physios. This mode of graphic representation is called 
geometry in spaoe, or geometry in three dimensions. The lines 
formed by the intersection of these planes are the coordinate 
axes. It is necessary that the student have a clear idea of a few 
properties of lines and surfaces in working many physical problems. 

If we get a series of sets 
of corresponding values of x, 
Pf z from the equation 
as •+ y = z, 

and refer them to coordinate 
axes in three dimensions, as 
described below, the result is a 
plane or surface. If one of 
the variables remains constant, 
the resulting figure is a line. 
A surface may, therefore, be 
considered to be the locus of 
Eig. 39.— Cart6S'Iau 0oorclinat6s— Tliree g, line DQOving in space. 

Dimensions. the point whose 

coordinates OA, OJB, OO are given. The position of the point P 
with reference to the three coordinate planes xOy, xOz, yOz (Tig. 
39) is obtained by dropping perpendiculars PL, PM, PN from 
the given point on to the three planes. Complete the parallele- 
piped, as shown in Fig. 39. Let OP be a diagonal. Then LP 
=! OA, PN = PO, MP => 00 . Draw three planes through A, B, 
O parallel respectively to the coordinate planes ; the point of 
intersection of the three planes, namely jP, will be the required 
point. 

If the coordinates of P, parallel to Ox, Oy, Oz, are respectively 
X, y and z, then P is said to be the point x, y, z. A similar con- 
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vention with regard to the sign is used as in analytical geometry of 
fcwo dimensions. It is oonrentionally agreed that lines measured 
from below upwards shall be positive, and lines measured from 
above downwards negative ; lines measured from left to right 
positive, and from right to left negative ; lines measured inwards 
from the plane of the paper are negative, lines measured towards 
the reader are positive. 

If a watch be placed in the plane xy with its face pointing up- 
wards, towards +■ 2?, the hands 
of the watch move in a negative 
direction ; if the watch be in the 
scz plane with its face pointing 
towards the reader, the hands 
also move in anegative direction. 

II. To find the distance of a 
'point from the origin in terms of 
the rectangula/r coordinates of 
that point. In Fig. 40 , let Oa?, 

Oy^ Oz be three rectangular ares, ^ 

y, z) the given point such 40 . 

that JfP Zf AM Pj OA *=» a?. It is required to find the distance 
OjP r, say. 

OP2 « OM^ -h AfP2 ; or, r2 
but 03 P = AM^ + OA^ = + ^2^ 

r2 = £c 2 -f. 2/2 + 22 . . . (1) 

In words, the sum of the squares of the three coordinates of a 
point are equal to the square of the distance of that point from the 
origin. 

Esamplxi. — F ind the distance of the point (2a, — 3a, 6a) from the origin. 
Hint, r «» s/^a^ -t- 9a® + 36a* = 7a. 

Liet the angle AOP «=* a ; BOP *=* yS; POC =* 7, then 

ic r cos a ; y =» r cos z xaz r cos 7- . (2) 

These equations are true wherever the point P may lie, and 
therefore the signs of x, y, z are always the same as those of 00s a, 
cos / 8 , cos 7 respectively. Substituting these values in ( 1 ), and 
dividing through by r^, wo get the following relation between the 
three angles which any straight line makes with the coordinate axes 
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COS^a H- COS^/Q + oos^-y *» 1. . • • (3) 

The cosiaes of the angles a, /S, y which the given line makes 
with the axes a?, y, z respectively are called the direotion 
cosines, and are often symbolized by the letters It m, n. Thus 
(3) becomes 

Z* + =* 1. 

If we know r, cos a, cos ^t and cos y we are able to fix the 
position of the point. If a, c are proportional to the direction 
cosines of some line, we can at once dnd the direction cosines 
Eor, from page 23, if 

li a ^ m \ h ^ ni Gt I ^ ra\ m— rb ; n« rc- 
Substitate in the preceding equation, and we get at once 

, a ^ b ^ c 

tja^ +• 4 * * iJcL^ 4 “ 4 - * isja^ + •+ <^ 

ISxAUPiiiS!. — The direotion cosines of a line are proportional to 3, — 4, 
and 2. Find their vaJaea, Ansr. 3%/^, - 4 2 Hint. o=3, i>=s - 4, 

o»2. 


III. 


To find the distance between two points in terms of their 

rectangular coordinates. Ijet Pi(»i, 
yn ^i)» •P 2 (® 2 » 3 ^ 2 * ^ 2 ) b© the given points, 
it is required to find the distance P-^P^ 
in terms of the coordinates of the 
points Pj and Pg. Draw planes 
throTigh Pj and Pg pSirallel to the 
coordinate planes so as to form the 
paraUelopiped ABODE. Join PjjJSf. 
By the construction (Big. 41), the 
angle P^EP^ is a right angle. 
Fig. 41. Bence 



(PiPa)^ * (PiB)2 + {P^E)^ = (PiP')* + (EDy 4- (P^py- 

But P^E is evidently the difference of the distance of the foot of 
the perpendiculars from Pj and P^ on the G;-axis, or PiE ■» iCg — Xj. 
Similarly, ED ~ Vi* PJP — z-^. Hence 

7 a « (ajg - x^y + ( 2^2 - yi)*4- {z^ - . (4) 

ExAMPnx. — Find the distance between the pointa (3, 4, — 2) and (4, - 3, 1). 
Here 3; Sissl; fle2=»S;^2s4;a^si — 2. Ansr. r = n/^. 
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IV. Polar coordinates. lastead of referring the point to its 
Cartesian coordinates in three dimen- 
sions, we may use polar coordinates. 

Let P (Pig. 42) be the given point 
whose rectangular coordinates are a?, y, 

and whose polar coordinates are r, 

<f>, as shown in the figure. 

I. To pass from rectcmgnlar to 
polar coordinates. (See page 96.) 

£c=s OA = OAf cos = rsin^. cos^| 
y = AAf == OMsin<^ = r sin^. sin (5) 
sr = MP =a r cos 0, j 

II. To pass from polar to rectangu- 
lar coordinates. 

r =» 4- y® H- ; 6 =* tan " ^ ^ V 1 . ^ (g) 

so 

Examples. — ( 1) Find the rectangular coordinates of the point (8, 60®, 30®) 
Ansr. (L i 4). 

(2) Find the polar coordinates of the point (3, 12, 4). Ansr. The point 
(13, tan “ ^ J Vl53, tan ~ ^4). 

According to the parallelogram of velocities, " if two com- 
ponent velocities OA, OP (I’ig- 43) are represented in direction and 
magnitude by two sides of a parallelogram drawn from a point, O, 
the resultant velocity can be represented in direction and magni- 
tude by the diagonal, OP, of the parallelogram drawn from that 
point ’ ’. The parallelepiped of velocities is 
an extension of the preceding result into three 
dimensions. “ If three component velocities 
are represented in direction and magnitude by 
the adjacent sides of a parallelopiped, OA, OC, 

OB (l^g- 42), drawn from a point, O, their Fia. 43. — Parallelo- 
resultant velocity can be represented by the Yeiocities. 

diagonal of a parallelopiped drawn from that point.’* Conversely, if 
the velocity of the moving system is represented in magnitude and 
direction by the diagonal OP (Tig. 42) of a parallelopiped, this can 
be resolved into three conaponent velocities represented in direction 
and magnitude by three sides £c, y, z of the parellelopiped drawn 
from a point. 

We assume that if any contradictory facts really existed we 



£ 
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should have known them long ago. A continental text-book has 
forty-five theoretical demonstrations of this important principle. 
But we are slowly learning the lesson taught by John Stuart Mill 
that the “real and only proof of any law of Nature. . .is experi- 
ence The daily comparison of a new rule with 
experience, and the testing of its consequences 
under the most diverse conditions is, after the 
lapse of a reasonable period of time, a more satis- 
factory proof than clumsy deductions drawn from 
obscure premises.^ 

If the point P travels along the path APB 
(Fig. 44) so as to trace a path s units long, then, when x = OM, 
and y — MP, let dx, dy, and ds be infinitesimals such that 

dx dy dx ds dy 

^-oosa; -3^ = 



ds . 

sin a 
dt 


( 7 ) 


and 


w - ; c. (§5/ - (^y + (§y. (8) 

The corresponding formulae in three dimensions are very obvious. 


SzAKEPiiiSS. — (1) A comet moves upon the parabolic path = 4aa; ; find its 
rate of approach to the sun which is placed at the focus of its orbit. Let r 
denote the distance from the focus to any point P(a;, y) on the parabola. 
Hence, from the definition of a parabola r = a; + a ; drjdt « dacldt. Or its 
rate of approach to the sun is the same as its horizontal velocity. Let s de- 
note the length of the path, then dsjdt = velocity of motion = say. Hut by 
differentiation of the given equation, 

^__2a . lira _ ^ dx _ yV 

dt y'dt’‘’^ \dt) ~\dtj y‘^\dt) ’’’ dt~ 

or the comet approaches the sun with y{y^ -I- times its velocity. At the 

vertex of the parabola, a 0, dxfdt = O, or the comet is not approaching the 
sun at all. 

(2) Show that the ordinate of a point moving on the parabola = 4iB 
changes Sify times as fast as the abscissa ; and if, at the point a; 4, the 
abscissa is changing at the rate of 20 ft. per second, at what rate is the 
ordinate changing ? Hint. If a; «= 4, ^ ± 4 ; hence 

^_2 ^ ^ dx 

dt~y * dt* dt~~-2 * 'dt‘ 


^ E. Maob. Of course we only deal with one velocity. The resolving of one 
velocity into three component velocities is a mathematical fiction to assist reasoning. 
This is not necessary in " Vector analysis,” page 116, which has replaced “ coordinate 
geometry ’* in the matliematical treatment of many physical problems. 
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Sence dyjdt ± ^ x 20 =* ± 10. Or tke ordinate increases or decreases at 
the rate of 10 ft. per sec. 

(3) Let a particle move mth a Telocity Vin space. From the parallelo- 
piped of velocities, V can le resolved into three component velocities "Fj, 
along the x-, y- and scares respectively. Hence show that 


which may be written 


^ _ TT . 

dt ~ dt 


at 



(9) 


dx - d(V^t 4 - *„) ; dy = d(T^ + yo) ; dz =* d{V^t + «o>, , (10) 

where x^, y^, are constants. Hence we may write the relation, between the 
space described by the particles in each dimension and the time as 

a? = + *0 ; y = Fa^ + yo : » = + «o* • • - (H) 

Obviously Mq are the coordinates of the initial position of the particle 

when < = 0. Hence a?®, yo, are to be regarded as constants. 

If the reader cannot follow the steps taken in passing from (9) to (11)» he 
can take Lagrange’s advice to the student of a mathematical tex;t>book : “ Allez 
en avant, et lafoi vous viendra,” in other words, “ go on but return to strengthen 
your powers- Work backwards and forwards 

Obviously, yg, represent the positions of the particle at the beginning 
of the observation, when ^ s 0. Let s denote the length of the path traversed 
by the particle at the time when the coordinates of the point are as, y and z, 
Obviously, by the aid of Fig. 41, 


* » - aco)* -H (y - yo)* + or. « = 

from (11). s can therefore be determined from the initial and final positions 
of the particle. 


§ 47. Lines in Three Dimensions. 

I. To find the angle between two straight lines whose direction 
cosines are given. Join (E’ig* 41) and Lot \f/ be the 

angle between these two lines. In the triangle if = r^, 

OPj = r^, PiP 2 “ from the properties of triangles given 

on page 603, 

r2 =» +• r^ — ^r^r^ oos 

Bearranging terms and substituting for and in (1), we obtain 

‘^ 1*^2 

We can express this another way by substituting, 

= Ty cos ttj ; aJg =" oos-ag ; cos /Sg . • - » 

as iu (2), and we obtain 

cos {f/ =» oos otj . cos ag + cos . cos /3.2 -b cos 7 i . cos 72 (12) 
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or, 

cos ij/ ZjZg + mim .2 4- 

• 

• 

(13) 


where ^ represents the angle between two straight lines whose 
direction cosines are known. 

(1) When the lines are perpendicular to one another, = 90*, 
006 cos 90* = 0, and therefore 

cos aj • cos aj + COS . COS^g + ®OS . COS yg *= 0, (14) 

or, ayjajg 4- ** 

(ii) If the two lines are parallel, 

«i ** «2 ; A “ /^2 J 7i =• y* • • (15) 

EjZAMPIjBS. — ( 1) Find the acute angle between the lines whose direction 
cosines are and i n/ 3^ — 3". Hint. ii=:Z 2 =jN/ 3 ; 

=s — ^s/S. Use (18). 

(2) Ijet 'F'l, 7 * 2 , 'Fs be the velocity components (page 125) of a partiole 
moving with the velocity V ; let a, / 8 , y be the angles whioh the path described 
by the moving particle makes with the a;-, y~ and 0 -axes respectively, then 


show 

- dxldt 1 dec 

ds . cos « - = cos «. . 

(16) 

Hence, 


II 

U 

Yoos «; Fa =|| = F cos > 8 ; Y 3 = ^=:Fcoay; • 

(17) 

and consequently, from (3), 



F= dsfdt = V^x* + Y/ + Y 3 * 

(18) 


The resolved part of Y along a given line inclined at angles a^, yx to the 
axes will be 


V 008 iff = Yj cos Ox 4 - Yacos/Si +■ Yjcos-y,, . . (19) 

where tf/ denotes the angle whioh the path described by the particle ma.1c«fl 
with the given line. Hint. Multiply (12) by V, etc. 

(S) To jBnd the direction of motion of the particle moving on the line s 
(i,e., T of Fig. 40). Let Uj /3, y denote tbe angles made by the direction of 3 
with the respective axes as, y, z. With the same notation, 

cos a s - ; cos 0 ss ; cos y = « • (20) 

Now introduce the values ot x - oBq, y ^ and of 0 - from (20), and show 
that 

cos « : cos )8: cos y = Fx : Y* ; Y,. , . . (21) 

lit jpTojBction. If a perpendioular be dropped from a given 
point upon a given plane tbe point where the perpendicular touches 
the plane is the projection of the point P upon that plane. For 
instanoe, in Fig. 39, tbe projection of tbe point P on the plane 
^Oy is M, on the plane xOz is N, and on the plane yOz is Zj. 
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Similarly, the projeotion of the point P upon the lines Ox, Oy, Oz 
is at A, P and G respectively. 



In the same way the projection of a curve on a given plane 
is obtained by projecting every point in the curve on to the plane. 
The plane, which contains all the perpendiculars drawn from the 
different points of the given curve, is called the projecting plane. 
In Fig. 45, 02) is the projection of AB on the plane EFG j ABGD 
is the projecting plane. 



ExA.MPt.i 5 S. — (1) The projection of any given line on an intersecting line 
is equal to the product of the length of the given line into the cosine of the 
angle of intersection. In Fig. 46, the projeotion of AB on CD is .4J7, but 
AE — AB cos 6 . 

( 2 ) In Fig. 47, show that the projection of OJP on OQ is the algebraic sum 
of the projections of OA^ AM, MB, taken in this order, on OQ. Hence, if 
OA == X, OB = AM = y, OC =; BM — e and OB = r, from (12) 

rcosj^ = ajcosa + ycoa 0 +- ^ 0087 . . . . ( 22 ) 

III. The equation of a straight line in rectangular coordinates. 
Suppose a straight line in space to be formed by the intersection of 
two projecting planes. The coordinates of any point on the line 
of intersection of these planes will obviously satisfy the equation of 
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each plane. Xiet ah, db' be the projection of the given line AJB on 

the xOz (where y ** 0) and the yOz 
(where a? =» 0) planes» then (Fig. 48), 
X ss* 'mz + c ; y = Tdz + d (23) 
Of the four independent constants, 
m represents the tangent of the 
angle which the projection of the 
given line on the xOz plane makes 
with the rr-aris ; m! the tangent 
of the angle made by the line pro- 
jected on the yOz plane with the 
y-aris ; o is the distance intercepted 
by the projection of the given line 
along the a;-axis ; o' a similar intersection along the y-aris. Hence 
we infer that two simultaneous equations of the first degree re- 
present a straight line. 

!Bs:a21piiE 3. — ^The equations of the projections of a straight line on the 
coordinate planes xz and zy are 0 » 2j 0 + 8, and y » 8e — 5. Show that the 
equation of the projection on the ay plane is Sy = Sa? — 19. c' = — d;cs=8; 
m = 2 ; m' ss 3 I eliminate * ; etc. Ansr. — 3x + 1.9 = 0. 



If. now, a particular value be assigned to either variable in 
either of these equations, the value of the other two can be readily 
calculated. These two equations, therefore, represent a straight 
line in space. 


The difficulties of three-dimensional geometry are greatly les- 
sened if we bear in mind the relations previously developed for 
simple curves in two dimensions. It will be obvious, for instance, 
from page 94, that if the straight line is to pass through a given 
point (fl?!, yj^, ^i), the coordinates of the given point must satisfy the 
equations of the curve. Hence, from (23), we must also have 

= mz^ + g; yi = m'z^ + c'. . . (24) 

Subtracting (24) from (23), we get 

aj - a?! =» m(z - Zj ) ; y - y^ = m'(z - z^) . ( 25 ) 

which are the equations of a straight line passing through the 
point a^, yj, z^. 


If the line is to pass through two points 
® 2 > t/v ^ 2 > by the method of page 94, 


yi» ^i» 


£ S =_ ^2 ~ . y — Vi __ — yi 


Z Zy 


— Zy 


Z — Zy 




(26) 


\ 
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v^hich are the equations of the straight line passing through the 
two given points. 

B3ca.mv£iB. — S how that the equations a; 19 ; y=sz lOs 24 pass 

through the points (8, — 4, 2) and {— 5, 6, 3). 

If a?, y, £s denote the coordinates of any point A on a given 
straight line ; and known coordinates of another point 

P on the straight line such, that the distance between A and P is r, 
then it can be shown that the equation of the line assumes the 
symmetrical form : r = 

= y-.gi = . . . (27) 

where ttv and n are the direction cosines of the line. This equa> 
tion gives us the equation of a straight line in terms of its direction 
cosines and any known point upon it. (27) is called the sym- 
metrioal equation of a straight line. 

— If a line makes angles of 60®, 45*’, and 60® respectively with 
the three axes a;, y and £, and passes through the point (1, — 3, 2), show that 
the equation of the line is as — 1 = N/jfy + 3) = « — 2. Hint. Cos 60® *= J ; 
cos 45® = 

If the two lines 

X = m-^z + Cl ; y =* m^z + Ci' ; . . (28) 

a; = + Cg ; y — tti^^z + Cg', . . (29) 

intersect, they must have a point in common, and the coordinates 
of this point must satisfy both equations. In other words, x, y 
and z will be the same in both equations — x of the one line is equal 
to X of the other. 

.% (mj — + Cj — Cg = 0, . . (30) 

(mj' — 4- — Cg' = 0. . . (31) 

But the z of one line is also equal to z of the other, hence, if 
the relation 

(Oi' - Cg') (?rii - -mg) = (Ci - Cg) - m/), . (32) 

subsists the two lines will intersect. 

BxampziB. — S how that the two lines a;=S« + 7, ys=s6af4-8; and£C=sa2»+-3- 
y S3 42 + 4 intersect. Hint. (8 — 4) (3 — 2) 3s (7 — 3) (4 — 3). 

The coordinates of the point of intersection are obtained by 
substituting (30) or (31) in (28), or (29). Note that if vn-^ *= nn-^ or 
Wg = Wg', the values of x, y and z then become infinite, and the 
two lines will be in paarallel planes ; if both and Wg — Wg', 

they will be parallel. 
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§ 98. Surfaces and Planes. 


J. To find the equation of a 'plane surface in rectangular co- 
ordinates. Let ABC (Fig. 
49) be the given plane 
■whose equation is to be 
determined. Let the 
given plane cut the co- 
ordinate axes at points 
Af B, C such that OA 
OB = b, OC = o. From 
any point P(£C, z) drop 
the perpendicular PM on 
to the yOx plane. Then 
OA' = aj, MA' = y and 
MP z. It is required to find an equation connecting the co- 
ordinates Xy y and z respectively with the intercepts a, h, o, From 
the similar triangles A OBy AA'B', 

OA : BO = A' A : B'A ' ; or, aib =» a — x i B'A', 



.-.B'A' =b also B'M = B'A’ - MA' 

a 


7 bx 

b - y 

a 


Again, from the similar triangles COB, C'A'B', PMBy page 603, 

OG'.BO ^ MP : B'M ; 

or, czb’=2:h-‘y — — ; ,'.bz ^ he — cy — 

Divide through by bo ; rearrange terms and we get the intercept 
equation of the plane, i.e,, the equation of a plane expressed in 
terms of its intercepts upon the three axes ; 


X y z 

n c “ • • • (33) 

an equation similar to that developed on page 90. In other words, 
equation (33) represents a plane passing through the points (a, 0, 0)* 
(0, &, 0), (0, 0, c). 

If ABC (Fig. 49) represents the face, or. plane of a crystal, the intercepta 
a, 6, c on the £c-, j/- and £!-azes are called the parameters of that plane. The 
parameters in crystallography are usually expressed in terms of certain axial 
lengths assumed unity. If OA « a, OJ5« 6, OC = c, any other plane, whose 
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intercepts on tlhe os-, y- and x-azes euee respectively p, 2 and r, is defined by 
the ratios 

a h c 

•mm ■ • 

p' q‘ r 

These quotients are called the parameters of the new plane. The reciprocals 
of the parameters are thQ indices of a crystal face. The several systenas of 
orystallographio notation, which determine the position of the faces of a 
crystal with reference to the axes of the crystal, are based on the use of 
parameters and indices. 

We may write equation (33) in the form, 

“H J3y + Gz + JO = 0, • • (3^) 

which is the most general equation of the first degree between 
three variables. Equation (33) is the genepal equation of a 
plane surface. It is easily converted into (34) by substituting 
Ac 4- i> « 0, R6 + = 0, Go + D ^0. 

EjxampXiSS. — ( 1) Find the equation of the plane passing through the three 
points (3, 2, 4), (O, 4, 1), and ( — 2, 1, 0). Ansr. lias — 8y — ISe + 25 =0. 
Hint. From (88), 



(2) Find the equation of the plane through the three points (1, O, 0), 
(0, 2, 0), (0, 0, 3), Ansr. as -i- -i- — 1. Use (88) or (84). 

If OQ *=* r (Tig. 49) be normal, that is, perpendicular to the 
plane ABC, the projection of OP on OQ is eqnal to the sum of the 
projections of OA*, PM^ MA' on OQ, Ex. (2), page 129. Senoe, the 
perpendicular distance of the plane from the origin is 

se cos a + y cos /3 -i- z cos y = r. . , (36) 

This is called the normal equation of the plane, that is, the 
equation of the plane in terms of the length and direction cosines 
of the normal from the origin. From (34), we get 

cosV ; ooa^/8 z aos^y *= A® : : C® ; 

and by componendo,^ 

(coB®a + cos®y3 + cos®y) : cos®a = A® + R® C® : A®. 

But by (3), the term in brackets on the left is unity, consequently 


^ If <s, bf e and d are proportional, the text-books on algebra tell us that 
a : 6 a e : d; and it therefore follows by invertendo ” : 5 : a ss d : c; and by 
*' alternando : a : c ■■ b : d ; and by ** componendo : a-hbib~e+-d: 4; and 
by *'dividendo'* : a—bzb=:C — dzd; and by “ oonverteudo : aza-~b = cze — d 
snd by *' oomponendo et diridendo *’:a±d:a 72 >s:cHtd:c + d. 
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the direction oosines of the normal to the plane are 

cos B =» — / ;;;; ; 

C 

cosy =* — y ~ 

' + J52 4. Cf2 

The ambiguity of sign is removed by comparing the sign of the 
absolute term in (34) and (35). Dividing equation (34) through 

with + VA® + + (P, we can write 

, ^ . . . (36) 

JAo, + C-^ 


cosjS 


cosy =s 


r = — 


(36) 


EzAMPiin. — Eind tlie length, oi the perpendicular from the origin to the 
plane vhose equation is2(B— 4^<i-<r'~8 = 0. .^Lnsr. 8 n/^. Hint. A ss 2, 
£ as 4, C ss 1, JD ■» 8. Use the right member of the equation (86). 


JJ. Surfaces of resolution. Just as it is sometimes convenient 
to suppose a line to have been generated by the motion of a point, 
so surfaces may be produced by a straight or curved line moving 
according to a fixed law represented by the equation of the curve. 
The moving line is called the generator. Surfaces produced by the 
motion of straight lines are called ruled surfaces. When the 
straight line is continually ohanging the plane of its motion, twisted 
or skew surfaces — surfaces gatiohes — are produced. Such is the 
helix, the thread of a screw, or a spiral staircase. On the other 
hand, if the plane of the motion of a generator remains constant, a 
developable surface is produced. Thus, if the line rotates round 
a fixed axis, the surface cut out is called a eu/rfaoe of revolution. 
A sjfhere may be formed by the rotation of a circle about a diameter ; 
a cylinder may be formed by the rotation of a rectangle about one 
of its sides as axis; a cone may be generated by the revolution 
of a triangle about its axis ; an ellipsoid of revolution, by the rota- 
tion of an ellipse about its major or minor axes ; a paraboloid, by 
the rotation of a parabola about its axis. If a hyperbola rotates 
about its transverse axis, two hyperboloids will be formed by tb© 
revolution of both branches of the hyperbola. On the other hand, 
only one hyperboloid is formed by rotating the hyperbolas about 
tbeir conjugate axes. In the former case, the hyperboloid is said 
to be two sheets, in the latter, of one sheet. 
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III* To find the equation of the surface of a right oylinder. 
Let one side of a rectangle rotate about 
Oz as axis. Any point on the outer edge 
will describe the circumference of a circle. 

If P(a;, z) (Eig. 50) be any point on 
the surface^ r the radius of the cylinder, 
then the required equation is 



r2 = a;2 2/2 . . (37) 

The equation of a right cylinder is thus 
independent of z. This means that may 
have any value whatever assigned to it. 

ExaicpZiSS. — ( 1) Shoi^ that the equation of 
a right cone is as* + y® — 2*tanV =* where tf> 
represents half the angle at the apex of the 
cone. Hint. Origin of axes is at apex of cone ; 
let the A-axia coincide with the axis of the cone. 

Pind O'JP^A* on the base of the cone resembling 
OjPA (Pig. 60). Hence show O'JP' =■ etan^. But O'P' = ^/a;* + y®. 

(2) The equation of a sphere is sc* + y® + = r®. Prove this. Centre of 

sphere at origin of axes. Take a section across £!-axis. Find 

O'P'A'-, Or^r; (OP')^=(OO0*+ (O'P')*. (0'P')*=a:*+y* ; (0O')* = s®; etc. 



The subject will be taken up again at different stages of our 
work. 


$9. Periodic or Harmonic Motion. 

Let P (Eig- 51) be a point which starts to move from a position 
of rest with a uniform 
velocity on the perimeter 
of a circle. Let xOx* ,yOy' 
be coordinate axes about 
the centre O. Let Pj, Pg . . . 
be positions occupied by the 
point after the elapse of 
intervals of . . From 

Pj drop the perpendicular 
jkfjPj on to the oj-axis. 

Remembering that if the 
direction of M^P^, - * • 

be positive, that of M^P. 


3 * 


M^P^ is negative, and the 
motion of OP as P revolves 





Fia. 


-Periodic or Harmonic Motion. 
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about the centre O in the opposite direction to tke hands of a clock 
is conventionally reckoned positive, th e n 


sin 




+ MJP. 


; sin 03 = ^^^ 






sin a* - ^ OP^ * 


Or, E the circle have unit radins ?• =» 1 , 
sinai=. sin 02 = +^ 2 ; sin og = - M 3 P 3 ; sin o, = - J/^P^. 

^If the point continues in motion after the first revolution, this 
series of changes is repeated over and over again. During the 
first revolution, if we put tt = 180**, and let 6^, • • • represent 

certain angles described in the respective quadrants, 


A 


■1 » 


^2 


^4 == Qtt — 04. 


dg =■ Stt + (tt Hh ttg), etc. 


During the second revolution, 

= Stt 4* ; dg = 2 ‘b- + (tt — og) ; 

We may now plot the curve 

y = sin a .... (1) 

by giving a series of values 0 , Jtt, fx ... to a and finding the cor- 
responding values of y. Thus if 


a? — 0=0, 

y = sin 0 , sin 
y — sin 0 **, sin 90®j 
y = 0, 1, 


sin IT, 


f‘»r, 

sin l^ir. 


Qrr, 
sin Stt, 


sin 180% sin 270% sin 360' 


0 , 


- 1 , 


0 , 


Intermediate values are sin^ir = sin 45** = -707, sin |■■ 3 ^ = 


sin ^TT, . . . ; 
sin 90°, . . . 
1 . 


707 


The curve so obtained has the wavy or undulatory appearance 



Fis. 52. — Curve of Sines, or Harmonic Curve. 

slio’^^ m Pig. 62. It is caUed the onrire of sines op the hap- 
monio curve. 

A fonotion whose -ralue recurs at fixed intervals when the 
variable uniformly inoreases in magnitude is said to be a pepiodio 
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fanotion. Its mathematical expression is 

m = fit + qt) , . . (2) 

where q may be any positive or negative integer. In the present 
case q — 27r. The motion of the point P is said to be a simple 
harmonic motion, Equation (1) thus represents a simple harmonic 
motion. 

If we are given a particular value of a periodic fxmction of, 
say, we can find an unlimited number of different values of t 
which satisfy the original fanotion. Thus 4:t, . . ., all satisfy 

equation (2). 

ExamfijSS. — ( 1) Show that the graph ot y cos a ha^s the same form as 
the sine curve and would be identical with it if the y-azis of the sine curve 
were shifted a distance of tjpr to the right. [Proof : sin (Jir + as) = oosa;, etc.] 
The physiccbl meaning of this is that a point moving round the perimeter of 
the circle according to the equation y = cos a is just or 90** in advance of 
one moving according to a sin a. 

(2) Illustrate graphically the periodicity of the function y = tan a. (Note 
the passage through + oo.) Keep your graph for reference later on. 

Instead of taking a circle of unit radius, let r denote the mag- 
nitude of the radius, then 

y mm r siu a. . . . . (3) 

Since sin a can never exceed the limits ± 1, the greatest and least 
values y can assume are — r and + r ; r is called the amplitude 
of the curve. The velocity of the motion of P determines the rate 
at which the angle a is described by OP, the so-called angular 
irelooity. Let t denote the time, q the angular velocity, 

doL 

^ q f or a mm gt, . • • (4) 

and the time required for a complete revolution is 

t = ^Trjq, . . . . (S) 

which is called the period of oscillation, the periodic value, or 
the periodic time ; VLir is the wave length. If B (Fig. 51) denotes 
some arbitrary £xed point such that the periodic time is counted 
from the instant P passes through JB, the angle asOE =« e, is called 
the epoch or phase constant, and the angle described by OP in 
the time ^ -{- e a, or 

y mm r sin {qt -i- «). . . • . (6) 

Electrical engineers call € the “lead’* or, if negative, the ‘‘lag’* 
of the electric current. 
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SiXAUFiJBis. — (1) Plot (6), note that the angles are to be measured in 
radians (page 606), and that one radian is 67*8®. Now let r— 10, c *■ 
radians. Ijet g denote 0*6®, or ^ i\., ‘ radians. 

.% y = 10 sin (0*0087« + 0-52). 

If e = 10, =- 10 sin 0-61 « 10 sin 35®, from a Table of Radians (Table NTH.). 

From a Table of Trigonometrical Sines, 10 sin 86® lO x 0*676 = 6*76 we get 
the same result more directly by working in degrees. In case, 

y =: 10sm(i^®+ SO®). 

If <ssal0, we have i/as 10 sin 86® as before. Then we find if rs^lO, faatS0s=0*62 
radians, and if 

t s 0, 120, 800, 480, 720 ; 

y = 6, 10, O, -10. -6. 


Intermediate values are obtained in the same way. The curve is shown in 



Fig. 63. Now try the effect of altering the value of 
c upon the value of y, say, you put e = 0, 46°, 60°, 90°, 
and note the effect on Oy (Fig. 62). 

(2) It is easy to show that the function 

asia iqt + e) + 5cos(gf 4- c) . (7) 

is equal to A sin (gt + «j) by expanding (7) as indi- 
cated in formulse (28) and (24), page 612. Thus we 


get 


sin 2i(a cos t — b sin <) + cos qt(b cos € + a sin «) = ^ sin (g< + «i), 
provided we collect the constant terms as indicated below. 


A cos a=s acos t — b sin c ; A sin « 6 cos « 4- a sin c. . (8) 

Square equations (8) and add 

.d> = «= 4- 6». (9) 

Divide equations (8), rearrange terms and show that 


sin (< — 
cos(« — «i) 


== tan (« - ej) 


(8) Draw the graphs of the two curves. 


6 

a * 


( 10 ) 


y =* a sin {qt 4- e) ; and Vx^ <h si^i (2^ + ei)* 

Compa>re the result with the graph of 

^2 nsin {gi + •) 4- Oj sin (g< 4- * 1 ). 

(4) Draw the graphs of 

Vi = sin® ; j/g = ^sin So? ; y, -= i sin5* ; 2 / = sin « 4- i sin 8® + ^ sin 6®. 

(6) There is an interesting relation between sin ® and e*. Thus, show 
that if 

» - <t slngi + ftBingt : ^ - gV; - sV:.*. 


.... €y 




iS'.gV- 

— sry 1 • • • 


The motion of Jif (^ig- 51)> that is to say, the projection of the 
point on the diameter of the circle xOx' is a good illustra- 
tion of the periodic motion discussed in § 21. The motion of an 
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oscillating pendulum, of a galvanomoter needle, of a tuning fork, 
the up and down motion of a water wave, the alternating electric 
current, sound, light, and electromagnetic waves are all periodic 
motions. Many of the properties of the chemical elements axe also 
periodic functions of their atomic weights (Newlands-Mendel6eff 
law). 

Some interesting phenomena have recently come to light which 
indicate that chemical action may assume a periodic character. 
The evolution of hydrogen gas, when hydrochloric acid acts on 
one of the allotropio forms of chromium, has recently been studied 
by W. Ostwald {Zeit. 

^hys. Ghem. , 35, 33, 

204:, 1900). He found 
that if the rate of evo- 
lution of gas evolved 
during the action be 
plotted as ordinate 

against the time as 
abscissa, a curve is ^4:.— Ostvald’s Carve of Chomica.1 Action. 

obtained which shows regularly alternating periods of slow and 
rapid evolution of hydrogen. The particular form of these * ‘ waves ’ ’ 
varies with the conditions of the experiment. One of Ostwald’s 
curves is shown in Fig. 54: (see J. W. Mellor*s Chemical Statics 
and Dynamics, London, 34:8, 1904). 

§ 50. Generalized Forces and Coordinates. 

When a mass of any substance is subject to some physical 
change, certain properties — mass, chemical composition — remain 
fixed and invariable, while other properties — temperature, pressure, 
volume — vary. When the value these variables assume in any 
given condition of the substance is known, we are said to have a 
complete knowledge of the state of the system. These variable 
properties are not necessarily independent of one another. We 
have just seen, for instance, that if two of the three variables 
defining the state of a perfect gas are known, the third variable 
can be determined from the equation 

2)v = BT, 

where 22 is a constant. In such a case as this, the third variable 
is said to be a dependent variable, the other two, independent vari- 
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ables. When the state of any material system can be defbned in 
terms of fi independent TariableS) the system is said to possess n 
decrees of foeedoxn^ and the n independent variables are called 
coordinates. For the system just considered » 2 , 
and the system possesses two degrees of freedom. ^ 

Again, in order that we may possess a knowledge of some 
systems, say gaseons nitrogen peroxide, not only must the vari- 
ables given by the gaa eg[Tiation 

v,T)^Q 

be known, but also the mass of the and of the NO 2 present. 

If these masses be respectively and there are five variables 
to be- considered, namely, 

u, T, Wj, = 0, 

but these are not all independent. The pressure, for instance, may 
be fixed by assigning values to v, T, p is thus a dependent 

variable, T, are independent variables. Thus 

P = T, Wi, mjj). 

We know that the dissociation of into 2NOa depends bn the 

volume, temperature and amount of NO 3 present in the system 
under consideration. At ordinary temperatures 

and the number of independent variables is reduced to three. In 
this case the system is said to possess three degrees of freedom. 
At temperatures over 136° — 138° the system contains NOg alone, 
and behaves as a perfect gas with two degrees of freedom. 

In general, if a system contains m dependent and n independent 
variables, say 

•® 2 * + »» 

variables, the state of the system can be determined by m n 
equations. As in the familiar condition for the solution of simul- 
taneous equations in algebra, n independent equations are required 
for finding the value of n unknown quantities. Hut the state of 
the system is defined by the m dependent variables ; the remaining 
n independent variables can therefore be determined from n inde- 
pendent equations. 

Let a given system with n degrees of freedom be subject to 
external forces 

-^l» 
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so that no energy enters or leaves the system except in the form 
of heat or work, and such that the % independent variables ate 

displaced by amounts 

(tel, dxj, (te„ . . . d(c„. 

Since the amount of work done on or by a system is measured by 
the product of the force and the displacement, these external forces 
XyK^ . . . perform a quantity of work dW which depends on the 
nature of the transformation. Hence 

dW Xjtfej + Xj(iiEjj + . . i X„d®, 

where the coeicients Xj, Xj, X 3 ...are called the.^ene^^ 
forces acting on the system. P. Duhem, in his work, Trdti MU- 
rmtain it Micamgu Ckmigw fmiAe m la Thermd^nmi)^, 
Paris, 1897-99, makes use of generalized forces and generalized' 

coordinates. 



CHAPTER III. 

TTOOTIONS WITH SINGULAR PROPERTIES. 

“Although a physical" law may never admit of a perfectly abrupt 
change, there is no limit to the approach which it may make 
to abruptness." — W , StanZiBY Jevons. 

§ 51. Gontiniioas and Disoontmuous Functions. 

The law of continuity afBlrms that no change can take place 
abruptly. The conception involyed will have been familiar to the 
reader from the second section of this work. It was there 
shown that the amount of substance, x, transformed in a chemical 
reaction in a given time becomes smaller as the interval of time, t, 
during which the change occurs, is diminished, until finally, when 
the interval of time approaches zero, the amount of substance 
transformed also approaches zero. In such a case x is not only a 
function of but it is a oontiiiuous ftmotion of t. The course of 
such a reaction may be represented by the motion of a point along 
the curve 

If the two states of a substance subjected to the infiuence of two 
differeut conditions of temperature be represented, say, by two 
neighbouring points on a plane, the principle of continuity afiOirms 
that the state of the substance at any intermediate temperature 
will be represented by a point lying between the two points just 
mentioned j and in order that the moving point may pass from one 
point, ctf on the curve to another point, 6, on the same curve, it 
must successively assume all values intermediate between a and 6, 
and never move off the curve. This is a characteristic property of 
continuous functions- Several examples have been considered in 
the preceding chapters. Most natural processes, perhaps all, can 
be represented by continuous functions. Hence the old empiricism : 
N xt/xrcL non agit peT sciltuM. 

The law of continuity, though tacitly implied up to the present, 
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does not appear to be always true. Even in some of the simplest 
phenomena exceptions seem to arise. In a general way, we can 
divide discontinuous functions into two classes : first, those in which 
the graph of the function suddenly stops to reappear in some other 
part of the plane — ^in other words a break occurs ; second, those 
in which the graph suddenly changes its direction without exhi bit- 
ing a break ^ — in that case a turning point or point of inflexion 
appears. 

Other kinds of discontinuity may occur, but do not commonly 
arise in physical work. For example, a fimction is said to be dis- 
continuous when the value of the function y ■« /{pa) becomes 
infinite for some particular value of x. Such a discontinuity 
occurs when £c = 0 in the expression y =* 1/aJ. The differential 
coefficient of this expression, 

dx 

is also discontinuous for as = 0. Other examples, which should be 
verified by the reader are, log a?, when a? = 0 ; tanas, when £C = . . . 

The graph for Boyle’s equation, yv =* constant, is also said to be 
discontinuous at an infinite distance along both axea 

§ 52. Discontinuity accompanied by ** Breaks 

If a cold solid be exposed to a source of heat, beat appears 
to be absorbed, and the 
temperature, of the 
solid is a function of 
the amount of heat, Q, 
apparently absorbed by 
the solid. As soon 
as the solid begins to 
melt, it absorbs a great 
amoxmt of heat (latent 
heat of fusion), unac- 
companied by any rise of 
temperature. "When the 
substance has assumed the fluid state of aggregation, the tem- 

1 Sometimes the -word “break" is used indiscriminately for both kinds of 
discontinuity. It is, indeed, questionable if ever the “break” is real in natural 
phenomena I suppose we ought to call turning points “singularities, not 
“ discontinuities ” (see S. Jevon’s 1*‘rvncvpZes of Science, Loudon, 1877). 



Pxc. 65. 
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perature is a function of the amount of heat absorbed by the 
fluid, until, at the boiling point, similar phenomena recur. Heat 
is absorbed unaccompanied by any rise of temperature (latent beat 
of vaporization) until the liquid is completely vaporized. The 
phenomena are illustrated graphically by the curve OABGDE (Fig. 
66). If the quantity of heat, Q, supplied be regarded as a function 
of the temperature, 6, the equation of the curve OABCED (Fig. 
65). will be 

Q = /W. 


This function is said to bo discontinuous between the points A and 
B, and between C and D. Breaks occur in these positions. f{0) 
is accordingly said to be a discontinuous function, for, if a 
small quantity of heat be added to a substance, whose state is 
represented by a point, between A and B, or O and D, the tem- 
perature is not affected in a perceptible manner. The geometrical 
signiflcation of the phenomena is as follows : There are two 
generally different, tangents to the curve at the points A and B 
corresponding to the one abscissa, namely, tan a and tan a. In 
other words, see page 102, we have 


dQ 

= f\B) « tan a' 


tan angle BRA ; 
tan angle 6R' A , 


that is to say, the function f\6) is discontinuous because the 
differential coefficient has two distinct values determined by the 
slope of the tangent to each curve at the point where the discon- 
tinuity occurs. 

The physical meaning of the discontinuity in this example, is 
that the substance may have two values for its specific heat — the 
amount of heat required to raise the temperature of one gram of 
the solid one degree — at the melting point, the one corresponding 
to the solid and the other to the liquid state of aggregation. The 
tangent of the angle represented by the ratio dQ/d6 obviously 
represents the specific heat of the substance. An analogous set of 
changes occurs at the boiling point. 

It is necessary to point out that the alleged discontinuity in 
the curve OABO may be only apparent. The “ corners** may be 
rounded off. It would perhaps be more correct to say that the 
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curve is really continuous between A and R, but that the change 
of temperature with the addition of 
heat is discontinuous. 

Again, Fig. 56 shows the result of 
plotting the variations in the volume 
of phosphorus with temperatures in 
the neighbourhood of its molting point. 

AB represents the expansion curve of 
the solid, CD that of the liquid. A 
break occurs between J5 and C. Phos- 
phorus at its melting point may thus 
have two distinct coefficients of ex- 
pansion, the one corresponding to the solid and the other to the 
liquid state of aggregation. Similar changes take place during the 
passage of a system from one state to another, say of rhombic to 
mouoclinic sulphur; of a mixture of magnesium and sodium sul- 
phates to astracanite, etc. The temperature at which this change 
occurs is called the transition point 

§ 53. The Existence of Hydrates in Solution. 

Another illustration. If p denotes the percentage composition 
of an aqueous solution of ethyl alcohol and s the corresponding 
specific gravity in vacno at 15® (sp. gr. HgO at 15® = 9991’6), we 
have the following table compiled by Mendel6eff : — 


p 

s 

P 


P 

s 

P 

s 

5 

9904-1 

30 

9570-2 

65 

9067-4 

80 

8479-8 

10 

9831-2 

85 

9484*5 

60 

8963-8 

85 

8354-8 

16 

9768-4 

40 

9889-6 

66 

8838-6 

90 

8225-0 

20 

9707-9 

45 

9287-8 

70 

8714-6 

95 

8086-9 

25 

9644-8 

60 

9179-0 

76 

8601-4 

lOO 

7986-6 


It was found empirically that the experimental results are fairly 
well represented by the equation 

s => a + bp + cp^, . . . (1) 

which is the general expression for a parabolic curve, a, b and c 
being constants, page 99, or the equation may embody two straight 
lines, page 121. By plotting the experimental data the curve shown 
in Fig. 57 is obtained. 

It is urged that just as compounds may be formed and decom- 

K 
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posed at temperatures higher than that at which their dissociate 
corrvmeTi^es, and that for any given temperature a definite relate 
exists between the amounts of the original compound and of t] 
products of its dissociation, so may definite but unstable hydrat 
exist in solutions at temperatures above their dissociation tempei 
ture. If the dissolved substance really enters into combinatic 
with the solvent to form different compounds according to t] 
nature of the solution, many of the physical properties of tl 
solution — density, thermal conductivity and such like — will natu 
ally depend on the amount and nature of these compound 
because chemical combination is usually accompanied by volum 
density, thermal and other changes. 



Assuming that the oumov/nt of such a definite compound is pr< 
portional to the concentration of the solution, the rate of change c 
say, the density, s, with change of concentration, will be a linei 
function of jp, in other words, A&fdt'p will be represented by the equ; 
tion for a straight line. Prom the differentiation of (1), we obtai 



h 4- 2cp, 


( 


where As is the difference in the density of two experiment 
valnes corresponding with a difference dja in the percentage cor 
position of the two solutions. The second member of (2) oo 
responds with the equation of a straight line, page 90. On treatii 
the experimental data by this method, MLendeldeff found that ds/c 


1 I>. Mendel^eff, Jcnim. OJtem. Soc.y 51, 778, 1887 ; S. U. Pickering, tJ., 57, ( 
331, 1890; Phil. Mag. [5], 29,427, 1890;. Watt's Diet. Chem..y ait. “Solutions” i 
1894 ; H. Crompton, Jowm. Ohem. Soc., 53, 116, 1888 ; S. Arrhenius, Phil. Mag. [i 
28, 36, 1889 ; B. H. Hayes, ih. [6], 82, 99, 1891 ; A. W. Rticker, ih. [5], 82, 306, 189 
S. Lupton, i6. £6], 31, 418, 1891 ; T. M. Lowry, Science Progress, 8, 124, 1908. 
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was discontinuous. Breaks were obtained by plotting dsjdp as 
ordinates against ^ 
abscissa p for 
concentrations 
corresponding to 
17*56, 46*00 and 
88*46 per cent, 
of ethyl alcohol. 

These concen- 
trations coincide 

with chemical compounds haring the composition OgHgOH . I 2 H 2 O, 
CgHgOH . SHgO and SOgHgOH . BCjO as shown in Fig. 58. The 
curves between the breaks are supposed to represent the “zone*' 
in which the corresponding hydrates are present in the solution. 

The mathematical argument is that the differential coeflficienli 
of a continuous curve will differentiate into a straight line or 
another continuous curve ; while if a curve is really discontinuous, 
or made up of a number of different curves, it will yield a series of 
straight lines. Each line represents the rate of change of the 
particular physical property under investigation with the amount 
of hypothetioal unstable compound existing in solution at that 
concentration. An abrupt change in the direction of the curve 
leads to a breaking up of the first differential coefficient of that 
curve into two curves which do not meet. This argument has been 
extensively used by Pickering in the treatment of an elaborate and 
painstaking series of determinations of the physical properties of 
solutions. Crompton found that if the electrical conductivity of a 
solution is regarded as a function of its percentage composition, 
such that 

K ^ a -{■ bp cp^ + fp^j ... (3) 

the first differential coefficient gives a parabolic curve of the type 
of (1) above, while the second differential coefficient, instead of 
being a continuous function of p, 

d^K . _ 

^ + Bp, .... (4) 

was found to consist of a series of straight lines, the position of the 
breaks being identical with those obtained from the first differential 
coefficient dsjdp. The values of the constants A and B are readily 
obtained if c and p are known. If the slope of the (p, s)-curve 

K 
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changes abruptly, dsjdp is discontinuous ; if the slope of the 
(dsfdp, jpyGurve ohanges abruptly, d^s/djp'^ is discontinuous. 

But after all we are only working with empirical formulae, and 
“ no juggling with feeble empirical expressions, and no appeal to 
the mysteries of elementary mathematics can legitimately make ex- 
perimental results any more really discontinuous than they them- 
selves are able to declare themselves to be when properly plotted 
It must be pointed out that the differentiation of experimental 
results very often furnishes quantities of the same order of magni- 
tude as the experimental errors themselves.*'^ This is a very 
serious objection. Pickering has tried to eliminate the experi- 
mental errors, to some extent, by differentiating the results obtained 
by ‘ ‘ smoothing ” the curve obtained by plotting the experimental 
results. On the face of it this “smoothing’* of experimental 
results is a dangerous operation even in the hands of the most 
experienced workers. Indeed, it is supposed that that prince of 
experimenters, Eegnault, overlooked an important phenomenon in 
applying this very smoothing process to his observations on the 
vapour pressure of saturated steam. Eegnault supposed that the 
curve OPQ (Fig* 64) showed no singular point at P (Fig* 64) when 
water passed from the liquid to the solid state at 0®. It was re- 
served for J. Thomson to prove that the ice-steam curve has a 
different slope from the water-steam curve. 

§ 54. The Smoothing of Curves. 

The results of observations of a series of corresponding changes 

in two variables are represented by light 
dots on a sheet of squared paper. The 
dots in Fig. 59 represent the vapour 
pressures of dissociating ammonium 
carbonate at different temperatures. A 
curve is drawn to pass as nearly as pos- 
sible through all these points. The re- 
sulting curve is assumed to be a graphic 
representation of the general formula 
(known or unknown) connecting the two variables. Points devi- 



Fia. 69. — Smoothed Curve. 


1 O. J. Lodge, 27atwe, 40, 273, 1889 ; S. TJ. Pickering, €6., 40, 848,' 1889. 

*This paragraph ■will 1)6 better understood after Chapter V., § 106, has been 
studied. The reader may then return to this aectioii. 
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ating from the curve are assumed to be affeoted with errors of 
observation. As a general rule the curve with the least curvature 
is chosen to pass through or within a short distance of the greatest 
number of dots, so that an equal number of these dots (representing 
experimental observations) lies on each side of the curve. Such 
a curve is said to be a smoothed curve (see also page 320). 

One of the commonest methods of smoothing a curve is to pin 
down a flexible lath to points through which the curve is to be 
drawn and draw the pen along the lath. It is found impossible in 
practice to use similar laths for all curves. The lath is weuikest 
where the curvature is greatest. The selection and use of the lath 
is a matter of taste and opinion. The use of French curves ’* is 
still more arbitrary. Pickering used a bent spring or steel lath held 
near its ends. Such a lath is shown in statical works to give a 
line of constant curvature. The line is called an ** elastic curve ” 
(see G. M. Minchin’s A Treatise on StatieSf Oxford, 2, 204, 1886). 

§ 55. Disoontiuulty accompanied by a Sudden Change of 

Direction. 

The vapour pressure of a solid increases continuously with 
rising temperature until, at its melting point, the vapour pressure 
“ suddenly ” begins to increase more rapidly than before. This is 
shown graphically in Fig. 60. The substance melts at the point of 
intersection of the “ solid and ** liquid " 
curves. The vapour pressure itself is not 
discontinuous. It has the same value at 
the melting point for both solid and liquid 
states of aggregation. It is, however, quite 
clear that the tangents of the two curves 
differ from each other at the transition 
point, because 

tan is leas than tan Fig. 60 - 

There are two tangents to the p^-curve at the transition point. 
The value of dj>fd6 for solid benzene, for example, is greater than 
for the liquid. The numbers are 2*48 and 1*98 respectively. 

If the equations of the two curves were respectively ax + = 1 ; 

and hx ay 1, the roots of these two equations, 

_ 1 1 
®”o + 6' *'"0 + 6’ 
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woald represent the coordinates of the point of interseotion, as 
indicated on page 94;. To illustrate this kind of discontinuity we 
shall examine the following phenomena : — 

1, Critical temperature. Gailletet and Gollardean have an 
ingenions method for finding the critical temperature of a 
substance without seeing the liquid.’^ By plotting temperatures 
as abscissae against the vapour pressures of different weights of 
the same substance heated at constant volume, a series of curves 
are obtained which are coincident as long as part of the substance 
is liquid, for the pressure exerted by a saturated vapour depends 

on temperature only and is independent of the 
quantity of liquid with which it is in contact*'. 
Above the critical temperature the different masses 
of the substance occupying the same volume give 
different pressures. From this point upwards the 
pressure-temperature curves are no longer super- 
posable. A series of curves are thus obtained 
which coincide at a certain point P (Fig. 61), the abscissa, OFT, 
of which denotes the critical temperature. As before, the tangent 
of each curve Pa, Ph ... is different from that of OP at the point P. 

II. Cooling curves. If the temperature of cooling of pure liquid 
bismuth be plotted against time, the resulting curve, called a cooling 
carve (a&. Fig. 62), is continuons, but the moment a part of the 

metal solidifies, the curve will take 
another direction Jc, and continue 
so until all the metal is solidified, 
when the direction of the curve 
again changes, and then continues 
quite regularly along cd. For bis- 
muth the point h is at 268®. 

If the cooling curve of an alloy 
of bismuth, lead and tin (Bi, 21 ; 
Pb, 6*5 ; Sn, 76-5) is similarly 

m. « plotted, the first change of direction 

Pio. 62.— Cooling Curves. .. jiir;eo , -..-.i. 

® IS observed at 176 , when solid bis- 

muth is deposited ^ at 125° the curve again changes its direction, 








/aon 





tzfrtt 


iLi. P. Cailletet and E. Collardeau, Arm. Chimi. PJvys.^ [6], 2S, 522, 1891. Note 
lUat the cnticaZ teviperai'wrt is the temperature above ’which a substance cannot exist 
other than in the gaseous state. 
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with a simultaneous deposition of solid bismuth and tin; and 
finally at 96® another change occurs corresponding to the solidifi- 
cation of the eutectic alloy of these three metals. 

These cooling curves are of great importance in investigations 
on the constitution of metals and alloys. The cooling curve of iron 
from a white heat is particularly interesting, and has given rise to 
much discussion. The curve shows changes of direction at about 
1,130®, at about 860° (called Ar^ critical point), at about 770® 
(called Ar^ critical point), at 
about 500® (called the Ar-j^ critical 
point), at about 450® — 500® O., 
and at about 400® O. The mag- 
nitude of these changes varies 
according to the purity of the 
iron. Some are very marked 
even with the purest iron. This 
sudden evolution of heat (recal- 
escence) at different points of the 
cooling curve has led many to 
believe that iron exists in some 
allotropic state in the neighbourhood of these tempera turea’^ Fig. 
63 shows part of a cooling curve of iron in the most interesting 
region, namely, the Ar^ and Ar^ critical points. 

§ 66. The Triple Point. 

Another example, which is also a good illustration of the beauty 
and comprehensive nature of the graphic method 
of representing natural processes, may be given 
here. 

(а) When water, partly liquid, partly vapour, 
is enclosed in a vessel, the relation between the 
pressure and the temperature can be represented 
by the curve PQ (Fig. 64), which gives the 
pressure corresponding with any given tempera- 
ture when the liquid and vapour are in contact and in equilibrium. 
This curve is called the steam line. 

(б) In the same way if the enclosure were filled with solid ice. 



Fxa. 64. — Triple 
Point. 



1 W. C. Roberts- Austen’s papers in the Proc. Soc. Mechanical ISngineers, 643, 
1891 ; 102, 1893 ; 238, 1895 ; 31, 1897 ; 35, 1899, may be consulted for fuller details. 
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and liquid 'water, the pressure of the mixture would be completely 
determined by the temperature. The relation between pressure 
and temperature is represented by the omrve PN, called the ic0 

line. 

(o) Ice may be in stable equilibrium with its vapour, and we 
can plot the variation, of the vapour pressure of ice with its tem- 
perature. The curve OP so obtained represents the variation of 
the vapour pressure of ice with temperature. It is called the hoar 
frost line. 

The plane of the paper is thus divided into three parts bounded 
by the three curves OP, P27t PQ. If a point falls within one of 
these three parts of the plane, it represents water in one particular 
state of aggregation, ice, liquid or steam.^ When a point falls on a 
boundary line it corresponds with the coexistence of two states of 
aggregation. Finally, at the point P, and only at this point, the 
three states of aggregation, ice, water, and steam may coexist to- 
gether. This point is called the triple point. For water the 
coordinates of the triple point are 

p = 4-68 mm., T = 0^007&* O. 

1. Influence ofl pressure on the melting-point of a solid. The 
two formulae, dQ = Td<j > ; = T(<ipl7iT)^, were discussed 

on pages 81 and 82. Divide the former by dv and substitute the 
result in the latter. We thus obtain. 



which states that the change of entropy, </>, per unit change of 
volume, V, at a constant temperature (T® absolute), is equal to the 
change of pressure per imit change of temperature at constant 
volume. If a small amount of heat, dQ, be added to a substance 
existing partly in one state, “1,” and partly in another state, 2,’* 
a proportional quantity, of the mass changes its state, such 
that 

dQ =» 

where is a constant representing the latent heat of the change 
from state ‘*1*’ to state “ 2 From the definition of entropy, 


1 Certain unstable conditions {meeastaile sUitea) are kuowu in which a liquid may- 
be found in -the solid region. A supercooled liquid, for instance, may cou-tinue the QP 
curve along to instead of changing its direction along PM. 


§ 56. FUNCTIONS WITH SINGULAB PROPEBTIES. It 

dQ — Td^ ; hence d<f> == ^^dm. . . (2) 

If v^j be the specific volumes of the substance in the first and 
second states respectively 

dv — v^dm - v^dm « {v^ — v{)dm. 

From (2) and (1) 

* * T{V^ - v^) > TCv^ - vj 

This last equation tells us at once how a change of pressure 
will change the temperature at which two states of a substance 
can coexist, provided that we know V 2 , T and 

£jXA.MP]:jsa. — (1) If tbe specific volume of ice is 1’087, and that of water 
unity, find the lowering of the freezing point of water when the pressure 
increases one atmosphere (latent heat of ice = 80 cal.). Here » 0-087, 

T = 278, dp =: 76 cm. mercury. The specific gravity of mercury is 18*6, and 
the weight of a column of mercury of one square cm. cross section is 
76 X 18*6 = 1,033 grama. Hence dp *= 1,083 gram^ £<12 = 80 oal.»80 x 4:7,600 
O.G.S. or dynamical units. Prom (3), dfT » 0-0064® C. per atmosphere. 

(2) For naphthalene T « 362-2, = 0*146 ; « 85-46 cal. Find 

the change of melting point per atmosphere increase of pressure. dZ27=0*031. 

II. The slopes of the pT-curves at the triple point. Liet 
Z/ 23 > - 2^81 be the latent heats of conversion of a substance from states 
1 to 2 ; 2 to 3 ; 3 to 1 respectively ; Vj, the respective volumes 

of the substance in states 1, 2, 3 respectively ; let T denote the 
absolute temperature at the triple point. Then dpjdT is the slope 
of the tangent to these curves at the triple point, and 

T- . (^P\ — -^8z 

12 ^(“*^2 "" '^ 1 ) * \^^/28 ^(^3 ~ ~ 

The specific volumes and the latent heats are generally quite 
different from the three changes of state, and therefore the slopes 
of the three curves at the triple point are also different. The 
difference in the slopes of the tangents of the solid-vapour (hoar 
frost line), and the liquid -vapour (steam line) curves of water 
(Fig. 39) is 



At the triple point 

■^13 = ^12 + -^23 i (V 3 - «i) == iV2 - Vj) -f. (Vj - Vg). ( 6 ) 

F 2 :amfi:;<B!. — A s a general rule, the change of volume on melting, (va — Vj), 
is very small compared with the change in volume on evaporation, (v, — Vg)i 
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or subliraation, (v, — Vi) ; hence «* - % may be neglected in comparisoa with 
the other volume changes. Then, from (5) and (6), 

■^la 


(^)i» “ (ot)« 


( 7 ) 


T{v^ 

Hence osculate the difference in the slope of the hoar frost and steam lines 
for water at the triple point. Eatent heat of water =s 80 ; Z»ia « 80 x 42,700 ; 

27 = 273, - Vj = 209,400 o.o. Substitute these values on the right-hand side 

of the last equation. Ansr. 0*059. 

The above deductions have been tested experimentally in the 
case of water, sulphur and phosphorus ; the results are in close 
agreement with theory. 

§ 57. Maximmn and Minimum Values of a FunotLon. 

Hy plotting the rates, Y, at which illuminating gas flows through 
the gasometer of a building as ordinates, with time, as abscissae, 
a curve resembling the adjoining diagram (Fig. 66) is obtained. 

It will be seen that very little gas 
is consumed in the day time, while 
at night there is a relatively great 
demand. Observation shows that 
as t changes from one value to 
another, V changes in such a way 
that it is sometimes increasing and 
sometimes decreasing. In conse- 
quence, there must be certain values of the function for which V, 
which had previously been increasing, begins to decrease, that is 
to say, Y is greater for this particular value of t than for any 
adjacent value ; in this case Y is said to have a maximum value. 
Conversely, there must be certain values of /(i) for which F, having 
been decreasing, begins to increase. When the value of F, for 
some particular value of t, is less than for any adjacent value of 
V is said to be a minimum value. 

Imagine a variable ordinate of the curve to move perpendicu- 
larly along Oi, gradually increasing until it arrives at the position 
and afterwards gradually decreasing. The ordinate at 
is said to bave a maximum value. The decreasing ordinate, con- 
tinuing its motion, arrives at the position and after that 

gradually increases. In this case the ordinate at is said to 



0 M| 
A/ight 


N, M2 
Dt^ Might Dag. Mi^ 

Fia. 65. 


have a minimum value. 
The terms 


“ maximum ** 


and 


“minimum ’* 


do not necessarily 
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denote the greatest and least possible values which the function 
can assume, for the same function may have several maximum and 
several minimum values, any particular one of which may be 
greater or less than another value of the same function. In 
walking across a mountainous district every hill-top would repre- 
sent a maximum, every valley a minimum. 

The mathematical form of the function employed in the above 
illustration is unknown, the curve is an approximate representation 
of corresponding values of the two variables determined by actual 
measurements. 

EXAMPL.B. — Plot the curve represented by the equation y = sin Give 
a; a series of values 4^, v, fir, 2 ir, and so on. Show that 

Maximum values of y oocur for x ... 

Minimum values of y occur for a? ~ 3 -ir, . . . 

The resulting curve is the harmonic or sine curve shown in Pig. 52 , page 136 . 

One of the most important applications of the differential cal- 
culus is the determination of maximum and minimum values of a 
function. Many of the following examples can be solved by special 
algebraic or geometric devices. The calculus, however, offers a sure 
and easy method for the solution of these problems. 

§ 58. How to find Maximum and Minimum Yalues of a 

Function. 

If a cricket ball be thrown up into the air, its velocity, dsfdt, 
will go on diminishing until the ball reaches the highest point of 
its ascent. Its velocity will then be zero. After this, the velocity 
of the ball will increase until it is caught in the hand. In other 
words, dsfdt is first positive, then zero, and then negative. This 
means that the distance, s, of the ball from the ground will be 
greatest when dsfdt is least ; s will be a maximum when dsfdt is 
zero. 

We generally reckon distances up as positive, and distances 
down as negative. We naturally extend this to velocities by 
making velocities directed upwards positive, and velocities directed 
downwards negative. Thus the velocity of a falling stone is 
negative although it is constantly getting numerically greater (i.e., 
algebraically less). We also extend this convention to directed 
acceleration ; but we frequently call an increasing velocity positive, 
and a decreasing velocity negative as indicated on page 18 . 
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Ntjmbsrical IiiEjUSTEATioiir- — ^The distance, s, of a body from the ground at 
any instant, is given by the expression 

s = + V. 

where 4 ?q represents the velooity of the body when it started its upward or 
downward journey ; 9 is a constant equal to — 82 when the body is going 
upwards, and to + 32 when the body is coming down. Now let a cricket ball 
be sent up from the hand with a velocity of 64 feet per second, it will attain 
its highest point when ds\dt is zero, hut 


g = - 32« + *. ; 


V 5 64 . 

• • ‘ “ §2 “ 82 ' 


=: 0 . 


Let ns now trace the different values which the tangent to the 
curve at any point X (Fig. 66) assumes as travels from A to JP ; 

from P to jB ; from B to Q\ and 
from Q to G ; let a denote the 
angle made by the tangent at 
any point on the curve with the 
ic-axis. Bemember that tan 0® =* 0 ; 
tan 90° ss 00 ; when a is less than 
90®, tan a is positive ; and when a 
is greater than 90° and less than 
180° tan a is negative. 

First, as P travels from A to P, £c increases, y increases. The 
tangent to the curve makes an acute angle, a^, with the a;'axis. 
In this case, tan a is positive, and also 



% 

d,x 




( 1 ) 


At P, the tangent is parallel to the oj-axis; y is a maximum, that 
is to say, tan a is zero, and 

dy 

^“^5 • - • . ( 2 ) 

Secondly, immediately after passing P, the tangent to the curve 

makes an obtuse angle, with the a;-axis, that is to say, tan a is 
negative, and 

dx “* * . . • . (3) 

^e tangent to the curve reaches a minimutn value at NQ ; at Q 

the tangent is again paiaJlei to ic-axis, y is a minimum and tan a, 
as well as 
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After passing Q, again we have an acnto angle, ag, and. 


(5) 


Thus we see that every time dyfdx becomes zero, y is either a 
maximum or a minimum. Hence the rule : When the first differ- 
ential coefi&cient changes its sign from a positive to a negative 
value the function has a maximum value, and when the first 
differential coefidcient changes its sign from a negative to a 
positive value the function has a minimum value. 

There are some curves which have maximum and minimum 
values very much resembling P' and Q' (Fig. 67). These curves 
are said to have cusps at jP and Q . 

It will be observed, in Fig. 67, that x 
increases and y approaches a maximum 
value while the tangent M*JP' makes an 
acute angle with the ar-axis, that is to say, 
dyjdx is positive. At JP' the tangent be- 
comes perpendicular to the x-axis, and in -q 
consequence the ratio dyidx becomes in- 

finite. The point P” is called a cusp. pig. 67— Maximum and 
After passing P', dyfdx is negative. In Minimum Gusps. 

the same way it can be shown that as the tangent approaches JT'Q', 
dyjdx is negative, at O', dyjdx becomes infinite^ and after passing 
Q, dyjdx is positive. Now plot y = aji, and you will get a cusp at O. 

A function may thus change its sign by becoming zero or in- 
finity, it is therefore necessary for the first differential coefficient of 
the function to assume either of these values in order that it may 
have a maximum or a minimum value. Consequently, in order to 
find all the values of x for which y possesses a maximum or a 
minimum value, the first differential coefficient must be equated 
to zero or infinity and the values of x which satisfy these condi- 
tions determined. 





EXAMFI.B3S. — (1) Consider the equation 3/ = os® — 8®, dyfdx = 2a; — 8. 
Equating the first difierential coefficient to zero, we have - 8 = O ; or a; r-rr 4. 
Add + 1 to this root and substitute for a in the original equation, 

when X — 9 — 24 = ~16; 

* = 4. 3/ = 16 - 32 = - 16 ; 
a? = 5, ^ = 25 - 40 =» - 16. 

y is therefore a xainimum when a; =» 4, since a slightly greater ox a slightly 
leas value of x makes 3/ assume a greater value. The addition of ± 1 to the 
root gives only a first approximation. The minimum value of the function 
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might have been bet'ween 3 and 4 ; or between 4 and 5. The approximation 
may be catried as close as we please by using less and less numerical values 
in. the above Bnbstitution. Suppose we substitute in place oi + !> ± then 

when as ass 4 — A 3 ^ =* “ 16 ; 

os s=4, y as - 16; 

as=a4 + Ay=^*— 16. 

Therefore, however small Tt may be, the corresponding value of y is greater 
than — 16. That is to say, as =4 mahes the function a minimum, Q (Fig. 68). 
ITou can easily see that this is so by plotting the original eq[uation as in Fig. 68. 



Fig. 68. 



Fig. 69. 



(2) Show that y 1 -4- 8aj — 2a?^, has a maximum value, P (Fig. 69), for 
a; as 2. Plot the original eq^uation as in Fig. 69. 

(3) Show that y has neither a maximum nor a minimum when 

y sas 2 + (aj — 1)®. Hero dyjdx ~ 3(jb - ip ** 0 ; .‘.a? — 1. But as *= 1 does 
not make y a maximum nor a minimum. If as a 1, s 2 ; if a; = O, ^ 1 ; 

if as s 2, ^ as 8, the graph is shown in Fig. 70. The critical point is at P. 


§ 89. Turning Points or Points of Inflexion. 

Let us now return to the subject of § 68. The fact that 


dx 


= 0 ; 


or. 


dx 


oo. 


is not a sufficient condition to establish the existence of maximum 
and minimum values of a function, although it is a rough practical 

test. Some of the values thus obtained 
do not necessarily make the function a 
maximum or a minimum, since a vari- 
able may become zero or infinite without 
changing its sign. This will be obvious 
from a simple inspection of Eig. 71, 
where 





dy 

&Ild| flit m 


Yet neither maximum nor minimum 
Pig. 71. ^Points of Inflexion, function exist. A further 

test is therefore required in order to decide whether individual 
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values of x correspond to maximum or minimum values of the 
function. This is all the more essential in practical work where 
the function, not the curve, is to be operated upon. 

By reference to Fig. 71 it will be noticed that the tangent 
crosses the curve at the points H and. Sm Such a point is called a 
turning point or point of inflexion. You will get a point of 
inflexion by plotting y = cc®. The point of inflexion marks the 
spot where the curve passes from a convex to a concave, or from a 
concave to a convex configuration with regard to one of the co- 
ordinate axes. The terms concave and convex have hero their 
ordinary meaning. 

§ 60. How to Find wlietliep a Curve is Concave or Convex. 

Referring to Fig. 72, along the concave part from A to J?, 
the numerical value of tana, regularly decreases to zero. At JP 
the highest point of the curve 
tan a = 0 ; from this point to B 
the tangent to the angle continu- 
ally decreases. You will see this 
better if you take numbers. Bet 
uj = 45®, ttg = 136® ; . *. tan aj = + 1, 
and tan ag =« — 1. Hence as you q 
pass along the curve from A to P 
to jB, the numerical value of the 
tangent of the curve ranges from 

+ 1, to 0, to — 1. 

The differential coefficient, or rate of change of tan a with respect 
to X for the concave curve AJPB continually decreases. Hence 
d(tana)/d£B is negative, or 

d(tan a) 

da "3^2 - negative value - < 0. . . <1) 

If a fimction, y =« /(a), increases with increasing values of x, dyfdx 
is positive ; while if the function, y — f(x), decreases with increas- 
ing values of x, dyjdx is negative. 

the convex part of the curve BQC, tan a regularly in- 
creases in value. Bet us take numbers. Suppose — 136®, 
**8 ~ » then tan = — 1 and tan a 3 = -i- 1. Hence as you pass 

along the curve from H to Q, tan a increases in value from — 1 
to 0. At the point Q, taji a = O, and from Q to C7, tan a continually 
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increases in value from 0 to +• 1. The diflferential coefi&cient of 
tana with respect to the convex curve BQG is, therefore, positive, or 

d(taQ. a) ^ ^ positive value *** >• 0. . • (2) 

Hence a, cv/rve is conoam or Gom/osoa 'UjpwardSy according O/S the second 
differencial coeffieimt is negatwe or positive. 

I have assumed that the curve is on the positive side of the 
£C-axis ; when the curve lies on the negative side, assume the rc-axis 
to be displaced parallel with itself until the above condition is 
attained. A more general rule, which evades the above limita- 
tion, is proved in the regular text-books. The proof is of little 
importance for our purpose. The rule is to the effect that ** a 
curve is concave or convex upwards according as the product of 
the ordinate of the curve and the second differential coefficient, i.e., 
according as yd^ldx^ is positive or negative 


E xAHTPriTBs . — (1) Show that the curves y *= log a? and y = cclog » are re- 
spectively concave and convex towards the tc-axis. Hint. 
d!h/ldx^ for the former; and + a; — ! for the latter. 

The former is therefore concave, the latter convex, as shown 
in Fig, 73. ITote : If you plot y «= log as on a larger soale 
yon will see that for every positive value of x there is one 
and only one value of y ; the value of y will be positive or 
negative according as a; is greater or less than unity. When 
y—0 ; when a;=0, yss — oo ; when a;a- + oo, y= ■+ oo. 
There is no logarithmic function for negative values of sc. 

(2) Show that the parabola, y‘-*= 4,ax, is concave upwards below the sc- axis 
(where y is negative) and convex upwards above the se-axis. 



Pro. 73. 


i 61 . How to Find Turning Points or Points of Inflexion. 

Prom the above principles it is clearly necessary, in order to 
locate a point of inflexion, to find a value of x, for which tau a 
assumes a maximum or a minimum value. But 

da’ " da; da? — 0 . . . ( 3 ) 

^ rule: In order to fiud a point of mflexion we must 
the sec<^ differential coefficient of the fuaotiou to zero ; 

V T ooaditions ; aud test if the 

^ereuM ooeffioient does reaUy change sign by substitut- 
ed on - value%f Ta h^tle grater 

one a httle less than the oritioal value. If there is no fLuge 

of sign we are not dealing with a point of inflexion ^ 
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ExA^FiiBS. — (1) Sh.o'vir that the curve <x + (a; •> &)’ has a point of inflexion 
at the point y ^ as ss d. Differentiating twice we get dP^fdsc^ »> 6(x — &). 
Equating this to ssexo we get a; b & ; by substituting as as 6 in the original equa- 
tion, we get y a. When a; » 2> — 1 the second differential! coefGloient is 
negative, when asaab + l the second differential ooefiOlcient is positive. Hence 
there is an inflexion at the point (&, a). See Fig. 70, page 158. 

(2) For the special case of the harmonic curve. Fig. 52, page 1S6, ^ as sin as ; 
d^fdx^ B - sin as that is to say, at the point of inflexion the ordinate 

y changes sign. This occurs when the curve crosses the as-euds, and there are 
an infinite number of points of inflexion for which ss 0. 

(8) Show that the probability curve, y — has a point of inflexion 

for as B + Vi/** (Fig. 168, page 518.) 

(4) Show that Roche’s vapour pressure curve p =■ has a point 

of inflexion when tfasw(log 6— 2w)/2»® ; andp=sa6<*®* See Ex. (6), 
page 67 ; and Fig. 88, page 172. 

§ 62 . Six Problems in Maxima and Minima. 

It is first requisite, in solving problems in maxima and minima, 
to express the relation between the variables in the form of an 
algebraic equation, and then to proceed 
as directed on page 157. In the ma- 
jority of oases occurring in practice, 
it only requires a little common-sense 
reasoning on the nature of the problem, 
to determine whether a particular value 
of X corresponds with a maximum or 
a minimum. The very nature of the 
problem generally tells us whether we 
are dealing with a maximum or a mini- 
mum, so that we may frequently dis- 
pense with the labour of investigating 
the sign of the second derivative. 

1. Divide a line into any two parts svboh that the rectangle 
hamng these two parts as adjovmng sides ma/y houoe the greatest 
possible area. If a be the length of the line, x the length of one 
part, a — X wiU be the length of the other part ; and, in conse- 
quence, the area of the rectangle will be 

y ^ {a — x)x. 



Differentiate, and 
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iEquate to zero, and, x that is to say, the line a must be 

divided into two equal parts, and the greatest possible rectangle 
is a square. 

11. Find the greatest possible rectangle that can, be inscribed 
in a given triangle. In Fig. 74, let b denote the length of the base 
o£ the triangle ABGy h its altitude, x the altitude of the inscribed 
rectangle. We must first find the relation between the area of the 
rectangle and of the triangle. By similar triangles, page 603, 

AFC : AK = BG : DFS ; hi h — x =» b i DE, 
but the area of the rectangle is obviously y =» DE x JSCJEC, and 

DJB -|(fc - ce).KS -xx .-.y - 

It is the rule, when seeking maxima and minima, to simplify 
the process by omitting the constant factors, since, whatever makes 
the variable ha? — z® a maximum will also make h{'hx — aP)/h a 
maximum.^ Now differentiate the expression obtained above for 
the area of the rectangle neglecting bfh, and equate the result to 
zero, in this way we obtain 

^ fe — 2a! O; or a? 
ax 2 

That is to say, the height of the rectangle must be half the altitude 

of the triangle. 

III. To cut a sector from a circular sheet 
of metal so that the remainder can he formed 
into a conical-shaped vessel of rnaoci/rwarn, 
capacity. Let ACB (Tig- 76) be a circular 
plate of radius, r, it is required to cut out a 
portion AOB such that the conical vessel 
formed by joining OA and OB together may 
hold the greatest possible amount of fiuid. 
Let X denote the angle remaining after the 
sector AOJB has been removed. We must first find a relation 
between x and the volume, Vj of the cone.® 

The length of the arc ACB is (3), page 603, and when 


C 



I'lG. 75. 


^ This is easily proved, for let y => q/'ipc), where e has any arbitrary constant value. 
For a nukziinuni or mmimiifn value dyldx » <}f*{as) ss 0, and this can only occur where 
f\x) = 0 . 

3 Mensuration formulse (1), (8), (4), (27). §191, page 608 ; and (1), page 606, will be 
required for this problem. 
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the plate is folded into a cone, this is also the length of the peri- 
meter of the circular base of the cone. Let It denote the radius of 
the circular base. The perimeter of the base is therefore equal to 
Hence, 

^ttR = “‘ttT* ; or, I? = ^ . . • • (1) 

-rr Att 

If h is the height of the vertical cone, 

r3 == + 7^2 . or, h « ~ . . (2) 

The volume of the cone is therefore 


" §0 


fr^ _ f 


'' 3* 3V27ry y ' V2W J 

Eejecting the constants, v will be a maximum when J4cnr^ — a?®, 
or when x*(4:7t^ — x^) is a maximum. That is, when 

^{x^{4^ - a;3)} = (167r2 - 6a;2)ic» » 0. 

If a? = 0, we have a vertical line corresponding with a cone of mini- 
mum volume. Hence, if x is not zero, we must have 

167r2 - 6 £c 2 „ 0 ; or, a; = 2 X 180° = 294°. 

Hence the angle of the removed sector is about 360° — 294° = 66°. 
The application to funnels is obvious. Of course the sides of the 
chemists’ funnel has a special slope for other reasons. 

IV. At what height should alight be placed above my writing table 
in order that a small portion of the surface of the tablet at a given 
horizontal distance away from the foot of 
the perpendicular dropped from the light 
on to the tablet may receive the greatest 
illumination possible ? Let S (Fig. 76) ^ 
be the source of illumination whose dis- 
tance, a;, from the table is to be deter- 

mined in such a way that B may receive - — — ■ ^ i » ■ rN ,.B 

the greatest illumination. Let AB — at ' 
and a the angle made by the incident 
rays SB =» r on the surface B. 

It is known that the intensity of illumination, y, varies inversely 
as the square of the distance of SB, and directly as the sine of the 
angle of incidence. Since, by Pythagoras’ theorem (Euclid, i., 47), 
r 2 = a® + a ;2 . xjrt in order that the illumination may 

be a maximum, 


y = 


sm a 


r3“r2 + x^^ {pC^ + x^)i 
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mtist be a maximum. By differentiatioii, we get 

du — 2a;2 ^ -j 

dof {a? + a;2)# 

The interpretation is obyions. The height of the light mast be 
0‘707 times the horizontal distance of the writing table from the 
** foot " A. Negatiye and imaginary roots have no meaning in this 
problem. 

"F. To arra/nge a number ofvoltado cells to furnish a maaimv/m 
current against a known external resistance. Let the electro- 
motive force of each cell be E, and its internal resistance r. Let 
M be the external resistance, n the total number of cells. Assume 
that X cells are arranged in series and njx in parallel. The electro- 
motive force of the battery is xE. Its internal resistance x^rfn. 
The corrent (7, according to the text- books on electricity, is given 
by the relation 

asB_ ~ S®®)® 

r J *** dx /_ r \2 * 

+ -a? {B ^ ^ 2 ^ 

Equate to zero, and simplify, It — rx^ln, remains. This means 
that the battery mast l?e so arranged that its internal resistance 
shall be as nearly as possible equal to the external resistance. 

The theory of maxima and minima mast not be applied blindly 
to physical problems. It is generally necessary to take other 

things into consideration An ar- 
rangement that satisfies one set of 
conditions may not be suitable for 
another. For instance, while the 
above arrangement of cells will give 
the maximum current, it is by no 
means the most economical. 

YJ. To find the dentitions which 
must subsist in order that light may 
travel from a given point in one 
medium to a given point in cx/nother 
medium in the shortest possible time, 
Iiet SP (Fig. 77) be a ray of light 
incident at P on the surface of 
separation of the media ]}A and Jlf j 
in the same plane as the incident 
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ray. If PN is normal (perpendicular) to the surface of incidence, 
then the angle NP8 i, is the angle of incidence ; and the angle 
Jt^'PJR = r, is the angle of refraction. Drop perpendiculars from S 
and B on to 4 and B, so that 8 A a, BB »■ b. Now the light wiU 
travel from S to jB, according to Permat’s principle, in the shortest 
possible time, with a uniform velocity different in the different media 
M and M'. The ray passes through the surface separating the two 
media at the point P, let 4P = a?, BP ^ p — x. Let the velocity 
of propagation of the ray of light in the two media be respectively 
Vi and Fg units per second. The ray therefore travels from d* to P 
in PjS/Fj seconds, and from P to P in PP/Fjj seconds, and the total 
time, occupied in transit from iS to P is the sum 


P8 BP 


( 1 ) 


Prom the triangles SAP and PBR, as indicated in (1), page 603, it 
follows that PS = a/ 0-2 +• . ajid J5P >_ ^ _ x)^. Sub- 

stituting these values in (1), and differentiating in the usual way, 
we get 


dt 

dx 


X 


p ~ a? 

Vt -Jb^ + (.p - a>y 


0 . 


( 2 ) 


Fj -f- a;® 

Consequently, by substituting for PS, BP, AP, and BP as above, 
we get from the preceding equation (2), solved for VJV^, 


AP a? 

sin i PS _ ^/g® + ag® __ Vj^ 

sin r ™ ^ P p — X 

^ Jh^ -^{p ~ a;)® 

This result, sometimes called Snell’s law of refraction, shows that 
the sines of the angles of incidence and refraction must be pro- 
portional to the velocity of the light in the two given media in 
order that the light may pass from one point to the other in the 
shortest possible interval of time. Experiment justifies Eermat’s 
guess. The ratio of the sines of the two angles, therefore, is 
constant for the same two media. The constant is usually de- 
noted by the symbol p, and called the index of refraction. 


ExA-MPiiUS. — (1) The velocity of motion of a wave, of length x, in deep 
water is F = n/W® + a is a constant. Required the length of the wave 

when the velocity is a minimum. (N. Z. Univ. Exam. Papers.) Ansr. x » a. 

(2) The contact difference of potential, E, between two metals is a 
function of the temperature, 0, such that E a + b6 + c0^. £Cow high 
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must the temperature of one of the nietals be raised in order that the 
diffevence of potential may be a maximum or a minimum, a, c are oon** 
stants. Ansr. fl = - 6/2c. 

(8) Sho '97 that the greatest rectangle that can be inscribed in the oirole 
aj* -|- y* = r® is a sc^uare. Hint, Draw a oirole of radius r, Fig. 78. Det thef' 
sides of the rectangle be 2«c and 2y respectively ; area =>« 4aj2/, aj* +• « r®. 

Solve for y, and substitute in the former eq,uation. Differ' 
entiate, etc., and then show that both at and y am equal 
to tn/J, etc. 

(4) If Vq be the volume of water at 0° O., v the volume 
at 0., then, according to Hailstrom’s formula, for tem- 
peratures between 0® and 30®, 

V =s Vo(l -0-000057.677tf + 0*000007,66010®- 0*000000,036090’). 
Show that the volume is least and the density greatest 
when B 5 = 3*92. The graph is diown in Fig- 79. In the working of this ex- 
ample, it will be found simplest to use a, Z>, e . . . for the numerical coefELoients* 
differentiate, etc., for the final result, restore the numerical values 
of ai b, c . . . , and simplify. Probably the reader has already 
done this. 

(6) Dater on 1 shall want the student to show that the 
expression is a minimum when w* = g* — 2/*. 


n n. 


\ j ^ 

J 


Fro. 78. 


JT 



- ^ 




7^ 



7^ 





0 


(6) An electric current flowing round a coil of ra>dius r exerts 
Fio. 79. a force F on a small magnet whose axis is at some point on a 
line drawn through the centre and perpendicular to the plane of 
the coil. If a; is the distance of the magpiet from the plane of the coil, F « 
Show that the force is a maximum when x s= i^r. 

(7) Draw an ellipse whose area for a given perimeter shall be a maximum. 
Hint. Although the perimeter of an ellipse can only be represented with 
perfect accuracy by an infinite series, yet for all practical purposes the 
perimeter may be taken to be ir(x + y) where x and y are the semi-major and 
semi-minor axes. The area of the ellipse is a =» rexy. Since the perimeter is to 
be constant, a s= irix y) ox y = afir — x. Substitute this value of y in the 
former expression and a as oa; - iriB®. Hence, x = a/2v when a is a maximum. 
Substitute this value ot x in y sa afv — x^ and y » a/2ir, that is to say, 
x^y — aJ2Tt or of all ellipses the circle has the greatest area. Boys’ leaden 
water-pipes designed not to burst at freezing temperatures, are based on this 
principle. The cross section of the pipe is elliptical. If the contained water 
freezes, the resulting expansion makes the tube tend to become circular in cross 
section. The increased capacity allows the ice to have more room without 
putting a strain on the pipe. 

(8) If A, B be two sources of heat, find the position of a point O on the 
line AlB =s a , such that it is heated the least possible. Assume that the in- 
tensity of the heat rays is proportional to the square of the distance from the 
source of heat. Let AO = x, BO =a a — x. The intensity of each source of 
heat at unit distance away is a and fi. The total intensity of the heat which 
reaches O is I ss ax + fi(a — a?) ~ ®. Find dijdx. J is a minimum when 
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(9) The weight, W (lbs. per sec.), of flue gas passing up a chimney at 
different temperatures T, is represented by W A (T — Tq) (1 + aT)~% where 
^ is a constant, T the absolute temperature of the hot gases passing within 
the chimney, To the temperature (*^0) of the outside air, a s, the co> 
efficient of expansion of the gas. Hence show that the greatest amount of 
gas will pass up the chimney — the “best draught” will occur — ^when the 
temperature of the ** flue gases ” is nearly 388** O. and the temperature of 
the atmosphere is 15** O. 

(10) If YC denotes the “ input ** of a continuous current dynamo ; a* the 
fixed losses due to iron, friction, excitation, etc. ; the variable losses ; O, 
bhe current, then the efficiency, JE7, is given by jS? = 1 — (<r — tCP)IVO. Show 
bhat the efficiency will be a minimum when a » rC*. Biint. Find djEjfdO^ etc. 

1 1 . 

(11) Show that X* is a maximum when as ss e. Hint, dyfdx — <6^(1 — 
log «)/»*; .«. logo: s= 1, etc. 

(12) A submarine telegraph cable consists of a circular core surrounded by 

a concentric circular covering. The speed of signalling through this varies as 
1 : a^og£B~^, where a denotes tke ratio of the radius of the core to that of the 
covering. Show that the fastest signalling can be made when this ratio is 
0*606 . . . Hint. 1 : = 0*606. 

(18) The velocity equations for chemical reactions in which the noiunal 
course is disturbed by antocataJysis are, for reactions of the first order, 
dxjdt as Tcm{a — a ) ; or, dx/dt =a h{b + a?) (a — (c). Hence show that the 
velocity of the reaction will be greatest when a; « for the former resustion* 
and os = ^(a — b) for the latter. 

(14;) A privateer has to pass between two lights, A and JB, on opposite 
headlands. The intensity of each light is known and also tbe distance be- 
tween them. At what point must the privateer cross the line joining the 
lights so as to be illuminated as little as possible. Given the intensity of the 
light at any point is equal to its illuminating power divided by the square of 
the distance of the point from the source of light. Let and respectively 
denote the illuminating power of each source of light. Let a denote the 
distance from A to B. Let x denote the distance from A to the point on 
AB where the intensity of illumination is least ; hence the ship must be 
illuminated Pijx^ + pjifl — This function will be a minimum when 

(i>i/P2)^= - ») ; = qPi^fPi^ + jPa*) 

(15) Assuming that the cost of driving a steamer through the water varies 
as the cube of her speed, show that her most economical speed through the 
water against a cunent running V miles per hour is f-T. Let x denote the 
speed of the ship in still water, x — Y will then denote the speed against the 
current. But the distance traversed is equal to the velocity multiplied by 
the time. Hence, the time taken to travel s miles will be s/(a; — Y). The 
cost in fuel per hour is where a is the constant of proportion. Hence; 
Total cost «=a assd^Kx — Y). Hence, a^/{x — V) is to be a minimum. Differen- 
tiate as usual, and we get x ^ ^V. The captain of a river steamer must be 
always applying this fact subconsciously. 

(16) The stiffness of a rectangular beam of any given material is propor- 
tional to its breadth, and to the cube of its depth, find the stiff est beam that 
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can be out from a oiroular tree 12 in. in diameter. ILet a; denote tbe breadth 
of tile beam, and y its depth ; obviously, 12^ + 2 ^. Hence, the depth of 

the beam is *^12® — a#* ; stifEness is proportional to aj(12® — This is a 

maximum v^hen as s 6. Hence the required depth, must be 6 a^S. 

(17) Suppose that the total waste, y, due to heat, depreciation, eto., which 
occurs in an electric conductor with a resistance R ohms per mile with an 
dleotrio ourrent, C, in amperes is O^R 4* (l7)^/i2, find the relation between G 
and 22 in order that the waste may be a minimum. Ansr. CR = 17, which is 
known as Iiord Kelvin’s rule. Hint. Find dyjdR, assuming that C is con> 
stant. Given the approximation formula, resistance of conductor of cross 
sectional area a is i2=:0‘04/a ; C:s:425a, or, for a minimum cost, the ourrent 

must be 425 amperes per square inch of cross sectional area of conductor. 

§ 68. Singular Points. 

The following table embodies the relations we have so far de> 
duced between the shape of the curve y ■= /(a?) and the first four 
differential ooefi&cients. Some relations have been ** brought for- 
ward ” from a later chapter. The symbol ** . . ** means that the 
value of the corresponding derivative does not affect the result : — 

TabiiB I. — SiNouiiAB Valubs OP Functions. 


Property of Curve. 

dy 

dt 

dt^ 

dhf 

d*y 

dt* 

Tangent parallel to ic-axis 

0 

• • 

m • 

« a 

Tangent parallel to ^-axis 

GO 

a « 

• • 

9 m 

Maximum . • 

0 

0 

0 

« • 

0 

m m 

Minimum . . 

0 

0 

+ 

0 

• • 

0 

m • 

+ 

Point of infiexion . 

• » 

0 

not zero 

• • 

Convex downwards . 

not zero 

+ 

• • 

• • 

Concave downwards 

not zero 


• ■ 

m m 


Jt is perhaps necessary to add a few more remarks so as to give 
the beginner an inkling of the vastness of the subject we are about 
to leave behind. P. Frost's An JBllem&nta/ry Treatise on Gwrve 
Tracwig^ London, 1872, is the text-book on this subject. Before 
you proceed to the actual plotting, look out for symmetrical axes ; 
maxima and mizdzna ordinates ^ points of inflexion ^ and asymp- 
totes. Does the curve out the axes at any points ? There may be 
other singular points besides points of ixiflexion, and maxima and 
minima. 
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Two or more branches of the same curve will intersect or cross 
one another, as shown at O, Fig. 80, when the first differential 
coeflBlcient has two or more real imequal values, and y has at least 
two equal values. The number of intersecting branches is denoted 
by the number of real roots of the first differential coefficient. The 
point of intersection is called a multiple point. If two branches 
of the curve cross each other the point is called a node ; Cayley 
calls it a orunode. 

EscAUPitass. — (1) In the lemnisoate curve, familiar to students of cxystallo- 

; y = ± « /s/a* - a*®, y has two values, of opposite sign, 
for every value of as between + a ; the ourve is therefore symmetrical with 
respect to the a;-azis. When a; = i; a, these two values of y become zero ; 
but these are not multiple points since the ourve does not extend beyond 
these limits, and therefore cannot satisfy the above conditions. When a; = 0, 
the two values of y become zero, and since there are two 
values of y, one on each side of the point a; « 0, y = 0, this 
is a multiple point. Since dyfda = + (a® - 2a:®) (a® -• a:®) ~ J 
becomes ± a when a; 0, it follows that there are two tan- 
gents to the curve at this point, such that tan a = ± a. In 
order to plot the curve, give a some numerical value, say 5. 

The graph is shown in Pig. 80. The node is at O. Notice 
that if the numerical value of a is greater than that of a you have to 
extract the square root of a negative quantity. This cannot be done be- 
cause we do not know a number which will give a negative quantity when 
multiplied by itself. Mathematicians have agreed to call the square root 
of a negative number an “ iihaginary number ” in contrast with a *' real 
number*’. 

(2) The ourve y = i> ± (a - a)(s/fl5 has a node at the point P(a, 5). For 
every value of x there are two unequal values of y, but when a? = 0, the two 
values of 2 ^ SB b, and when x — a, also, y =ib. There are two 
real values of y on each side of the point P(a, b) ; this can be 
determined by substituting a + /i, and a - h successively in 
place of X. dyfdx s= ±^(8® — a)x~^. For » = a, dyjdx 
— ± Hence the tangents to the ourve at the node make 

angles with the a:-axis whose tangents are + The point 

0 = 0, 2 ^ » b is not a multiple point because .vhen x is nega- 
tive, y is imaginary. This shows that the ourve does not go to the left of the 
y-axis. The singular point is shown in Fig. 81. 

A cusp OP spinode (Cayley) is a point where two branches of 
a onrve have a common tangent and stop at that point, as shown 
in Figs. 82 and 83. The branches terminate at the point of con- 
tact and do not pass beyond. Hence the values of y on one side 
of the point are real ; and on the other imaginary. 




Fig. 80. 
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Tr.TgA-M-yr.TBg . — (1) In the oissoid curve, y == 6 d; a/ (ai® — ct®)* ; y is imagiiie<i7 
for all values of as between When. aj = +u, y haiS one value; for anj 
point to the right of « = + a, or to the left of as = — «, y has two values ; 
dyidx SB t 8a5(aj® - vanishes when a; *= a. The two branches of the curve 
have therefore a common tangent parallel to the as-axis and there is a cusp. 
The cusp is ssud to be of the first species, or a oeratoid cusp. "We now find 
that there axe two real and eq.ual values for the second differential coefficient, 


■ 

m 

m 

■ 

a 

R 

II 

SI 

■ 


m 

■ 

m 
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Pig. 82. — Single Cusps 
(Furst Species). 



Fio. 88. — Single Cusp 
(Second Species). 



Pia. 84. 


namely, cPyfdx^ = + 8(2ai* — a®) (a^ - The upper branch is convex to- 

wards the aj-axes; and the lower branch is concave towards the a;-axis, as 
shown in Fig. 82. 

(2) The second difierentiaJ coefficient of the curve (y - = as® has two 

different values of the same sign. The ousp is then said to be a cusp of the 
second spedes, or a rhamphoid cusp. The lower curve also has a maximum 
when as » The general form of the curve is shown in Fig. 88. 


The cusps which hare just been described are called single 
cusps iu contradistinction to double cusps or points of oscula- 
tlon in which the curves extend to both sides of the point of 
contact. These are what Cayley calls taouodes. The diffierential 
coefficient has now two or more equal roots and y has at least two 
equal values. The different branches of the curve have a common 
tangent. 

To distinguish cusps from points of osculation : compare the 
ordinate of the curve for that point with the ordinates of the curve 
on each side. T'or a cusp, y and the first differential coeffiioient 
have only one real value. 


Exa-MPEJIs. — ( 1) The curve y® — a®(ie + 6) ; or what is the same thing 
y = ± c® tjoa+b^ has a taonode at the origin, as shown in Fig. 84. 
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Fig. 85. 


dy/dxss +; 5a?(a! +■ 4) (« + 5)”^, which becomes zero when OB—Om 
The two branches of the ourve are tangent to one another at 
this point when <b = — 6, dyfda = ooand y=0. The tangent 
cuts the axis at right angles at the point a; - 5, and when at 
is less than 5, y is ima^nary. In Fig. 82, each ousp at the 
taonode is of the first species, but sometimes the cusps are of 


the second species, as ^own in Fig. 85. 
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( 2 ) Thje curve 3 /® -- Goay = «® hats anotlier kind of taonode ‘shown 
The cusp is of the first species on one side and of the second 
species on the other. 

After the student has investigated the fifth chapter 
he may be able to show that when = 0 ; Qiufbx)^ =® 0 ; 
and (pu/'by)^ *= 0, then if 

— “ node. 


f 'b'hi. ^2 ^ 

Wy, WA V55SyJ “ I ” 


cusp. 

conjugate point. 
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A conjugate point or aonode is one whose coordinates satisfy 
the equation of the curve and yet is itself quite detached from the 
curve. On eaoh side of a conjugate point, real values of one 
coordinate give a pair of imaginary values of the 
other. On plotting the graph of *» a^{x — 2), for 
example, it will be found that there is a point at q 
the origin whose coordinates satisfy the equation 
of the curve, and yet the curve itself does not pass 
through the origin as shown in Fig- 87. There are 
no real values of y when sc is less than 2 (except when a; — 0, ^ = 0) 
so that the curve does not go to the left of a; « 2. 

One branch of the curve y => x log x suddenly stops at the 
origin (Fig. 73, page 160). This is said to be a point d* arr&t or 
a terminal point. When a; = 0, y = 0 ; when x is negative, y 
has no real value because negative numbers have no logarithms. 
Do not waste any time trying to show that 2 ^ = 0, when x — 0. 
There is a difi&culty which you will easily master later on. 

De la Roche has published a ** proof ” that the vapour pressure, 
p, of water at any temperature, d, is given by the expression 
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e 

p a® 

where a, 6, m, and n are constants. August, Regnault, and 
Magnus found that the expression represented their experimental 
results fairly well. But Regnault (Ann. Ohim. JPhys., [3], 11, 273, 
1844) has pointed out that Roche’s formula can only be regarded 
as an empirical interpolation formula pure and simple. The pro- 
perties of this equation do not agree with the actual phenomena. 
See Ex. (4), page 161. The curve has a point of inflexion, jE7, Fig. 88, 
when 6 is equal to ^wi(log h — ^n)n ~ The curve has two branches, 
GAS, and DC. The portion AJB alone applies to the observed rela- 
tions between p and 6. For this branch there is a terminal point, 
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O, when ^ — w/n, provided b is greater than unity. This cnrve 

is also asymptotic to a line p = 
parallel to the d-axis. The other branch 
of the curve, I may notice en passant, 
is asymptotic to the same straight line 
and also to the straight line 6 = — m/n 
parallel to the y7-axis. 1 have asked a 
class of students to plot the above equa- 
tion and all missed the point of inflexion 
at JE. As a matter of fact yon should 
try to get as much information as you 
can by applying the above principles 
before actual plotting is attempted. You 
will now see that if you know the formula of a curve, the calculus 
gives you a method of jGindiog all the critical points without going 
to the trouble of plotting. 



§ 64. pv-Curves. 

We have already had something to say about van der Waals* 
equation for the relation between the pressure, p, the volume, v, 
aud the temperature, T** abs., of a gas 

(p + (» -6) -BF. . . . (1) 

How try and plot this equation for any gas from the published 
values of a, b, R. Por example, for ethylene a — 0*00786, 
b «» 0*0024, B «= 0*0037 ; for carbon dioxide, van der Waals 
gives 

/ 0*00874\ 

\P + — — ) (v - 0*0023) * 0*00369(273 -h 0), . (2) 

where 6 denotes ^ G. Pirst fix the values for 6, and calculate a set 
of corresponding values of p and v, thus, for 0** C., when 
v*0*l, 006, 0*026, 0-01, 0-0076, 0*005, 0*004, 0 003,...; 

p- 9*4, 19*7, 30*3, 43*3, 37*9, 23*2, 46*8, 466*8,... 

Make the successive increments in v small when in the neighbour** 
hood of a singular point. Plot these numbers on squared paper. 
Note the points of inflexion. Now do the same thing with 
6 ae 32® O., and $ = 91* O. The set of curves shown in the 
adjoining diagram (Fig. 89) were so obtained. In this way you 




§64. 


FUNCTIONS WITH SINGULAR PROPERTIES. 


173 


will get a. better insight into the “inwardness ” of Tan. der Waals* 
equation than if pages of leo 
descriptive matter were 
appended. Notice that ,20 
the afv^ term has no ap- 
preciable influence on the 
value of p when v becomes 
very great, and also that 
the difference between v ^ 
and V — d is negligibly 
small, as v becomes very ^ 
large. What does this 
signify? When the gas 
is rarefied, it will follow Boyle’s law pv = constant. What would 
be the state of the gas when v = 0*0023 ? 

For convenience, solve (1) in terms of y?, and treat jBT as if it 
were one constant, 



P = 


BT 
V — b 






BT - 


a(v — by 


This enables us to see that p will become zero when the fraction 
a(v - b)lv^ becomes equal to BT. This fraction attains the 
maximum value when v becomes 22> ; and obviously, when 

V = by this fraction is zero. Hence, p will become zero when BT 
is equal to aj^^b, and -w = 26. The curve for - 20® O. (Fig. 89) 
outs the a;- axis in two real points J9 and JB when iST is less than 
af2^b. li BT = a/226, Ov is tangent to the curve at G. 

Let us now differentiate (3) with respect to v, 
dp_ ST 2a, dp_ 1 / 2a(v - 

3»“ <v-6)a^ ■»»’ ’ <*D p )■ W 

If T be great enough, dp/dv will always be negative, that is to say, 
the curve, or rather its tangent, will slope from left to right down- 
wards, like the hyperbola for 91® O. (Fig. 89). If v be small 
enough (v - 6)® also becomes very small, the curve will retain its 
negative slope because dpjdv will be negative ; and when = 6, 
ip — 6)2/'u8 n 0. When dpjdv becomes zero, the tangent to the 
curve is horizontal. This means that we may have maximum or 
minimum values of p. If T is small enough, dpjdv will have a 
positive value for certain values of v. The curve then slopes from 
left to right upwards, as at AB (Fig. 89). 

ITou can now show that 2aiv — by^jvi^ has the maximum value 



174 


HIGHER MATHEMATrOS. 


§64. 


when t; ■» 3& ; and gradually approaches zero, as v becomes 
very great. If, therefore, RT is greater than the maximum 

value of 2a(t7 — then v will increase as p decreases. When RH 

is less than Q^afB^b, p will decrease for small and large values of 
but it will increase in the neighbourhood of v *■ 36. Consequently, 
P has a maximum or a minimum value for any value of v which 
makes 2a(t? — Z>)2/v® = RT. This curve resembles that for 0® O. 
(Eig. 89), for all values of RT between ouj^h and ; when 

RT « 2^aJB^bt we have the point of inflexion Kq (Eig. 89). 

Let us now see what we can learn from the second differential 
coefhcient 

<i«p_ iJBT 6a. i’‘p 2 3a(' P - 6)^ 

^ ~ (ti - by ~ ’ • 0^” {v- 6)»V V* ' 

The curve will have a point of inflexion when the fraction 
3a(v — 6)®/'U* = RT. By the methods already described you can 
show that Ba(v — by/v^ will be zero when v 6 ; and that it will 
attain the maximum value when v = 46. Every value of 

V which makes (6) zero will correspond with a point of inflexion. 
RT may be equal to, greater, or leas than 3^a/4*6. For all values 
oiRT between 2^a>IB^b and S^a/A^b, there will be two points of in- 
flexion, as shown at F and G (Fig. 89). When RT exceeds the 
value we have a branch of the rectangular hyperbola as 

shown for 91®. 


If we take the experimental curves obtained by Andrews for 
the relation between the pressure, p, and volume, v, of carbon 
dioxide at different temperatures T, Tg, ... we get a sot 

of curves resembling Fig. 90. At any temperature T above the 



critical temperature, the relation be- 
tween p and V is given by the curve pT. 
The gas will not liquefy. Below the 
critical temperature, say T-^, the volume 
decreases as the pressure increases, as 
shown by the curve ; at the 

gas begins to liquefy and the pressure 
remains constant although the volume 
of the system diminishes from to 
At Jlfj all the gas will have 


liquefied and the curve will repre- 
sent the relation between the pressure 


and volume of the liquid. Similar curves 
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. . are obtained at the different temperatures below the critical 
temperature Tq, 

The lines K^A, and K^B divide the plane of the paper 

into three regions. Every point to the left of AK^p^ represents a 
homogeneous liquid ; every point to the right of RJSTqPq represents a 
homogeneous gaseous phase ; while every point in the region AKJB 
represents a heterogeneous liquid-gas phase. 

By gradually increasing the pressure, at any assigned tempera- 
ture below Tq, the gas will begin to liquefy at some point along 
the line BK ^ ; this is called the dew onrye — Wywe da roUe, If the 
pressure on a liquid whose state is represented by a point in the 
region OAK^^ be gradually diminished, the substance will begin 
to assume the gaseous state at some point along the line 
This is called the boiling curve — ligne d' ebullition. At Kq there 
is a tacnodal point or double cusp of the mixed species. 

A remarkable phenomenon occurs when a mixture of two gases 
is treated in a similar manner. If a mixture of one volume of air 
and nine volumes of carbon dioxide be subjected to a gradually 
increasing pressure at about 2 ° O., the gas begins to liquefy at a 
pressure of 72 atm. ; and on increasing the pressure, still keeping 
the temperature constant, the liquid again passes into the gaseous 
state when the pressure reaches 149 atm. ; and the liquid does not 
reappear again however great the pressure. If the pressure at 
which the liquid appears and disappears be plotted with the cor- 
responding temperature, we get the dew curve 
BKGy shown in Fig. 91, For the same ab- 
scissa there are two ordinates, Pi and pi, 
between which the mixture is in a hetero- 
geneous conditibn. At temperatures above 

no condensation will occur at all ; below 

only normal condensation takes place ; at 
temperatures between and Tq both normal 
and retrograde condensation will occur. 



3Fig. 91. 

The dotted line AC 
represents the boiling curve ; above AC the system will be in the 
liquid state. JBT corresponds with the critical temperature of the 
mixture. C is called the plait-point. 

The phenomenon only occurs with mixtures of a certain com- 
position. Above and below these limits the dew curves are quite 
normal. This is shown by the curves DC and OC^ in Fig. 92. C 
is the plait-point ; and the line joining the plait-points C^, Oj, O 4 , . . 
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for different mixtures is caUed the plait-point curve. The dotted 
lines in the same diagram represent boiling curves. Note the 
gradual narrowing of the border curves and their transit into or- 
dinary vapour pressure curves DC and OO^ 
at the two extremes. You must notice that 
we are really working in three dimensions. 
The variables are p, v and T. 

The plait-point curve appears to form 
a double cusp of the second species at a 
plait'point. There is some discussion as to 
whether, say, AG^JB really forms a con- 
tinuous curve line, so that at the line CC^ is tangent to ACJSl^B ; 
or separate lines each forming a spinode or cusp with the line GG^ 
at the point Og. But enough has been said upon the nature of 
these curves to carry the student through this branch of mathema- 
tics in, say, J. D. van der Waals’ JBhmre Q-ermsohe, Lieipzig, 1900. 



ExA.MPi:iai. — Sho'w that the product po for van der Waals’ equation fur- 
nishes a miniinum when 

« _ ^ . 17 V 

« - \l\a - BbTJ ” ® 

Hint. Multiply the first of equations (8) through with v ; differentiate to get 
d{jpv)ldv SB 0, eto. The oonclnsion is in harmony with M. Axaagat's experi- 
ments {Arm. Ohwn. Bhys., [6] 22, 368, 1881) on carbon dioxide, ethylene, 
nitrogen and methiaoie. Eor hydrogen, a, in (3), is negligihly small, hence 
show that pv has no minimum. 


§ 65. ImagLaary Quantities. 

We have just seen that no number is known which has a 
negative value when multiplied by itself. The square root of a 
negative quantity cannot, therefore, be a real number. In spite of 
this fact, the sqnare roots of negative quantities frequently occur in 
mathematical investigations. Again, logarithms of negative num- 
bers, inverse sines of quantities greater than nnity, cannot have 
real values. These, too, sometimes crop up in our work and we 
must know whsft to do with them. 

Bet he such a quantity. If — is the product of a* 

and — 1, ±: may be supposed to consist of two parts, viz., 

± a and >/ — 1. Mathematicians have agreed to call a the real 
part of \/ — a* and V — 1, the imaginary part, following Gauss, 
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V — 1 is written t (or i). It is assumed that n/ — 1, or t obeys all 
the rules of algebra,^ Thus, 

V-lx — — 1; a/ — 4 -■ 2 a/ — 1 ; ij -Ta x ^ - ab \ 

We know what the phrase ** the point y*' moans If one or 
both of X and y are imaginary, the point is said to bo imaginary. 
An imaj^inary point has no geometrical or physical moaning If 
an equation in x and y is affected with one or more imaginary co- 
efficients, the non-existent graph is called an imaginary curve ; 
while a similar equation in a;, y and z will furnish an imaginary 
surface. 

BxAMPiajs. — (1) Show « 1 ; + » » 1 ; t<»* -»- * S= - 1 ; 

(2) Prove that a* + 6* ■= (at + tb) (a — *6). 

(3) The quadratic a;® + 6as + o = 0, has imaginary roots o«ly when - 4c 

la less than aero (6), page 864. If a and are the roots of tliis equation, shovr 

that a = - ^5 4 - *^6* — 4c ; and S ~ — i* ^/6® - 4c, satisfy the equation. 

(4) Show {a + tb) (e + id) (cc - &d) + (ad + i)c)i. 

(6) Show by multiplying numerator and denominator by c 4- td that 
a + th _ out — hd , 6c +> ad 

G — td~ ^ + d* d* 

To illustrate the periodic nature of the symbol t, lot us suj^pose 
that t represents the symbol of an operation which when repeated 
twice changes the sign of the subject of the operation, and when 
repeated four times restores the subject of the operation to its 
original form For instance, if we twice operate on x with c., wo 
get — a?, or 

( X X X — X ; and ( V — l)*a X, 

and so on in cycles of four. If the imaginary quantities ix, — la?, 

. . . are plotted on the y-axis — axis of imaginaries— and the real 
quantities a;, — on the a;-axis — axis of reals — the operation 

of L on X will rotate x through 90**, two operations will rotate x 
through 180®, three operations will rotate x through 270% and four 
operations will carry x back to its original position. 

1 The 80-0ftlled fandamental laws of algebra are : /. The taw tif owtociation. .• ThG 
number of things in any group is independent of the order. //. Tfus commutoUive taw ; 
(a) Addition. The number of things In any number of groups is ludepeudeut of the 
order. (J) Multipllcatiou, The product of two numbers is indepuudeut of the 
order. IIT. The distributive taw : (a) Multiplication. The multiplier may bo distri- 
buted over each term of the multiplicand, ap., »n(a + 6) = wia + mb. (6) IHvlsion. 

(a + b)/m - aim -f- bjm, IV. The index law: (a) Multiplication. a«a" — 

(o) Division, <*»»/«*»= a** — •». 

M 
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We shall see later on that 2csini£ « e** — hence, ii x=^ir, 

sii\ir = 0, and we have 

fit*- _ g-tir Q. or, «*» = 

meaning that the function has the same value whether a? = w, or 
a; == — TT. !Prom the last equation we get the remarkable connec- 
tion between the two great incommensurables tt and e discovered 
by Euler : 

— 1 . 

Exampi,®. — S how a;5=a?xls=ajx * + «»». Thia means that 

the addition of 2 $,* to the logarithm of any quaaitity has the effect of multi- 
plying it by unity, and will not change its value. Every real quantity there- 
fore, has one real logarithm and an infinite number of imaginary logarithms 
differing by 2t»tir, where n is an integer. 

Do not confuse irrational with imaginary quantities. Numbers 
like ^2, 1/5, . . . which cannot be obtained in the form of a whole 
aiunber or finite fraction are said to be irrational or surd num- 
bers. On the contrary, ij4:, . . . are rational numbers. Al- 

though we cannot get the absolutely correct value of an irrational 
number, we can get as close an approximation as ever we please ; 
but we cannot even say that the imaginary quantity is entitled 
bo be called a quantity. 


§ 66. Curvature. 

The curvature at any point of a plane curve is the rate at which 
the curve is bending. Of two curves AC, AD, that has the greater 
curvature which departs the more rapidly from its tangent A£ 

(Big. 93). In passing from JP (Eig. 94) to 
b” another neighbouring point along any 
C arc Bs of the plane curve AB, the tangent 
at P turns through the angle 8a, where 
a is the angle made by the intersection 
of the tangent at P with the ^-aris. The -onPYatare of the curve 
at the point P is defined as the limiting value of the ratio 8aJSs 
when Pj coincides with P. When the points P and P^ are not 
infinitely close together, this ratio may be called the mean or 
average curvature of the curve between A and B. We might now 
say that 

CtoL 

D as as Rate of bending of curve. , . ( 1 ) 



Fio. 98. 
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J. The curvature of the circumference of all circles of equal 
radius is the same at all points^ and varies inversely as the radius. 
This is established in the following 
way ; Let AB (Fig. 94) be a part of a 
circle ; Q, the centre ; QP — QPi — 
radius =» It. The two angles marked 
Sa are obviously equal. The angle 
PQP-i is measured in circular measure, 
page 606, by the ratio of the arc PP^ 
to the radius, i.e., the angle PQP-^=‘ 
arc PPfJEi ; or, Sa/8s =* 1/B. The 
curvature of a circle is therefore the reciprocal of the radius, or, in 
symbols, 



( 2 ) 


ExamfiiB. — A n illustration, from raeohanios. If a particle moves with a 
variable velocity on the curve (Pig. 94) so that at the time t, the particle 
is at P, the particle ■would, by Newton’s first law of motion, continue to move 
in the direction of the tangent PS, if it were not acted upon by a central force 
at Q which compels the particle to keep moving on the curvilinear path 
Let Pj be the position of the particle at the end of a short interval of time dt. 
The direction of motion of the particle at Pj may similarly be represented by 
the tangent PjP. Let the length of the two straight lines ap and api represent, 
in direction and magnitude, the respective velocities of the particle at P and 
at Pj. Join pp^. The angle papi is evidently equal to the angle 5a. Since 
op represents in direction and magnitude the velocity of the particle at P , 
and api, tlie velocity of the particle at Pj, ppi will represent the increment 
in the velocity of the particle as it passes from P to Pj, for the parallelo- 
gram of velocities tells us that ap^ is the resultant of the two component 
velocities op and pPx, in. direction and magnitude. The total accelcTation 
of the particle in passing from P to P^ is therefore 


Total acceleration =: 


Velocity gained _ ppx 
Time occupied ” dt 


Now drop a perpendicular from the point p to meet apx ni. The in* 
finitely small change of velocity ppx may be regarded as the resultant of two 
changes pm and p-^n, or the acceleration ppxjdt is the resultant of two acceler- 
ations pmfdt and mp-^fdt represented in direction and magnitude by the lines 
mp and P'^n respectively, pvnfdt is called the normal acceleration, p-yfnjdt, the 
acceleration. If dt be made small enough, the direction of mp 
coincides with the direction of the normal QP to the tangent of the curve 
at the point P ; just as BP^ ultimately coincides with SP if 5o be taken 
small enough. Eut wtp = npsin 5a. If Sa is small enough, we may write 
sin Sa = Sa (11), page 602. Let V denote the velocity of the particle at the 
point P, then mp = Vda. Prom (2), da = 5s/P; and Ss/St = V, hence, 

M * 
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Normal acceleration 


dt ” B * (» ■" 1?* 


That ifl to say, ■when the particle moves on the curve, the acceleration in the 
direction of normal is directly proportional to the sg^uare of the velocity, 
and inversely as the radius of curvature. Similarly the 

dY 

Tangential acceleration s= 


If the particle moves in a straight line, JR ~ Sa, and the normal acceleration 
Is zero. 


Just as a straight line touching a curve, may be regarded as 
a line drawn through two points of the curve injBnitely close to 
each other (definition of tangent), so a circle in contact with a 

curve may be cousidered to pass 
through three consecutive points 
of the curve infinitely near each 
other- Such a circle is called an 
**osculatory circle" or a “circle 
of curvature The osculatory 
circle of a curve has the same 
B*ia. 96. curvature as the curve itself at 

the point of contact. The curvature of difiereut parts of a curve 
may be compared by drawing osculatory circles through these 
points. If r be the radius of an osculatory cirole at P (Pig. 95) 
and that at P^, then 

1 1 

CuTvature at P I Curvature at P, * — : — • . (.3) 

T Tj 

In other words, the curvature at any two points on a curve varies 
inversely as the radius of the osculatory circles at these points. 
The radius of the osculatory cirole at difierent points of a curve is 
called the “radius of curvature" at that point. The centre of 
the osculatory circle is the “ centre of curvature 

II. To find the radius of cwrucUrjure of a ourve. Let the co- 
ordinates of the centre of the cirole be a and h, R the radius, then 
the equation of the cirole is, page 98, 

(x - a)2 + <y - hf = ps. . . ^ (4) 

Differentiating this equation twice ; and, dividing by 2, we get 

1 4- 0, - 0. (S) 

Let u^^d/yjdic sxAv^c&yfda^y for the sake of ease in manipulation, 
(5) then becomes 




§ 66 . 


PUNCTIONS WITH SINGULAR PROPERTIES. 


181 


y-h^ - 


1 + 


and, X~-a = 


1 + u 


■u 


( 6 ) 


V’ V 

by substituting for y — 6 in the first of equations (5). Now t*, t?, as 
and y at any point of the curve are the same for both the curve 
and the osculating circle at that point, and therefore a, & ^ and i? 
can be determined from as, y, v. By substituting equation (6) 
in (4), we get 

S " Vfi + ‘ ^ 

The standard equation for the radius of curvature at the point 
(a;, y) is 


1 

n 


da 

da 


doci^ 


{' * 


©■} 


» » 


or, JEt 


f ^ - ©T 

iPy 


(8) 


When the curve is but slightly inclined to the rr-axis, d/yjdx 
is practically zero, and the radius of curvature is given by the 
expression 

1 

°=g . . . • • (9) 

dx^ 


a result frequently used in physical calculations involving capil- 
larity, superficial tension, theory of lenses, etc. 

Ill- The direction of curvature has been discussed in § 60. 
It was there shown that a curve is concave or convex upwards at 
a point (a?, y) according as d^yfdx^ > or < 0. 


Ex&MPiiKS. — (1) Find the radius of curvature at any point (re, y) on the 
ellipse 

. d.y _ . <iV_ r> _ (a*y'^ 

At the point a; = a, ss 0, R = b^ja. Hint. The steps for d^Jda>^ are : 

__ 64 y-ai.dyldx 6 « 

da^ a® * y^ ' a^jf a? ' y'' 

(2) The radius of curvature on the curve xy a, at any point {x, y), is 
(aja + y^^l2a. 


^ The determination of a and b is of little use in practical work. They give 
equations to the evolute of the curve under consideration. The is the curve 

drawn through the centres of the osculatory circles at every part of the curve, the 
curve itself is called the involute. Example : the osculatory circle has the equation 
(® — a)* 4* (y — 6)2 = J?. a and h may be dotermitied from equations (4), (7) and (8). 
The evclnte of the parabola y® « man is 27my® = 8(2u: — 
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§ 67. EnTelopes. 


The equation 


m . 

y — h asc, 

^ a 


represents a straight line cutting the y-axis at rnfa, and maldng an 
angle tan ““ with the a?-axis. If a varies by slight increments, the 
equation represents a series of straight lines so near together that 
their consecutive intersections may be considered to lie upon a con- 
tinuous curve, a is said to be the variable parameter of the 
family, since the different members of the family are obtained by 
assigning arbitrary values for a. Let the equations 

.... ■ 


m 

+ ax 

m 


Vz 


a 


28a 


+ (fit + 2Sci^x . 


( 2 ) 

(S) 


be three successive members of the family. As a general rule two 

distinct curves in the same family 
will have a point of intersection. Let 
P (Pig. 96) be the point of intersection 
of curves (1) and (2) ; Pj the point of 
intersection of curves (2) and (3), 
then, since P^ and P^ are both situ- 
ated on the curve (2), PP^ is part of 
the locus of a curve whose arc PPj 
coincides with an equal part of the 
curve (2). It can be proved, in fact, 

curve PP^ . . . touches the 
whole f Wy of curves represented by the original equation. Such 
a curve is said to be an envelope of the family. 

To find the equation of the envelope, bring all the terms of the 
onginal equation to one side, 

m 

y - - - a® =. 0. 

Then differentiate with respect to the variable parameter, and put 



E*io. 96. — ^Envelope. 


mda 


— xda = 0 ; 


Eliminate a between these equations, 


m 


- a? = 0. 
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y - sfan orj-2 JrlTx « 0. 


= im* 

Bxampliib.— (1) Find the envelope of the family of oimlee 

(® - <i^ + y* s» v®, 

where a, is the variable parameter, Differentiate with respect to a, equate 


to 0, and we get «-a=0; then 
eliminating e, we get y = + r , which 
Is the required envelope. The en- 
velope y* +f represents two straight 
lines parallel to the oi-axis, iB, and 
at a distance + r and - f from it. A 
Shown Fig. 97. 

(8) Show that the envelope of the 
family of curves a/a + y/jS = 1, where 
«andj8 are variable parameters sub- g 
jeot to the condition that aj8 « 
is the hyperbola oysw*. Hint. 


envelope 



mvelipe F 
Fig. 97.“-Double Envelope. 


Differentiate each of the given equations with respect to the given para- 
meters, and we get ada/a® + ydjS/iS® = 0 from the first, and jBda + adjS = 0, 
from the second. Eliminate da and dfi, Hence x/a = y/|8 =« J ; a a 2«; 
8 a 2y. Substitute in a0 = etc. 

If a given system of rays be incident upon a bright curve, the 
envelope of the reflected rays is called a omstic by reflection 
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THE INTEGBAIi OALOUDUS. 

** Slathematios 11187 be defined as Idle economy of ooanting. There is 
no problem in Idle whole of znathematios which cannot be solved 
by direct counting. But with tiie present implements of mathe> 
matics many operations of counting can be performed in a few 
minutes, which, without mathematics, would ta>ke a lifetime.’* — 
E. Mach. 

§ 68. The Purpose of Integration. 

In idle first chapter, methods were described for finding the mo- 
mentary rate of progress of any uniform or oontmuons change in 
terms of a limiting ratio, the so-called ** dififerential coefficient” 
between two yariable magnitudes. The fimdamental relation 
between the variables must be accurately known before one caoi 
form a-quantitatiye eonoeption of the process taking place at any 
moment of time. When this relation or law is expressed in the 
form of a mathematical equation, the ** methods of differentiation ” 
enable -ns to determine the character of the continuous physical 
change at any instant of time. These methods have been 
described. 

Another problem is even more frequently presented to the 
investigator. Enowihg the momentary character of any natural 
process, it is asked : ** What is the fundamental relation between 
the variables ? ** “ What law govmms the whole course of the 

physical change ? ** 

In order to fix this idea, let us study an example. The con- 
version of cane sugar — — ^into invert sugar — Gq'E.j^O ^ — 
in the presence of dilute acids, takes plaoe in acooidanoe with the 
reaction : 

^12^22^11 ■*" ^ 2 ^ 2O8E22OU. 

Tiet aj denote the amount of invert sugar formed in the time t ; 
the amount of sugar remaining in the solution will then be 1 — a?, 
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provided the solution originally contained one gram-molecule of cane 
sugar. The amount of invert sugar formed in the time dt, will be da?. 
From the law of mass action, “ the velocity of the chemical reaction 
at any moment is proportional to the amount of cane sugar actually 
present in the solution That is to say, 

^ - *(1 - a:) (1) 


where Te is the ** constant of proportion,'* page 23. The meaning 
of k is obtained by putting a? = 0. Thus, dxjdt = k, or, k denotes 
the rate of transformation of unit mass of sugar, or 




dx 

Zi* • 



where V denotes the velocity of the reaction. This relation is 
strictly true only when wo make the interval of time so short 
that the velocity has not had time to vary during the process. 
But the velocity is not really constant during any finite interval 
of time, because the amount of can© sugar remaining to bo acted 
upon by the dilute acid is continually decreasing. For the sake 
of simplicity, let k and assume that the action takes place in 

a series of successive stages, so that dx and dt have finite values, 
say ox and St respectively. Then, 


Y 


Amount of cane sugar tranaformed 
Interval of time 


hr * 


( 8 ) 


Let ht be one second of time. Let ^ of the cane sugar present 
be transformed into invert sugar in each interval of time, at the 
same uniform rate that it possessed at the beginning of the interval. 
At the commencement of the first interval, when the reaction 
has just started, the velocity will be at the rate of 0*100 grams of 
invert sugar per second. This rate will be maintained until the 
commencement of the second interval, when the velocity suddenly 
slackens down, because only 0*900 grams of cane sugar are then 
present in the solution. 

During the second interval, the rate of formation of invert 
sugar will be of the 0*900 grams actually present at the be- 
ginning. Or, 0*090 grams of invert sugar are formed during the 
second interval. 

At the beginning of the third interval, the velocity of the re- 
action is again suddenly retarded, and this is repeated every second 
for say five seconds. 
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Now let Sspi, • . . denote the amoimts of invert sugar formed 
in the solution during each second, St, Assume, for the sake of 
simplicity, that one gram of cane sugar yields one gram of invert 
sugar. 

Cane sugar transformed. 

Daiing the 1st second, tsj s O'lOO 
„ „ 2nd „ SXq = 0*090 


„ Srd „ s 0*081 

„ 4sth. „ s 0*078 

„ 6th. „ SsBs = 0*066 


Total, 0*410 

This means that if the chemical reaction proceeds during each 
successive interval with a uniform velocity equal to that which it 
possessed at. the commencement of that interval, then, 0*410 gram 
of invert sugar would be formed at the end of five seconds. As a 
matter of fact, 0*3935 gram is formed. 

But 0*410 gram is evidently too great, because the retardation 
is a uniform, not a jerky process. We have resolved it into a 
series of elementary stages and jpr^t&Tided that the rate of forma> 
tion of invert sugar remained uniform during each elementary 
stage. We have ignored the retardation which takes place from 
moment to moment. If we shorten the interval and determine 
the amounts of invert sugar formed dtiring intervals of say half a 
second, we shall have ten instead of five separate stages to sum 
up, thus : 

Cane sugar transformed. 


Paring the 1st half second, 909^ 

- 0*0600 

•> 

91 

2nd 

99 


= 0*0476 

>» 

99 

Srd 

99 


=1 0*0451 

tf 

»9 

4th 

99 

8054 

s= 0*0429 

«t 

99 

5th 

91 

8 a?5 

= 0*0407 

ft 

II 

6th 

99 

«»6 

= 0*0887 

•9 

99 

7th 

99 


= 0*0367 


99 

8th 

91 


= 0*0349 

»9 

99 

9th 

99 


= 0*0332 

*9 

tl 

10th 

99 


= 0*0316 





[Total, 

0*4012 


The quantity of invert sugar calculated on the supposition 
that the velocity is retarded every half second instead of every 
second, corresponds more closely with fii© actual change. The 
smaller we make the interval of time the more accurate the result. 
Finally, by making St infinitely small, although we should have 
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an infinite number of equations to add up, the actual summation 
■would give a perfectly accurate result. To add up an infinite 
number of equations is, of course, an arithmetical impossibility, 
but, by the “ methods of integration we can actually perform 
this operation. 

os *** Sum of all the terms V . dt, between t 0, and t »» 6 ^ 

•*• ® + V m dt Hh dt ■+ • . . to infinity. 

This is more con'veniently written, 

X »» or, better stUl, rc ■■ J* T', dt» 

The signs “ 5 " and “ J are abbreviations for “the sum of all 
the terms containing the subscripts and superscripts denote 

Z/ 



the limits between which the time has been reckoned. The second 
member of the last equation is called, on Bernoulli’s suggestion, 
an integral. **jf(x),dx*' is read “the integral of f{x) .dx*\ 
When the limits between which the integration (evidently another 
word for “summation'’) is to be performed, are stated, the 
integral is said to be definite ; when the limits are omitted, the 
integral is said to be indefinite. The superscript to the symbol 
'* J ’* is called the upper or superior limit ; the subscript, the 
lower or inferior limit. Bor example, . dv denotes the s'um 
of an infinite number of terms p . dv, when v is taken between the 
limits -^2 and Vj. In order that the “ limit ” of integration may not 
be confounded with the “limiting value" of a function, some 
writers call the former the “ end-values of the integral 

To prevent any misunderstanding, I will now give a graphic 
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representation of the above process. Take Ot and Ov as oo- 
ordinate axes (Eigs. 98 and 99). Mark off, along the abscissa axis, 
intervals 1, 2, 3, . . . , corresponding to the intervals of time St. 
Let the ordinate axis represent the velocities of the reaction 
during these dififerent intervals of time. Let the curve vbdfh . . . 
represent the actual velocity of the transformation on the supposi- 
lion that the rate of formation of invert sugar is a uniform and 
continuous process of retardation. This is the real nature of the 
change. But we have pretended that the velocity remains con- 
stant during a short but finite interval of time say = 1 second. 
The amoimt of cane sugar inverted during the first second is, 



therefore, represented by the area valO (Eig- 98) ; during the 
second interval by the area 2>c21, and so on. 

At the end of the first interval the velocity at a is supposed 
to suddenly fall to h, whereas, in reality, the decrease should be 
represented by the gradual slope of the curve vb. 

The error resulting from the inexact nature of this ** simplifying 
assumption ** is graphically represented by the blackened area vab ; 
for succeeding intervals the error is similarly represented by bcd^ 
deff ... In Eig. 99, by halving the interval, we have considerably 
reduced the magnitude of the error. This is shown by the dimin- 
ished area of the blackened portions for the first and succeeding 
seconds of time. The smaller we make the mterval, the less the 
efTTOT^ until^ at the limitf when the interval is made infinitely 
small f the result is absolutely correct. The amount of invert sugar 
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formed dtiring the first five seconds is then represented by the area 
vbdf, . . 50. 

The above reasoning will repay careful study ; once mastered, 
the methods of integration are, in general, mere routine work. 

The operation ^ denoted by the symbol *< / ** is called mtegpa- 
tioiL. When this sign is placed before a differential function, say 
dx, it means that the function is to be integrated with respect to 
dx. Integration is essentially a method for obtaining the stmi of 
an infinite n/u/inb&r of infinitely small quantities. This does not 
mean, as some writers have it, “ if enough nothings be taken thftir 
sum is something**. The integral itself is not exactly what wo 
usually understand by the term ** sum,’* but it is rather the limit 
of a sum when the number of terms is infinitely great 

Not only can the amount of substance formed in a chemical 
reaction during any given interval of time be expressed in this 
manner, but all sorts of varying magnitudes can be subject to a 
similar operation. The distance passed over by a train travelling 
with a known velocity, can be represented in terms of a definite 
integral. The quantity of heat necessary to raise the temperature, 
(9, of a given mass, w, of a substance horn 6^^ to given by 

the integral Jjjmcr . dd^ where <t denotes the specific heat of the 
substance. The work done by a variable force, F, when a body 
changes its position from Sq to s^ is j^F.ds. This is called a space 
integral. The impulse of a variable force F^ acting during the 
interval of time — t^, is given by the time integral f^F . dt. By 
Newton’s second law, the change of momentum of any mass, m, 
is equal to the impulse it receives ’*. Momentum is defined as the 
product of the mass into the velocity. If, when t is v »*» ; 

and, when i is tg* ^ Newton’s law may be written 


J* . dw =» 

The quantity of heat developed in a conductor during the 
passage of an electric current of intensity (7, for a short interval 
of time dt is given by the expression kG . dt (Joule's law), where k 
is a constant depending on the nature of the circuit. If the current 
remains constant during any short interval of time, the amount of 


^ The symbol “J” is supposed to be the first letter of the word “sum”. “Omtn,” 
from omnia, meaning “all,” was once used in place of “J”. The first letter of tlie 
differential dx is the initial letter of the word “ difference 
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heat generated by the onrrent during the interval of time 
is given by the integral The quantity of gas, g, con- 
sumed in a building during any interval of time ^2 h.* nnay be 

represented as a definite integral, 



where v denotes the velocity of efflux of the gas from the burners. 
The value of q can be read oflf on the dial of the gas meter at any 
time The gas meter performs the integration automatically. 
The cyclometer of a bicycle can be made to integrate, 

8 

Differentiation and integration are reciprocal operations in the 
same sense that multiplication is the inverse of division, addition 
of subtraction. Thus, 

a y. h b ^ a% a^h — h^a\ Ja^ = a ; 
dju .dx ^ a ,dx\ Idx « x ; 

^x^dx is the differential of so is the integral of Sa^dx. The 
differentiation of an integral, or the integration of a differential 
always gives the original function. The signs of differentiation 
and of integration mutually cancel each other. The integral, 
lf{x)dXf is sometimes called an a/nU-differ&ntial. Integration 
reverses the operation of differentiation and restores the differ- 
entiated function to its original value, but with certain limitations 
to be indicated later on. 

While the majority of mathematical functions can be differenti- 
ated without any particular difficulty, the reverse operation of 
integration is not always so easy, in some cases it cannot be done 
at all. If, however, the function from which the differential has 
been derived, is known, the integration can always be performed. 
Knowing that d(log x) ^ x ~ ^dx, it follows at once that 
Ix'^'^dx »» logo;. The differential of a?** is w£c" “ ^do?, hence 
Jwa5» — Idas = ar". In order that the differential of af* may assume 
the form of we must have — 1 =* — 1, or w = 0. In that 

case aS* becomes a^ «= 1. This has no differential The algebraic 
function a;** cannot therefore give rise to a differential of the form 
aj” ’■da;. Nor can any other known function except log a; give rise 
to x^'^dx. If logarithms had not been invented we could not have 
integrated ix~''^dx. The integration of algebraic functions may 
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also give rise to transcendental functions. Thus, (1 — a?) “ id>x 
becomes flirt “■ las ; and (1 4- a?^) *“ ^ dx becomes tan ■” ^x. Still 
further, the integration of many expressions can only be effected 
when new functions corresponding with these forms have been 
invented. The integrals /e*®.da;, and J (as* 4- for example, 

have not yet been evaluated, because wo do not know any function 
which will give either of these forms when differentiated. 

The nature of mathematical reasoning may now be defined 
with greater precision than was possible in § 1. There, stress 
was laid upon the search for constant relations between observed 
facts. Hut the best results in science have been won by antici- 
pating Nature by means of the so-called working hypothesis. The 
investigator first endeavours to reproduce his ideas in the form of 
a differential equation representing the momentary state of the 
phenomenon. Thus Wilhelmy’s law (1860) is nothing more than 
the mathematician’s way of stating an old, previously unverified, 
speculation of Berthollet (1779) ; while Guldberg and Waage^s law 
(1864-69) is still another way of expressing the same thing. 

To test the consequences of Berthollet’ s hypothesis, it is clearly 
necessary to find the amount of chemical action taking place during 
intervals of time accessible to experimental measurement. Xt is 
obvious that Wilhelmy's equation in its present form will not do, 
but by ** methods of integration *’ it is easy to show that if 

dx , ,, ^ , X 1 

^ ^ &(1 — x), then, * — • log f _ 

where x denotes the amount of substance transformed during the 
time t. X is measurable, t is measurable. We are now in a posi- 
tion to compare the fundamental assumption with observed facts. 
If Berthollet’s guess is a good one, k, above, must have a con- 
stant value. But this is work for the laboratory, not the study, 
as indicated in connection with Newton's law of cooling, § 20. 

Integration, therefore, bridges the gap between theory and fact 
by reproducing the hypothesis in a form suitable for experimental 
verification, and, at the same time, furnishes a direct answer to the 
two questions raised at the beginning of this section. The idea was 
represented in my Gh&mical Statics and Dynamics (1904), thus: — 
Hypothesis — >■ DifEerential Equation — Integration — ^ Observation. 

We shall return to the above physical process after we have gone 
through a drilling in the methods to be employed for the integration 
of expressions in which the variables are so related that all the x^b 
and dx*B can be collected to one side of the equation, all the y*B and 
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to the other. In. a later chapter we shall have to study the in- 
tegration of equations representing more complex natural processes. 

If the mathematical expression of our ideas leads to equations 
which cannot be integrated, the working hypothesis will either 
have to be verified some other way,^ or else relegated to the great 
repository of unveiided speculations. 

§ 69. Table of StandaiTd Integrals. 

Every differentiation in the differential calculus, corresponds 
with an integration in the integral calculus. Sets of corresponding 
functions are called ** Tables of Integrals’". Table II., page 193, 
contains the more important ; handy for reference, better still for 
memorizing. 

§ 70. The Simpler Meidiods of Integration. 

J. Integration of the product oj a constant term and a differ- 
ential. On page 38, it was pointed out that the differential of 
the product of a variable and a constant, is equal to the constant 
multiplied by the differential of liho variable It follows directly 
that the integral of the product of a constant and a differential, is 
equal to the constant multiplied by the integral of the differential 
E.g., if a is constant, 

/a . d® = a^dx « a® ; jlog a.dx ^ log o/da? ■* ® . log a. 

On the other hand, the value of an integral is altered if a term 
conta i ni n g one of the variables is placed outside the integral sign. 
For instance, the reader will see very shortly that while 

J®2d® Bs ; afadas = 

II. A constant term m/ust he added to every integral. It has 
been shown that a constant term always disappears from an 
expression during differentiation, thus, 

d(® + 0) •= dx. 

This is equivalent to stating that there is an infini te number 
of expressions, differing only in the value of the constant term, 
which, when differentiated, produce the same differential. In 


^ Say, by slipping in another simplifying assaxnption**. Clairaut expressed bis 
ideas of the moou’s motioii in the form of a set of complicated differexitial equations, 
but left them in this incomplete stage mth the invitation, ** Now integprate them who 
can •*. 
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Function. 


Differential Calculus. 


Integral Calculus. 


e=a5". 


•U ss ox. 


*4 = e*. 


«4 =B logeO;. 


M s=: sm a;. 


zi =s oosas. 


u = tan a:. 


Z4 = cot as. 


ZM = sec as. 


« = cosec as. 


ZA> — sin ” 'as. 


ZM — cos " 'as. 


zj, = tan~^a!. 


ZM — cot”^aj. 


« =s seo“*aj. 


= cosec ~ ^as. 


= vers ~ ^x. 


zi as covers" *as. 


^ = wa5«-». 

d%c 

2^ = a-log^. 

die 

_ 1 
d!C~ X 
dit 

-s- = cos as. 


^ = - 8in«. 

^ COS0C «t7« 

du sin as 


aj**das 


a*daj 


J e*das 
rdx 

J ® 


sin oasda; 



I cos aacdx 

j sin aooda 

j" BQd^aacdx 

j cos©o®aa!, 
as - 

/ cos as , 


coBeG^ax.dx= — 


aj**-!”! 
VI + 1* 

a/‘ 

logta 


log^. 

sin gas 
a 

cos gas 
~ a ■ 
tan gas 

g * 

cot gas 


'^sin as 
cos^^ 
'* 008 as 
sin^^ 


s sec a;. 


= — cosec X, 


f da j 

J'7W^)\= 


+ a® 


r da 

J x^ix^ — a^ 


a 

sin-i-- • 
g 

— cos ^ — 
a 

1 a 

-tan-i-- 
g g 

1 ,1,® 

"a 

1 

— sec *-• 
g g 

1 -1® 

- -cosec 1-. 

vers “ ^as. . 


^y(2a5 _ covers ~^aj. 


stating the result of any integration, therefore, we must provide 
for any possible constant term, by adding on an undetermined, 
** empirical,” or “ arbitrary ” constant, called the constant of 
integration, and usually represented by the letter C7. Thus, 

jdu ^ u + C, 


dy "» das, 
N 


If we are g^ven 
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or, if we put 0*= C/g" get Jdy 4- =» Jdas + ; y -h = a? + C^; 

^ =» a? + O, 

The geometrical signification of this constant is analogous to 
that of 5 ” in the tangent form of the equation of the straight 
line, formula (8), page 94 ; thus, the equation 

y =a mx + bt 

represents an infinite number of straight lines, each one of which 
has a slope m to the a;>axis and outs the ^-asis at some point b. 
An infinite number of values may be assigned to b. Similarly, 
an infinite number of values may be assigned to O ia ^ » dx + O* 

EsA&cpriBi. — Find a curve with, the slope, at any point (x, y),oi Sae to the 
sB-axis. Since Ay/dsc is a measure oi the slope of the curve at the point (x, y), 
dyjdx == 2« ; y s=s 0?* + C. If C = 0, we have the ourve y = as® ; if 0 = 1, 
another curve, ^=05® + !; if 0=8, y = as® + 3... In the given problem we 
do not know enough to be able to say wbat particular value G ought to possess. 

According to (5), (6), (7), (8), Table II., which are based upon 
(1)» (2)» (3), (4), page 48, 


etc. This means that sin ^a;, cos ; or tan “ cot ” ^a?, . . . only 
differ by a constant term. This agrees with the trigonometrical 
properties of these functions illustrated on page 48. The following 
remarks „are worth thinking over : 

** Courier’s theorem is a most valuable tool of science, practical and theo- 
retical, but it necessitates adaptation to any particular case by the provision of 
exact data, the use, that is, of definite figures which mathematicians humorously 
call * constants,' because they vary with every change of condition. A simple 
formula is -i- » = so also x n = vi?. In the concrete, these come to the 
familiar statement that 2 and 2 equals 4. So in the abstract, 40 4- 40 = 80. 
but in the concrete two 40 ft. ladders will in no way correspond to.oue 80 ft, 
ladder. They would require something else to join them end to end and to 
strengthen them. That something would ooxrespond to a * oonstant ’ in the 
formula. But even then we could not climb 80 ft. into the air unless there 
was something to secure the joined ladder. We could not descend 80 ft. into 
the earth unless there was an opening, nor could we cross ftr* 80 ft. gfap. For 
each of these uses we need something which is a * constant ’ for t.hA special 
csise. It is in this wiiy that all mathematical demonstrations and. assertions 
need to be examined. They mislead people by their very definiteness 
apparent exactness.. . — J. T. Spsa.oub:. 

Ill- Integration of a snbm and of a cUfference. Since 
+• s/ + ar +...)=; da; + + dar , 




do? 




taia~ia;= — 


dx . _ . _ . 

1 -^j=p=sin~^a;» — cos 
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it follows that 

J(das + dy + dz + -« fdae + Jdy + fdz + . . • , 

— a? + y + « , 

plus the arbitrary constant of integration. It is customary to 
append the integration constant to the dual result, not to the inters 
mediate stages of the integration. Si m ilarly, 

J(dx — d/y — Idx — Jdy — \dz — - - - , 

■■oj — y — Q, 

In words, the integral of the sum or difference of any number of 
differentials is equal to the sum of their respective integrals. 

EziLKFiiBS. — (1) Remembering that log xy = log as + log y, show that 
/{log (a + bos) (1 -i- 2ai)}dx = / log (a + bx)d» + J log (1 4- 2x)dx + C, 

(2) Show j' log ^ == y*log(a + ba)d» — J*log (1 + 2ee)daf + C. 


IV Integration of x'^dx. Since the differential calculus, page 37 , 
teaches us that 

d{x** + 1) ** (n + l)x^dx ; a;", da? — ^ i) ' 

we infer that 


Jaj"da; 


x 


.** + 1 


« 4- 1 


a 


( 1 ) 


Hence, to integrate any expression of the form ax ** . dXf it is 
necessary to increase the index of the variable by unity, multiply 
by any constant term that may be present, and divide the product 
by the new index. An apparent exception occurs when n «=■ — 1, 
for then 


r 1 ^ + i 1 

But we can get at the integration by remembering that 

d(log x) — ^ =■ ic “• 1 , dx ; j*— — log x + O. • (2) 

If, therefore, the numerator of a fraction can be obtained by the 
differentiation of its denominator, the integral is the natural log- 
arithm of the denominator. 

I want the beginner to notice that instead of writing log a? + O, 
we may put log x 4- log a *=» log ax, for log a is an arbitrary con- 
stant as well as C. Hence log a » C. 


ExampijBS. — ( 1) One of the commonest equations in physical ohemistxy is, 
d» ssa Te(a - x)dt. Rearranging terms, we obtain 
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d{a - g) , 
a — X ’ 


Hence — log (a - jb) ; but log 1=0, kt = log 1 - log(a - a?) ; or, 


k 



o* 


(2) Wilbelmy’s equation, dyjdt = — ay, already disoussed in connection 
with the ** oomfound interest law,” page 63, may be written 

«tt: ... 

V j y 

Bemembering that log e = 1 ; log y =■ log 6 — ai log « »• log log 6, 

wb.ere log 6 is the integration constant, hence, log be ■“ at =» log y ; and, yy=he- 
A. meaning for the constants will be deduced in the next section. 

(3) Show JisB — * <i« = AJas - ss— *-* + O. Here n of (1) = - 6, 
and » + l = — 6 + 1= — 4. 

(4) Show Joas® . dx = Jooj* + O. 

(6) Show J4aaj — . &e = Saoil' + C. 

(6) Show J2bic . dxl(a - batf®) = — log(a ~ ba?®) + C« 

(7) By a similar method to that employed for evaluating Jar^Ac; J® 
show that 


J a/*dx = ^ *J = «* + C ; Jb- *^dm = - ie - •* + O. (S) 

(8) IroTeth»t + .... (4) 

by differentiating the right-hand side. Keep your result for use later on. 

(9) Evaluate Jsin^« . cos® .*d®. Kote that cos® . dx = d(Bin x), and that 
sin*® is the naathematician’s way^ of writing (sin x)*. Ansr. ^ sin®® + C. 

Jsin*® . COB X .dx => fi sin*® . d(sin ®) = ^ sin®» . + C. 

(10) What is wrong with this problem: “Evaluate the integral J®**’? 
Hint. The symbol “ J *’ has no meaning apart from the accompanying “ dx ”. 
Eor brevity, we call “ J ” the symbol of integration, but the integral must be 
written or understood to mean J . . . dx. 

(11) If y = a+bt+c^ ; show that Jydt = at+ ibi»+ic<**+ O. (Heilbom, 
phys. Ohom., 7, 367, 1891). 


V. Integration of the product of a polyvuyrmal and its differential. 
Since, page 39, 

d(ax^ + 6)** = n(ax”^ + b)** - " ^dx, 

where anuxT “ ^dcc has been obtained by differentiating the ex- 
pression within the brackets, 

ni{ax” + = (a®*" + &)• + O. . (6) 

In words, integrate the product of a polynomial with its differ- 


* But we must not write sin - for (sin a?) - \ nor (sin x) - 1 for sin - »®. Sin ^ *, 

eos ~ tan — . have the special meaning pointed out in § 17. 
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ential, increase the index of the polynomial by unity and divide the 
result by the new exponent. 

ExAMPiiXS. — (1) Show J(8aa:3 _j. ^ ^ 5_. ^^3aaf* -h 1)® + O. 

(2) ShoM7 J(a + 1) = 3(aj + l)i +• C, 


VJ, Integration of expressions of the type : 

(a -h bx + ca?2 + . . . y^xdx, ... (6) 

where tts is a positive integer. Multiply out and integrate each 
term separately. 


Examples. — (1) J(1 + a)^^dz = /(a;® + 2a3^ + z^)dx = (i + fas + + C. 

(2) Show that J(a + xi)^z^dx = (fa® 4- oasj + -lajjasf + O 


Here are a few simple though useful tips *’ for special notice : 

(i) Any constant term or a number may be added to the nume- 
rator of a fraction provided the differential sign is placed . before 
it. The object of this is usually to show that the numerator of 
the given integral has been obtained by the differentiation of the 
denominator. If successful the integral reduces to the logarithm 
of the denominator. JBJ.g,, 

(1 - 


EC. Danneel {Zeit, phys. Ghem.^ 33, 415, 1900) used an integral like 
this in studying the ** free energy of chemical reactions 

(ii) Note the addition of log 1 makes no difference to the value of 
an expression, because log 1=0; similarly, multiplication by log^e 
makes no difference to the value of any term, because log^e = 1. 

(iii) Jsin nx . da may be made to depend on the known integral 
Jsin nao , d(naj) by multiplying and dividing by n. IS.g., 


f 


cos nx . da 


If 1 

-Icosm;. dinx) = -sinnas -f U. 


n 


(iv) It makes no difference to the value of any term if the same 
quantity be added and then subtracted from it ; or if the term be 
multiplied with and then divided by the same quantity. 


f x . da 
1 + 2a? 


•g - i 

I 1 + 2 a! 




X 1 f d(l + 2x) 

2 4 J 1 + 2a5 * 


ExAMPiiSS. — (1) Show by (16), page 44, and (2) above. 


r dx 

r <i(loga5) 

r d(log X - 

/ (aj®logaj - aj2)4 ^ 

1 Oog a? - 1)4 , 

I (log X - : 


3yy|=2(log«- 1)4+0. 
(2) The following equation occurs in the theory of electrons {Encyc. 



198 HIGHER MATHEMATICS. § tl 

26, 61, 1902) ; dx/dt ss (uajl>) sixipt ; hence show x ss — {uaJjoD) cos pt + C 
where u, a, p and D are constants. Use (iv) above. 

(3) Show that jx{l + 2«) - J log (1 +2®) + C. Use (iv) and (i). 

The fayourite methods for integration are by processes known 
as “ the substitution of a new variable,** “ integration by parts ’* and 
by “ resolution into partial fractions ’*. The student is advised to 
pay particular attention to these operations. Before proceeding 
to the description of these methods, I will return once more to the 
integration constant. 

§ 71. How to find a Yalue for the Integration Constant. 

It is perhaps unnecessary to remind the reader that integration 
constants must not be confused with the constants belonging to the 
original equation. For Instance, in the law of descent of a falling 
body 

dV C C 

~dt “ ^ ; or, Y *=» gft + O. . , (1) 

Here p is a constant representing the increase of velocity due to 
the earth’s attraction, O is the constant of integration. There are 
two methods in general use for finding the value of the integration 
constant. 

First Method. — R eturning to the falling body, and to its 
equation of motion, 

V ^ gt + G, 

On attempting to apply this equation to an actual experiment, we 
should find that, at the moment we began to calculate the velocity, 
the body might be moving upwards or downwards, or starting 
from a position of rest. All these possibilities are included in the 
integration constant O. Let denote the initial velocity of the 
body. The computation begins when t »= 0, hence 

Fq ^ X 0 + O ; or, C Fq. 

If the body starts to fall from a position of rest, Fo «=* O — » 0, and 

Idv « ; or, F = gt. 

This suggests a method for evaluating the constant whenever 
the nature of the problem permits us to deduce the value of the 
function for particular values of the variable. If possible, there- 
fore, substitute particular values of the variables in the equation 
containing the integration constant and solve the resulting ex- 
pression for C. 
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ExampIiBss. — ( 1) Find the value of C iu the equation 

1 ^ 

+ Of • 


1 1 
~ -E^Og 


( 2 ) 


h a — so 

which is the integral of a stajidard ** velocity equation ” of physical chexaistxy. 
t represents the time required for the formation of an amount of substance x. 
When the reaction is just beginning, a; ss 0 and t sa 0. Substitute these 
values of x and t in (2). 

-jg log - + O = O; or, O = - ^ log-. 

Substitute this value of C in the given equation and we get 

‘ " *“* 5 ) “ 

and X 


(2)I£ 


10232 ~ 0-1686!r - 0*001012^ 


2T* 


6*25, when 


T ss 8100, show that the integration constant is — 2*0608. Hint, log h = 
SllO/r 4- 0*08426 log T + 0*00060637 + O. Use natural logs. Substitute the 
above values of 1c and T in this equation. We get 1*8826 = 1*65 + 0*6774 + 
1*6656 + O ; etc. 

(8) If the temperature of a substance be raised dT(^ abs.) it is commonly 
said that it has gained the entropy = dTjT. Show that the entropy, 0, 
of one gram of water at 2” is log T — log 278 if the entropy at 0® O. be taken 
as zero. Hint. When <i> s= O, T — 278, etc. 

(4) In Soret’s experiments “ On the Density of Ozone ’* (Arm. Chim. 
Phys. [4], 7, 118, 1866; 13, 267, 1868) a vessel A containing u® volumes of 
ozone mixed with oxygen was placed in communication with another vessel 
B containing osygen, but no ozone. The volume, du, of ozone which diffused 
from A %o B during the given interval of time, df, is proportional to the 
difference in the quantity of ozone present in the two vessels, and to the 
duration of the interval dt. If v volumes of ozone have passed from A to B 
at the time f, the vessel A, at the time f, will have Vg - u volumes of ozone 
in it, and the vessel B will have v volumes. The difference in the amount of 
ozone in the two vessels is therefore Ug - 2®. By Graham’s law, the rate of 
diffusion of ozone from A to JB is inversely proportional to the square root of 
the density, p, of the ozone. Hence, by the rules of variation, page 22, 


- 2®)df ; or, ^ ~ 2®), 


where a is a constant whose numerical value depends upon the nature of the 
vessels used in the experiment, etc. Now, remembering that ®g is a constant, 
f d® ^ 1 f d(2®) 

7 ®g — 2 ® 2J ®g — 2 ® 

0, ® » 0, .*. U i log ®o. Consequently, 

2«*' 


_ 1 - 2^) _ log K - 2®) 

27 ®g - 2® 2 


But when t 


, ®g 2a* « _ 

- 2« “ o. “2(1 - « '''■)• 


For the same gas, the same apparatus, and the same interval of time, 0 , t, and 
a will all be constant, and therefore, 

Vo 


as Constant. 
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With, different gases, under the same conditions, any difference in the value 
of Vn/'^o x^ust be due to the different densities of the gases. The mean of a 
series of experiments with chlorine (density, S5’6), carbon dioxide (density, 
22 ), and ozone (density, £b), gave the following for the value of this ratio : — 

OO 2 , 0*29 ; Ozone, 0*271 ; Cl^, 0*227. 

Compare chlorine with ozone. Zjet x denote the density of ozone. Then, by 
Graham’s law, 

Vn Vm. 

ifCOs) : = ^/S5*5 : >/»;.*. (0*271)® : (0*227)® = 36*5 : « ; .*.»«= 24*9, 

which agrees with the triatomic molecule, O 3 . 

Second Method. — Another way is to find the values of x 
corresponding to two different values of t. Substitute the two 
sets of results in the given equation. The constant can then be 
made to disappear by subtraction. The result of this method is to 
eliminate, not evaluate the constant. 


ExAHFnxa. — (1) In the above equation, (2), assume that when t 
X = * 1 , and when ( = as = ; where a^, a^, ^ and are numerical measure- 

ments. Substitute these results in ( 2 ). 

By subtraction and rearrangement of terms 


, 1 , a — (e, 

JC ss j. log 

® a ~ sBjj 

(2) If the specific heat, <r, of a substance at 0* is given by the expression 
«* = a -I- ho, and the quantity of heat, dQ, required to raise the temperature 
of unit mass of the substance is dQ = <rd0, show that the amount of heat 
required to heat the substance from 0^^ to 0^ is 


Numerous examples of both methods will occur in the course 
of this work. Some have already been given in the discussion on 
the “ Compound Interest Law in Nature,” page 66. 


§ 72. Integration by the Substitution of a New Variable. 

When a function can neither be integrated by reference to 
Table II., nor by the methods of § 71, a suitable obange of variable 
may cause the function to assume a less refractory form. The new 
vsiziahle is, of course, a known function of the old. This method 
of integration is, perhaps, best explained by the study of a few 
typical examples. 

i Evaluate J(a - 1 - x)**dx. Put a + x ^ y; therefore, dx -= dy 
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Substitute y and dy in place of their equivalent values a — a? and 
dx in the given integral. We thus obtain an integral with a new 
variable y, in place of re, namely, + x^dx =« iy'^dy. From ( 1 ), 
page 196, '^y'^dy = y" + Y(w 4 . 1 ) -I- 0 , Bestore the original values 
of y and dy, and we get 


J(a + 


When the student has become familiar with integration he will 
find no particular difficulty in doing these examples mentally. 


ExAMPnss. — (1) Integrate /(a — bx)'*dx. Ansr. - (a — 6®)** + ^/6(w + 1) + O. 

(2) Integrate j(a^ + - J-Pxdx. Ansr. ,J{a^ + aJ*) + C, 

(3) Show 


/ dx _ 

{a + x)»~~ “ 

(4) Show that 


f] 


r dx _ a!(log®) ^ 
X . log X log X ~ 


dx _ 1 1 


'^*J(a--x)» n-l (a-®) 
= log(loga) + C, 


II. Integrate (1 — axy^x'^dx, where m ox nv& e, positive integer, 
and the x within the brackets has unit index. Put y — X — ax, 
therefore, a? *= (1 — y)la ; and dx = — dy/a. Substitute these 
values of x and dx in the original equation, and we get 

|(i - ax)”^x^dx - - yY{- 

which has the same form as ( 6 ), page 197. The rest of the work 
is obvious — expand (1 — yY by the binomial theorem, page 36; 
multiply through with — y'^dy ; and integrate as indicated in 
III., page 194. 

ExAMPtiH- — Show jx(a+x)idx => t?s(4^x - 8a) (a + + C- Hint. Put 

a + X y, etc. 


III. — Trigonometrical functions can often be integrated by these 
methods. For example, required the value of Jtan xdx. 


tan xdx 


sin X 

c 

cos X 


Let cos X u, — sin xdx — du. Since — Idniju — — log u, and 
log 1 «= 0 , therefore, 

f tan xdx «— log — »«= log sec a? + C. 

*='cos X ° 

Or, remembering that — £Z(oos x) = sin x . dx, we can go straight 
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on without any substitution at all. 


I 


sin X 


003 X 


:dx 


' d(oo3 x) 
cos X 


— log cos as, etc. 


BxampIiHS. — ( 1) Show that Jsin a . cosoj . <ia!a=4-sin^+0. Put sin sjaaM. 

(2) Show Jcot adfc = log sin. « + O. Hint, oot x = oos wfein a, etc. 

(8) Show Jain x . dxjcos,^ = sec » + O. Hint. Put cos x — u; or go the 
short out as in (2) above. 

(4) Show that Joos x . dxJaijoAc = — ooseo as + O. 

(6) Show that Je - »^xdx^ — Jje - «* . 2xdx =s + ^je — **<2(as®) = - Je - *“ + C. 

SoDdo expressions require a little “ humouring ”, Facility in 
this art can only be acquired by practice. A glance over the 
collection of formulas on pages 611 to 612 will often give a clue. 
In this way, we find that sin xr — 2 sin ^x . oos ^x, Hence integrate 


f dx ^ ^ C ^ fseo ^x . dx 

Jsina? ’ ***■ J2 sinl^iB. oos^ 2 sin ^as * 

Divide the numerator and denominator by oos ^x, then, since 
l/cos®^aj = sec^^o; ; and d(tan x) =* seo^iP . dx, page 49, (3), 


j* dx 

fsec^lo; . d{^x) 

fd(tan ^x) 

jsina;**. 

) tanl^o; 

J tan^o; 


X 


I log tan 2 + 

The substitutions may be difficult to one not familiar with trig- 
onometry. 


ExAMP Uis. — (1) Bexnembering that oos as » sin (i^ +»), (9), page 611, 
show that jdx/ooa x = log tau (J» + ^os) + C. Hint. Proceed as in the illus- 
tration just worked out in the text. 

(2> Integrate Hint, see (19), page 611 ; cos xdx=^d{a\ix x ) ; etc. 


•••/■ 


oos®* + sin^ 


I foosx- rsinas, . _ 


sm X oos w 

(8) Integrate J(a® — a;®) " ^cZas. Put y as/a; .*. x ™ ay; dx 
*y(a® - a^*) “ a a/1 - y ; 


ady; 


. r _ f ^ 

’ ’ } fja^ - X® J —y‘ 
(4) Show J dx= - 


8in~^ 


Bin--»-+ O. 
a 


( <7® — X®)^ 1 

- 5 ^ + 0. Hint. Put® -i. 


IV, Expressions involving the square root of a quadratio binomial 
can very often be readily solved by the aid of a lucky trigono- 
metrical substitution. The form of the inverse trigonometrical 
functions (Table II.) will sometimes serve as a guide in the right 
choice. If the binomial has the forms : 
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\/a;2 + 1 ; or, »Jx^ cb^ % tiy £c *=» tan ^ ; or, a tan $ ; or, cot $. (3) 

n/1 — a:® ; or, •- £C® ; try x ■» sin ^ ; or, a sin (? ; or, cos (4) 

N/aJ® — 1 ; or, try a? » sec^; or, asec6^; or, coseo^, (6) 

Va®— ix + by ; try a? + ft — a sin 6, . . (6) 


ExampciBb. — ( 1) Find the value of J >/(a^ — ecP^cUs. In accordance with, the 
above rule (4), put £c » a sin 0, da =s a cos 9 . d$. Consequently, by substi- 
tution, 

J J{a^ - = a*Joos“ada =« + oos 2e)<*a — ia*(S + ^ sin 2a) ; 

since 2 cos^ » 1 -h cos 2a, (31), page 612. But ob «■ a sin a, a » sin ** ’as/a, and 
i sin 2a »« sin a . oos 0 ■■ sin 0 ^{X — sin^a) = is/a* — flc* . as/a®, 

.*. J ^/(a® - as®)<2a5 =» i|a®sin ~ ^/a + ^aj ^/a® — ' as®' -i- C. 

(2) The integration of fas® k/c^ — as®, das arises in the study of molecular dyn- 
amics (Helmholtz’s 'For ithor theoreUsehe JPhysik, 2, 176, 1902). Rule (4). 
Put as = a sin a ; .*. as® = a%in®a ; da = a oos a . da ; As/(a® — as*) s=: a ,^(1 — sin®a). 
Remembering that cos 0 « ^(1 - 8in®a), and sin 2a; >■ 2 sin as . oos as, (19) and 
(29), pages 611 and 612, we get the escpression 

ja^s/a^ — ai». da *» a*Jsin®a . cos*a . da *-» la^/si“L®2a . d(2a) ; 
which will be integrated very shortly. 

(3) Show _ a;)*^i I ^ as -cos a. Rule (4). If 


the beginner has forgotten his ** trig.” he had better verify these steps from 
the collection of trigonometrical formulae in Appendix I., page 611. The 
substitutions are here very ingenious, but difficult to work out de novo. 



sin ada 

oos a) n/ 1 - cos*a 


n cot ^a S= 


cos ^a 
sin ^a 


r dB X f de _ f 0 

j 1 _ oos a “ 21 sin«4a J <5osec®^ .d 


V 2 oos^a 

28in®ia 


^ /l Hh 008 a ^ /i •+• as 
\1 - oosa \1 - a 



(4) Show J - ^^3 ^ t« log (a; -i- n/bs® + 1) -I- C. Put as— tan a. Rule (3). 

Given tan (Jw + ^0) — tan 0 + seo 0; a; •+• + 1) ; see Ex. (1), pre- 

ceding set. 


( 6 ) 


log (a; + ija^ — 1) + C. Put as 


seo a. Rule (5). 


It may be here remarked that whenever there is a function of 
the second degree included under a root sign, such, for instance, as 
^/a;2 -1- px + the substitution of 

z X + + pa; -h 5 , ... (7) 

will enable the integration to be performed. Eor the sake of ease, 
let us take the integral discussed in Ex. (4), above, for illustrative 
purposes. Obviously, on reference to (7), jp — 0, g -» 1. Hence, 
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put z X + Va?2 + 1 ; 

- 2zx + x^ = x^ + 1; X - 1)« ^ ^ ; 

>/aj2 + 1 SB ;8f — OJ — ^{z^ + 1)« ” ^ ; da; = -H V)z ^dz ; 

*’* 1 v^inr =" ^* 

F. !Z%0 integrration of expressions containing fractional powers 
of X and of x”'{a + hx”y‘.dx. Here m, n, or p may be fraotionaL 
lu this oase the expression can be made rational by substituting 
a? »» <2?’', or a + 6a? *» where r is the least common multiple — 
Ij.O.M. — of the denominators of the several fractions. 

ExamfIiBS. — ( 1) Evaluate + o^)^dx. Here the L.O.M. of the 

denomitiators of the fiaotional parts is 2. Put 1 + aj® sa* ; then, =»» «* — 1 ; 

Mmm Vl V x.dx z.dz. Substitute these values as req[uired in the 
original expression, and 

/a?®(l + x^^dx = J(** — ly^^da = J(«* - 2^8* + 8^)dz »» j-z"^ - f «“ + i** ; 

j£B«(l + x^)idx = T^(l + ®2)^{16(1 + - 42(1 + «®) + 36} + C. 

(2) Evaluate Jx-*(1 + a?®) Here again r = 2. Put 1 + a;® = «®®® ; 

- ® =» - 1 ; a: - *= (a® - 1)* ; .*• a? s= («* - 1) ~ ^ ; das«» - (** - 1) “ ^zdz ; 

(1 + X*) •" ^ = IJzx = ^{z^ - ll/«. Consequently, we get the expression 
fx - ’‘(1 + oj®) “• ^dx — - J(«® - l)d* *= - is* + « ; and hence, 

r dx (2x® - 1) (1 + a;®)» ^ 

J x*(l + a;®)^ 

(8) Evaluate J(1 + x^) ~ ^x^dx. Here, the L.O.M. is 6. Hence, put 

X = »*- The filnal result is ^x^ — 4- -S®^ — + 0 tan “ + C. Hint. 

To integrate (1 + z^ — ^J^dz; first divide a® by 1 + s®, and multiply through 

with dz. 

(4) Show f il^dx = — + O. The least common multiple 

J x^ 

is 12. Hence, put x = s^®, etc. 

I have no doubt that the reader is now in a position to under- 
8ta.nd why the study of dififerentiation must precede integration. 

Common integration," said A. de Morgan, “ is only the memory of 
differentiation, the different artifices by which integration is effected 
are changes, not from the known to the unknown, but from forms 
in which memory will not serve us to those in which it will" 
(Trans. Cambridge Phil. Soc., 8, 188, 1844). The purpose of the 
substitution of a new variable is to transform the given integ^ 
into another integral which has been obtained by the differentia- 
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tion of a known function. The integration of any function 
therefore ultimately resolves itself into the direct or indirect 
comparison of the given integral with a tabulated list of the results 
of the differentiation of known functions. The reader will find it 
an advantage to keep such a list of known integrals at hand. 
A set of standard types is given in Table II., page 193, but this 
list should be extended by the student himself ; or A Short Table 
of Integrals by B. O. Pierce, Boston, 1898, can be purchased. 

When an expression cannot be rationalised or transformed into 
a known integral by the foregoing methods, we proceed to the 
so-called ** methods of reduction ” which will be discussed in the 
three succeeding sections. These may also furnish alternative 
methods for transforming some of the integrals which have just 
been discussed. 


§ 73. Integration by Parts. 

The differentiation of the product uv, furnishes 

d(uv) = vdu + udv. 

By integrating both sides of this expression we obtain 

uv »=* jvdu + ludv. 

Hence, by a transposition of terms, we have 

ludv = nv — Ivdu + C. . . . (A) 

that is to say, the integral of ttdv can be obtained provided vdu oan 
be integrated. This procedure is called integration by parts. 
The geometrical interpretation will be apparent after A has been 
deduced from Pig. 7, page 41. Since equation A is used for re- 
ducing involved integrals to simpler forms, it may be called a 
reduction formulaii More complex reduction formulue will 
come later. 

ExAMPiiBs. — (1) Evaluate Jo; log icdx. Put 

u » log x,ldv = x.dat\ 
du »» dxfx, \ V = Ja;*. 

Substitute in A, and vfe obtain 

, dv — jx log X . dx =« uy — Ji; . du^ 

■■ Ja;'-* log X — Jjas . dx =» Ja?* log x — Jai* 

= ix^logx ~ i) + C. 

(2) Show that jx cos x . dx ™ x sin x + cos x + C. Put 

u am X, \ dv cos X . dx ; 
du = dXf I V ss: sin x. 

From A, /» cos x .dx = x sin x — Jsin x .dx', etc. 
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(8) Evaluate J — a?)daCt Tk>y “integration by parts **, Put 
« =» ^(a® — sc®), Idv — dca\ 

— x.dxj - sc®), | « = «. 

/ , c st^dx 

sj{a^ - ®®)dsc =s as va® - as® + J 

*= 


as® + 




a® - (a® - SB®) Via? 
V(a® - SB®) 


= sB^/a® - sc* + J gg) 

Transpose the last term to the left-hand side : 


2jN/a® — sc® dsB sa xis/a^ — sb® + a%iii — *aj/<x (page 193), 

(/>/(<»* - a^das = Ja® sin ■" *as/a + Jaj^y(a® — aj®) + O. 

(4) Sho-w that Ja;e*dsB =■ (a? — l)e* + G, Take u x; d-o — e*daj. 

(5) Show Jaj®e*dsB = (as® — 2sb + 2)«* + C, Take do * B*da; and use the 
result of the preceding example for vdu. 

(6) Show, integrating by parts, that Jlog as . ds => as(logas — 1) + C. 

(7) Show that the result of integrating jx ~ ^dx by parts is Jas ~ ^das itself. 


The seleotion of the proper values of u and v is to be determined 
by trial. A little practice vdll enable one to make the right selec- 
tion instinctively. The rule is that the integral Jt? . du must be 
more easily integrated than the given expression. In dealing with 
Ex. (4), for instance, if we had taken » e*, dv •» xdx , Ju . du 
would have assumed the form ^jx^^dx, which is a more complex 
integral than the one to be reduced. 


§ 74. Suooessiire Integration by Parts. 

A complex integral can often be reduced to one of the standard 
forms by the “ method of integration by parts **. By a repeated 
application of this method, complicated expressions may often be 
integrated, or else, if the expression cannot be integrated, the 
non-integrable part may be reduced to its simplest form. This 
procedure is sometimes called integration by suooessiire reduo- 
tion. See Ex. (5), above. 

ExamfUiXS. — ( 1) Evaluate Ja;®cos nxdx. Put 

« ss SB®, I dB {cos nx . d(nx)}/n ; 
du 2x .[da;, | v (sin nx)ln. 

Hence, on integration by parts, 

f fix 2 f 

JaPcoanxdx^s —Jxainnx.dx. , . ( 1 ) 

u =s X , I dv SB sin nx . dx ; 
du sss d®, I B = - (cos nx)/n. 


Kow put 
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Hence, 

/ _ ttcosna f—oosnte.dx 

X sin nx .ax f 

n J n 

Now substitute (2) in (1) and we get, 


SBOOBWflS , sin TUB 

— Tr-+-^' (2» 


/ o^inruB 2 «boostub SsinntB ^ 
x^oanx.dx^ — + ^ — + C. 

(2) In the last example, we made the integral JiB^oos tub . da; depend on 
that of X sin tub . dx, and this, in turn, on that of — cos nx . d{nx)f thus 
reducing the given integral to a known standard form. The integral 
[x*ooBx.dx is a little more complex. Put 

u ss> x*f \dv=s. cos Xdx ; 
du — Ax^da:, j u =s sin x. 

.*. Jtf^cos x.dx = jB^sin x - 4j«^sin x . dx. 

In a similar way, 

4jfl;^sin x .dx => 4ar^oos tB - 3 . 4ja;^oos x . dx. 

Similarly, 

3 . 4j‘a;^os x . dx ^ S.A . a;%in x + 2 3 . 4/(B sino; . doB, 

and finally, 

2.8. 4/a; sin xdx ae 2 . S . 4a; cos a; + 1 . 2 . 3 . 4 siu x. 

All these values must be oolleoted together, as in the first example. In 
this way, the integral is reduced, by successive steps, to one of simpler form. 
The integral Jx^oos x . dx was made to depend on that of tB^sin x . dx,, this, in 
turn, on that of a;^os x . dx, and so on until we finally got Jcos x . dx, a well- 
known standard form. 

(8) It is an advantage to have two separate sheets of paper in working 
through these examples ; on one work as in the preceding examples and on 
the other enter the results as in the next example. Show that 


laPeFdx = — 8jaJ*e*da; ; 

= x^tF - 3(a;’s* - 2lxe*dx ) ; 

— - 3a;*a* + 2 . 8(a;«* - ; 

sss («’ - 8«® + 6<8 - 6)a* + O. 


It is also interesting to notice that we sometimes obtain dififerent 
results with different substitutions. For instance, we get either 


1 


a; ~ ie* . dx 


Jrc "■ . 


dx 



3.6 

^ (2xy 

(2£C)^ 


+ ...| + 0,J 

• • • J * 


(3) 

W 


according as we take tt == x~‘i, etc., or, w «* c*. In the last series, 
(4), the numerator and denominator of ea»ch term has been multi- 
plied by ici. I>i£ferences of this kind can generally be traced to 
differences in the range of the variable, or to dififerenoes in the 
value of the integration constants. Another example occurs during 
the integration of (1 — a?) “ In one case. 
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J(1 - x)-^dx « - J(1 - x)-^d{l - a;) = (1 - cc) ”1 + Oi ; (5) 
but if we substitute x ^ z~~^ before integration, then 

J(l-a5)-2da;» « = = + (6) 

The two solutions only differ by the constant “ — 1 By adding 
— 1 to (5), (6) is obtained. is not therefore equal to ^2» 

C^= 1. 


§ 73. Reduction Formulss (for reference). 

We found it convenient, on page 205, to refer certain integrals 
to a standard formula ” A ; and on page 206 reduced complex 
integrals to known integrals by a repeated application of the same 
formula, namely. Ex. (1), page 206, etc. Such a formula is called a 
reduction formula. The following are standard reduction formulae 
convenient for the integration of binomial integrals of the type : — 

^x”'(a + hx^)^dx, . . . . ( 1 ) 

These expressions can always be integrated if (m 4- l)/n be a 
positive integer. Four cases present themselves accoi’ding as m, 
or p are positive or negative. 


I. — m is positive. 

The integral Ja?’"(a + hx'^y . dx, may be made to depend on that 
of j£c”*“”(a + ^ . dXf through the following reduction formula. 

The integral (1) is equal to 

a;”*-"-«-i(u + 5a;")p + i _ a{m - n + 1) 

b{m Tip + 1) 




'(a + bx”Ydx. (B) 


b{m + np + 1) 

when w is a positive integer. This formula may be applied suc- 
cessively until the factor outside the brackets, under the integral 
sign, is less than n. Then proceed as on page 204. B can always be 
integrated if (w — » + X)ln is a positive integer. See Ex. (7), below. 


II. — fn is negative. 

In B, m must be the positive, otherwise the index will increase, 
instead of diminish, by a repeated application of the formula. 
When m is negative, it can be shown that the integral ^1) is equal 
to 


jytn + 1^^ ^ 6aj")p + 1 

a(m + 1) 


b{np + m + w -f 1) 
a(m + 1) 



tn + n 


(a + bx^ydx, (C) 
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where m is negative. This formula diminishes m by the number 
of units in n. If •n/p -{-Tn+fi + X— Ot the part to be integrated 
will disappear, and the integration will be complete. C can always 
be integrated if (w + w -h V)Jn is a positive integer. See Ex. (7), 
below. 


III. — p is positive. 

Another useful formula diminishes the exponent of the bracketed 
term, so that the integral (1) is equal to 


a;” \a + baf^y 


anp 


m 


+ Tip +1 m + Tip 


qp-y + bx^y'~^dx. 


(D) 


where p is positive. Ey a repeated application of this formula the 
exponent of the binomial, if positive, may be reduced to a positive 
or negative fraction less than unity. 


IV. — p is negative. 

If jp is negative, the integral (1) is equal to 
a?”* + \a + bx”y ^ 


an{p 4 - 1 ) 


{np + m + n + 1) r , 

— ^ ^ + bx’r*^dx. (E) 


Formulae B, C, D, £ have been deduced from (1), page 208, by 
the method of integration by parts. Perhaps the student can do 
this for himself. The reader will notice that formula B decTeciscs 
(algebraically) the exponent of the monomial factor from m to 
w - n + 1, while C increases the exponent of the same factor from 
m to Formula D decreases the exponent of the binomial 

factor from ^ top — 1, while E increases the exponent of the binomial 
factor from p to p + 1. B and D fail when np + 7ra + l— 0; C 
fails when w + 1 = 0 ; E fails when p + 1 == 0. When B, C, and D 

fail use F, page 204 ; if E fails p = - 1 and the preceding methods 
apply. 


Examples. — Evaluate the following integrals : 

(1) ; ^/(a + a;*)^2a;. Hints, Use D. Put w =» O, 6 * 1, n » 2 , jp =* Ansr. 
+x^) + a log {x + J{a + jb'-')}] + C. See bottom of page 200 . 

(2) las^dxUia;* - »“). Hints. Put msad, baa — 1 , naa 2 , j) - - 4 . Use 
B twice. Ansr. ^{Sa'^sin - ^xja — 03(225* + 3a*) ^ {cC* — a:*)} + O. 

(3) /n/(1 - ai-)x^dai. Hint. Use B. Ansr. — ^(as* + 2) ^(1 - as*) 4 - O. 

(4) j sj{a 4- bfls*) — Ansx. as(a + bas*) - 5/*/a + O Use E. 


(6) / a,;. /® ” *< " a.*4-«5®) -*da5. Hint. Use C. w - - 3, b- 1. 


V®’ 

Jx^ - a* 1 X 

n=a2,p=»>-i. Ansr. - 2a®as* *a* 


2a“' 


O 
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(6) Renyard (Ann. Ghim. PTtys.^ [4], 19, 272, 1870), in working out a 

theory of electro-dynamic action, integrated J(a® + - Idte. Hence msoO, 

« 2, 6 = 1, a Use B. Ansr. x(a^ + x^) + O. 

(7) To show that it is possible to integrate the egression 

]■(««-!— . ... (2) 
when w a= . . . f , -J. — 1, f, -I, . . . ; and when n » . . . 4 , f, 0, 2, f substi- 
tute * = a + 6tc»» in (1). We get 

w* + 1 

n—ift n J(if _ o) *» “■ a^dz. .... (8) 

If (m -f l)/n be a positive integer, the expression in brackets can be expanded 
by the binomial theorem, and integrated in the usual manner. By compar- 
ing (2) with (3), it is easy to see that (2) can be integrated when 


m + 1 _ i(n — 1) -j- 1 
n n — 1 




( 4 ) 


is a positive integer. From B and G, the integral (2) depends upon the 
integral 

Ja5”*-**(a + bx”)i>dx; or, fx”* + **(a - 4 - bx**)Pdx. . . (5) 

By the substitution of m — n, and m -f n respectively for m in (m + l)/w, and 
comparison with (2), we find that (2) can be integrated when 

w - u + 1 ^(n - 1) — (w - 1) -4- 1 1 1 

n n —1 “ n — 1 ” 2» * 

is a positive integer ; or else when 

w + w -H 1 j|f(n« — 1) + (w — 1) -4- 1 1 

** n - 1 


n 


n - 1 ^ 2* 


(C) 


( 7 ) 


is a positive integer. But (7) can be reduced to either (4) or (6) by subtracting 
unity, and since integration by parts can be performed a finite number of 
times, we have the condition that 

n - 1 “■ 5 

be a positive or negative integer, or zero, in order that (2) may be integrated ; 
in other words, we must have 


n 


1 ^ ^ 

_ 1 — 2 = 0 , 1 , 2 , 8 , — 1 , — 2 , — 3 , . . . 


( 9 ) 


Similarly, by substituting »«=»“ 1 , in (1), we obtain - s - «p -|- b)Pdz. 

As with (3) and (4), this can be integrated when 


m+1— njp — + l m + 1 

n> n n 


( 10 ) 


is a positive integer. Erom D and E, and with the method used in deducing 
(8), we can extend this to cases where 


m + 1 


^(n - 1 ) +1 


- (p + 1) » - gy- ^ _ i -I- 1 V 

n vz' — -»•; n + 1 


( 11 ) 


or, where - (n — 1) -* 1 is a positive or negative integer. Equating this to 
1, 2, 3, ... ; and to — 1, — 2, — 8, . - . we get, with (9), the desired values of n. 
Notice that wo have not proved that these are the only values of n which will 
allow (2) to be integrated. 
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The remainder of this section may be omitted until required. 
If n be a positive integer, we can integrate 5sin**a? . dx by putting, 

u = sin” I t; =» — cos a?. 

du = (n — 1) sin” " % cos x,dx\ dx =* sin x . dx, 

.% Jsin”a; . <ia; *=* — sin" — ^x . cos a? + (« - 1) /sin” ” % . cos^a; . dx ; 
■» - sin” ■“ ^x . cos a? + (n — 1) /sin” “ _ sin^a;)da; ; 

= — sin” •“ ^x . cos a; + (n — 1) /sin” ~ ^x . dx — (n — 1) /sin”aj . dx. 

Transpose the last term to the first member ; combine, and divide 
by ». The result is 


f 


siu“a? . dx ■■ — 


sin" •“ ^x . cos X « — 1 


fsin”— 


« ■ » J“ (13) 

Integrating /oos”a; . dx by parts, by putting u =» cos” “ ^a? ; dt? == cos 
X . dx, we get 


j 


cos”a; . dx 


sin X . cos”“^a; n — 1 


Bemembering that cos^tt 
can proceed further 


fi>r 

J sin”aj . 


dx 


n 

cos 90** *- 
n — Ifb** 


fc 


n 


j: 


cos ” - ^x . dx. (13) 

n J ^ ' 

0 ; and that sin 0® =» 0, we 
sin” “■ ^x . dx. 


Now treat n — 2 the same as if it were a single integer n. 

f iw — 3 ft” 

sin” ~~^x .dx^ n " ^ 

Combine the last two equations, and repeat the reduction. Thua 


we get finally 


I iir 

sin”ajaa: < 
when n is even 

r 


(n--l)(n->3)...3.1 J»»- , (n-l)(n-3)...3.1 tt 


n(n — 2) 4.2 


dx 


sin”a;da; > 


(n~l)(n-3)...2ft”_. 


n{n-2)...B J, 


sin xdx 


n(u-2)...4.2 *2* 

(n — 1 )(to — 3) ... 2 


(F) 


(O) 


nin. — 2) ... 3 * 

when n is odd. If we take the cosine integral (3) above, and work 
in the same way, we get 


ft” ^ (7a-l)(w-S)... 3. 1 «■ 

J. oos“xdh;~ „(„.I 2 )... 4:3 2 = 


(H) 


if n is even, and 




QOB!*xdx 


(I) 


(» - 1) (w - 3) . . . 4 . 2 
n(n - 2) . . . 6 . 3 ' 

if n is odd. Test this by actual integration and by substituting 
n » 1, 2, 3, . . . Note the resemblance between H with F, and 1 

o * 
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•with Gr. The last fonr reduction formulsB are rather important in 
physical work. They can be employed to reduce Joos’*a;da; or 
fein^ajda? to an index unity, or ^tt. 

If n is greater than unity, we can show that 


I 


in- ^ iriir 

sin*”® . cos**ajd£c == ^ _ I sin”*a5 . cos** ” ; 

m -h njo 


■ (J) 


by integration by parts, using « =* sin”* - ^a;, dv cos**aj . d(oos x). 
If m is greater than unity, it also follows that 


r 


sin”*a5 . cos 


— 1 

*xdx as ^ -r-- 1 sin”* — ^x . cos**a?da;. . (K) 
w + njo ' 


firr 1 r4ir 

ExAMPriBS. — (1) Show J ^ sin x . cos xdx = g ; J ^ sin'^ . cos xdx = 

riir 5 Civ 

(2) sin’^cdx - ggx; 

C\it 1 /*iir 

(8) j ^ sin X . GogPxdx = § ; j ^ 


ain^e. d$—^. 


sin^ , oos^fZo; = 


1 

3* 


§ 76. Integration by Resolution into Partial Fractions. 


Fractions containing higher powers of x in the numerator than 
in the denominator may be reduced to a whole number and a 
fractional part. Thus, by division, 




X + 


X 


+ 


t) 


dx. 


The integral part may be differentiated by the usual methods, 
but the fractional part must often be resolved into the sum of a 
number of fractions with simpler denominatoxe, before integration 
can bo performed. 

We know that may be represented as the sum of two other 
fractions, namely ^ and -J-, such that ^ ^ Each of these 

parts is called a partial fraction. If the numerator is a com- 
pound quantity and the denominator simple, the partial fractions 
may be deduced, at once, by assigning to each numerator its own 
denominator and reducing the result to its lowest terms. JBI.g., 

x^ -h X + 1 x^ ^ i ^ ^ 

aj® ~~ x^^ x'^ x^"^ a;®* 

When the denominator is a compound quantity, say x^ — x, it 
is ob-vious, from the way in which the addition of fractions is per- 
formed, that the denominator is some multiple of the denominator 
of the partial fractions and oontains no other factors. We there- 
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fore expect the denominators of the partial fractions to be factors 
of the given denominator. Of course, this latter may have been 
reduced after the addition of the partial fractions, but, in practice, 
we proceed as if it had not been so treated. 

To reduce a fraction to its partial fractions, the denominator 
must first be split into its factors, thus : — x iq the product of 

the two factors : x, and x -- X. Then assume each factor to be 
the denominator of a partial fraction, and assign a certain indeter- 
minate quantity to each numerator. These quantities may, or 
may not, be independent of x. The procedure will be evident 
from the following examples. There are four cases to be cou' 
sidered. 

Case i. — The denominator can be resolved into real unequod 
factors of the type : 

{a - x) {b - xy •••(!) 

By resolution into partial fractions, (1) becomes 

1 A B A(b ~ 0 ?) + B(a — x) 

(a — x) {b ~ a;) “ a — a; b — x “ (a - a?) (6 — a?) ' 

1 Ab + Ba — Ax - Bx 

* * {a — x) (b - x) ““ (a - a?) (b — x) * 

We now assume — and it can be proved if necessary — that the 
numerators on the two sides of this last equation are identical,^ 


1 An identical equation Is one in which the two sides of the equation are either 
identical, or can be made identical by reducing them to their simplest terms. J£.g., 
tfSB* 4- b* + o a=s aaj* + b« + c ; (o - *)/(« - »)'■* = l/(<* — *)» 
or, in general terms, 

a + hoa + ca^ +,..■■ a' + b'® + + . . . 

An identical equation is satisfied by each or any value that may be assigned to the 
variable it contains. The ooefBciects of like powers of x, in the two numbers, are also 
equal to each other. Hence, if ®bbO, a a'. We can remove, therefore, a and a' 
hrom the general equation. After the removal of a and a', divide by x and put x ea 0, 
hence bad'; simUarly, etc. For fuller details, see any elementary text-book 

on algebra. The symbol ** = ” is frequently used in place of “xi” when it is desired 
to emphasize the fact that we are dealing with identities, not equations of condition. 
While an identical equation is satisfied by any value we may choose to assign to the 
variable it contains, an equation qf condition is only satisfied by paertiovlar values of the 
variable. As long as this distinction is borne in mind, we may follow customary usage 
and write ” when “ = ” is intended. For “ = ” we may read, " may be trans- 
formed into.. . whatever value the variable x may assume " ; while for “ we 
must read, ** is equal to . . . when the variable x satisfies some special condition or 
assumes some particular value 
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Ah + Ba - Ax — Bx «- 1. 

Pick out the coefficients of like powers of Xj so as to build up 
a series of equations from which A and B can be determined. For 
example, 

Ah + Ba * 1 ; x{A + J5) -■ 0 ; A + B = 0 ; .•. A = — B \ 



B * 



a’ 


Substitute these Talues of A and B in (1). 

1 1 1 


( 2 ) 


(a — a?) (5 — a?) b — a' a — x h — a' h — x 
An ATiTEBNATivs! MSSTHOD, much quicker than the above, is 
indicated in the following example: Find the partial fractions of 
the function in example (3 ) below. 

^ 1 _ . B G 

(a — a?) (h ~ x) {o — x) “a — a? h - x c — rc*** 
Consequently, 

(5 ~ a?) (c — aj)A + (a — a?) (c — x)B + (a ^ x) (b~x)G « 1. 
This identical equation is true for all values of x, it is, therefore, true 

a, (b — a) (c - a)A *= 1 ; A = ^ 


when X «= 
when a; — h, .*. (o - h) (a - b)B 
when a? = c, .*. {a — c) {b — g)G 


B = 


{b — a) (o — a)* 
1 

(c - h) (a - 6) * 
1 


• * ^ “ (a - c) ( 6 - o)‘ 
EzampXiBB. — ( 1) In Btud3ring bimoleoular reactions we meet with 
f dx f f dx _ 1 ^ 

J (a-x) (b-x) J {b’-a) (a-x) J (6-a) (b-x) ~ h — a' ^a-x"^^’ 

(2) tT. J. Tbomson’s formula for tlie rate of production of ions by tbe 
Bontgen rays is dxfdtssg^ — aa^, Bemembering that a — ( ija — x) { tja-^x) ; 

show that if we put g/a = for the sake of brevity, then 

1 b + a: 

(8) Evaluate j ^^-x) (b^ x) (c ~ a;) * answer for use later on. 

/ dx 1 a + bx 

236 >°8 5 ^ + O . 

(6) If the velocity of the reaction between bromic and hydrobromio acids 
is represented by the equation : dxjdt » 7c{na + a;) (a — a?), then show that 


(n + l)a^ 


. log 


.na + X 
a ^ X 
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(6) If ^ + »)(««-*): show that . loa.;^:^. 

(7) S- Arxliemus, in studying tlie hydrolysis of ethyl acetate, eiaployed the 
integral. 


J(a- 


mx — n«* 


dx 


X) (b - ») 

Substitute p *= 1 + nab ; g 
fractions, show that 

P±^—dx. 


■■ - -K- 


n + 


1 + ?icb + -(vz — n{cL + 
(a -- (6 ^ os) 


>• 


« wt — n(a + b)t then, by the method of partiaJ 
^ 3 ^ 1 og(a ~ X) -~~^log(Z> - as) + O. 


f (a - x) (b — X) 

/ dos 1 , os 

x(a - x) “ a a - X ^ oommoni in ohemi 

oal dynamics — autocatalysis. 

(9) H. Uanneel (JSeit. phys. Chetit., 33^ 415, 1900) has the integral 
_ . f xdx 1 , a® — a,® , ,, 

= J a? _ a-a J a“ — x^ “ ^ 


if a: = 0^, when t = t^r, and x => as^, when t^t^. 

(10) H. B. Warder’s eg^uation fox the velocity of the reaction between 
chloroacetic acid and ethyl alcohol is 

s= ah^L — (1 + b)y} {1 — (1 .*. log __ ^ QxbTct, 

Case ii. — The denominator oom be resolrtecL into real factors 
some of which are equal. Type: 

1 

(a — xy^{h — a?)* 

The preceding method cannot be used here because, if we put 

{a - xY{b — x) ^ a - X a — x h - x a — x ^ h — ad 

A -h B must be regarded as a single constant. Reduce as before 
and pick out coefficients of like powers of a?. We thus get three 
independent equations containing two unknowns. The values of 
A, B and C cannot, therefore, be determined by this method. To 
overcome the difficulty, assume that 

1 _ ^ . _B_ O 

(a — xf(h — a?) {a — x)'^ a •— x b ^ x 
Multiply out and proceed as before, the final result is that 

b - a’ '' (h-af 


h — a 


B 


BsiULMPnus. — (1) H. Goldschmidt represents the velocity of the chemical 
reaction between hydrochloric acid and ethyl alcohol, by the relation 
dxldt ns 7c{a — x) (b — x)^. Hence, 
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kfdt^ [ - ^ ^ f /’ (g - h)dx f dx r dx \ 

J J (a - X) {b - aj)2 (a - b)^\J {b - x)^ J j 

Integrate. To find a value for O, put a? =» O when i = 0. The result is 


(2) Show 


/; 


da: 


aj®(a + bx) 
dx 


6 , a + &a; 
slog 


a 


a 


-55 + 0 . 


(3) Show/^^ra^TTT) 


1- a? + 1 1 


' + O. An expression 


used by W. Meyorhofer, phys. Chem., 2, 686, 1888. 

(4) Showy^^-^-^j-^j— ^ 

for values of x from os => a: to a: = 0. (H. Kiihl, Zeit. phys, Ohem., 44, 385, 

1903.) 

(6) P. Henry {Zeit. phys. Ch&nt,.^ 10, 96, 1892) in studying the phenomenon 
of autocatalysis employed the expression 

dx t 

■^=.h{a- X) ( \/4:K{a - a:) + - JT). 


To integrate, pub ^K{a--x)-{- a-x^{iifi- By)l4.K \ daj=- -x.dzj^K. 

Tcdt 1 z — K 1 1 

•*• (s2_^) 2 ' z + K~ 2 z~K—~"2'^^- 

Now pub P = ^4iK{a — x) + jS? ; Q »» ^4sKa + JT-*, and show that if a; a> 0 
when i=0, 


1/ Q-P . 1 .._{P + K) (Q-K) , 

<\(P-A') {Q-K)'^2K (P- A) (g + A:)“*- 

For a more complex example see T. S. Price, Jbtim. Chem. 8oc., 79, 314, 1901. 

(C) J. W. Walker and W. Judson’s equation for the velocity of the chemical 
reaction between hydrobromio and bromic acids, is 

dx 1 r 1 1 '1 

The reader is probably aware of the fact that he can always 
prove whether his integration, is correct or not, by dififerentiating 
his answer. If he gets the original integral the result is correct. 

Case iii. — The deTuyminator oan be resol ved into imaginary 
factors all v/nequal. Type : 

1 

+ sd^) (b + a?)" 

Since imaginary roots always occur in pairs (page 353), the 
product of each pair of imaginary factors will give a product of the 
form, + a^. Instead of assigning a separate partial fraction to 
each imaginary factor, we assume, for each pair of imaginary 
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factors, a partial fraction of the form : 

Ax H- S 
a? + * 

Hence we must write 

1 Ax + J5 O 

(a^ + x'^) (b + a?) “ + a?-* ^ b + x’ 

Now get (13), page 193, fixed upon your mind. 


ExaMPIiBS 




dx 

ry^ (a;S+T) 




Oaj+2?\ _ 


Here 


. 0 . 


I)®^a5 -1 • a?" 

A.nsr J log (aj®+ 1 ) {« - 1) ““ ® ^ (a? — 1) “ ' + U. 


(2) Show y 37 ~^-|tan-»« +1 log j-^+C. 

(3) H. Danneel (Zeit, phya, Chem.t 83, 415, 1900) used a similar expres- 
sion in his study of the “ Free Energy of Ohemioal Reactions Thus, he has 

a* - 2 &(Ca-^)*=» 5 (tan- tan- 

in an experiment where aj=a?i when and xssx^ when t=atg^. 

C dtC 

(4) The integral J Z " gg) 27 : r(c ~ Z"/e) solved when the rate 

of dissolution of a spheroidal solid is under discussion. Put a — bx = sfl; 
a — bc’^n^; X:=i{a — ss^lb\ dansa —Zd^dzjb. Substitute these results in the 
given integral, and we get 

r dz _ o f 1 f ^ 1 C (g -1- 2'n)<i.g 

~~ J (ro~s) {n^ + nz + z^)’^t^J n — z'^i^J n^ + nz+z^' 

by resolution into partial fractions. Let me make a digression. Obviously, 
we may write 

r <y + 26)dy _l 7/ 2y + b Sb \ 

Ja+by + y^ 2j\a + by + y^'*'a+by + y^/ 

The numerator of the first fraction on the right is the differential coefficient 
of the denominator ; and hence, its integral is ^ log (a + by + y^); the integral 
of the second term of the right member is got by the addition and subtraction 
of 16“ in the denominator. Hence, 

f dy f dy 2 

J a-tby+y^ J{a - 16“) + (y+^bf - 6“ ^y4a - b^' 

Returning to the original problem, we see at once that 


, 2z+n _ 

4 - ,^3 tan - ' — H O, 

n/S« 


S 1/ log -/"“H- 

Now restore the original values, z t=t {a — bx)k, and n = (a — 6o)i. 

In most of the examples which I have selected to illustrate my 
text, the denominator of the integral has been split up into factors so 
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81 S not to divort tho stndont s sbttozitioEL from tliO point &it issno. Zf 
tli 0 studdnt feels wesik on this subject a couple of hours* 

with W. T. Knight's booklet on Algebra/io FaotorSf Liondon, 1888, 
will probably put things right. 

CaSB Th6 dcnofninortoT ccun be TBsoVoed into ivnot/ginci/Ky 
fcictoTSf sorno of whAohi otb ogued to on& ot/noth&tm Typo ; 

1 

(a? + a?2)2(5 + a?)* 

Combining the preceding results, 

1 Ax + B Gx + D E 

{a^ + x^f{h + a?) “ (a2 + x^f "*■ <22 4. ^.2 + 

In this expression, there are just sufficient equations to determine 
the complex system of partial fractions, by equating the coefficients 
of like powers of x. The integration of many of the resulting 

expressions usually requires the aid of one of the reduction 
formulae (§ 76). 

ExaicfeiB. — Prove f f dot 

J («a+l)a JaJ» + l J (^ + ip 

Integrate. Ansr. Jlog ^ +^tan- + O. Use formula B, 

page 209, for evaluating the last term. 

Consequently, if the denominator of any fractional differential 
can be resolved into factors, the differential can be integrated by 
one or other of these processes. The remainder of this chapter 
wiU be mainly taken up with practical illustrations of integration 
processes. A number of geometrical applications will also be given 
because the accompanying figures are so useful in helping one to 
form a mental picture of the operation in hand. 

§ 77. The ITelooity of Chemioal Reactions. 

The time occupied by a chemioal reaction is dependent, among 
other things, on the nature and concentration of the reacting sub- 
stances, the presence of impurities, and on the temperature. With 
some reactions these several factors can bo so controlled, that 
measurenwnts of the velocity of the reaction agree with theoretical 
results. But a great number of chemioal reactions have hitherto 
defied all attempts to reduce them to order. For instance, the 
mutual action of hydriodic acid and bromic acid ; of hydrogen and 
oxygen ; of carbon and oxygen ; and the oxidation of phosphorus. 
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The magnitude of the disturbing elBfects of secondary and catalytio 
actions obscures the mechanism of such reactions. In these cases 
more extended investigations are required to make olear what 
actually takes place in the reacting system. 

Chemical reactions are classified into uni- or mono-molecular, 
bi-molecular, ter- or tri-molecular, and quadri-molecular reactions 
according to the number of molecules which are supposed to take 
part in the reaction. Uni-, bi-, ter-, . . . molecular reactions are 
often called reactions of the first, second, third, . . . order. 

J. — Reactions of the first order. Let a be the concentration of 
the reacting molecules at the beginning of the action when the 
time £ m 0. The concentration, after the lapse of an interval of 
time f, is, therefore, a — x, where x denotes the amount of sub- 
stance transformed during that time. Let dx denote the amount 
of substance formed in the time dt. The velocity of the reaction, 
at any moment, is proportional to the concentration of the reacting 
substance — Wilhelmy’s law — hence we have 

- a): or. ft - j .logj^; . , (1) 

or, what is the same thing, x *= a(l — e ” **), where it is a constant 
depending on the nature of the reacting system. Beactions which 
proceed according to this equation are said to be reactions of. the 
first order. 

II. — Reactions of the second order. Let a and b respectively 
denote the concentration of two different substances, say, in such 
a reacting system as occurs when acetic acid acts on alcohol, or 
bromine on fumaric acid, then, according to the law of mass 
action, the velocity of the reaction at any moment is proportional 
to the product of concentration of the reacting substances. For 
every gram molecule of acetic acid transformed, the same amount 
of alcohol must also disappear. When the system contains a — x 
gram molecules of acetic acid it must also contain b — x gram 
molecules of alcohol. Hence 

( 2 ) 

Beaotions which progress according to this equation are called 
reactions of the second order. If the two reacting molecules are 
the same, then a=a 5. From (2), therefore, we get log 1 x -J = 0 x oo. 
Such indeterminate fractions will be discussed later on. But if we 
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staort from the beginning, we get, by the integration of 

^ as)*; * - J-a(a - as)' ‘ ’ 

In the hydrolysis of cane sugar, 

O12H22O11 + H2O =» 205^2209, 

let a denote the amount of cane sugar, b the amount of water 
present at the beginning of the action. The velocity of the re- 
action can therefore be represented by the equation (3), when x 
denotes the amount of sugar which actually undergoes transforma- 
tion. If the sugar be dissolved in a large excess of water, the 
concentration of the water, b, is practically constant during the 
whole process, because b is very large in comparison with x, and 
a small change in the value of x will have no appreciable effect 
upon the value of b; b — x may, therefore, be assumed constant. 

A' k(b — a?), where k' and k are constant. Hence equation (1) 
should represent the course of this reaction. Wilhelmy’s measure- 
ments of the rate of this reaction shows that the above supposition 
corresponds closely with the truth. The hydrolysis of cane sugar 
in presence of a large excess of water is, therefore, said to be a 
reaction of the first order, although it is really bimolecular. 


ExampIiB. — P roceed as on page 69 with the following pairs of values of 
x and t : — 

16, 80, 46, 60, 76,... 

*= 0*046, 0 088, 0*130, 0*168, 0*206,... 

Substitute these numbers in (1) ; show that h* is constant. Make the proper 
changes for use with common logs. Put a = 1. 


— HBdcHoTbs of the third order. In this case three molecules 
take part in the reaction. liot a, &, c, denote the concentration of 
the reacting molecules of each species at the beginning of the 
reaction, then. 


k{a - £c) (6 - a?) {p - ay). . . ( 4 ) 

Integrate this expression and put a; « 0 when i = 0 in order to 

find the value of G, The final equation can then be written in the 
form, 


— h') {b — c) (0 — a) 


where a, b, c, are all different. If we make a 


(5) 

6 =« c, in equation 
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(4) and integrate the resulting expression 

— ifc-i-f— i— ic(2a-ic). ,gs 

By rearranging the terms of equation (6) so that, 

a-a^l - + l)’ • ‘ ' CO 

we see that the reaction can only come to an end (a? =» a) after the 
elapse of an infinite time, t co. It o b when a is not equal 
to 6, 

fc i 1 ( (<» - b)x . , _ a(b- a;) 1 „ 

* f {a - - x) b{a - x)y ' ^ 

Among reactions of the third order we have the polymerization 
of cyanic acid, the reduction of ferric by stannous chloride, the 
oxidation of sulphur dioxide, and the action of benzaldehyde upon 
sodium hydroxide. Eor full particulars J. W Mellor, Ohemiccd 
Statics and Dynamics, might be consulted. 

IV. — Reactions of the fourth order. These are comparatively 
rare. The reaction between hydrobromio and bromic acids is, 
under certain conditions, of the fourth order. So is the reaction 
between chromic and phosphorous acids ; the action of bromine 
upon benzene ; and the decomposition of potassium chlorate. 
The general equation for an n-molecular reaction, or a reaction 
of the ?ith order is 

The intermediate steps of the integration are. Ex. (3) and Ex. (4), 
page 196. The integration constant is evaluated by remembering 
that when a; = 0, ^ = 0. We thus obtain 

(n-1) (ra - l)a« “ 

V. — To find the order of a chemical reaction. Liet Cj, re- 
spectively denote the concentration of the reacting substance in 
the solution, at the end of certain times tj and t^. From (9), if 
0=Gi, when t^t-,^, etc., 

where n denotes the number of molecules taking part in the re- 
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action. It is required to find a value for n. From (10) 

1 . log tl - log *3 
■ ^ + log o,-iog cr,- 


( 11 ) 


Wliy the negative sign ? The answer is that (10) denotes the rate 
of formation of the products of the reaction, (11) the rate at which 
the original substance disappears. C^ct — x, dO^ —da;. 


Numbbicai. IrriUSTBATioN. — ^W. Judson and J. W. Walker {Jov/m. Chem. 
8oc.y 73, 410, 1898) found that while the time required for the decomposition 
of a mixture of hromio and hydrobromic acids of concentration 77, was 
15 minutes ; the time required for the transformation of a similar mixture 
of substances in a solution of concentration 51*88, was 50 minutes. Substi.. 
tuting these yalues in (11), 


W> sa 1 + 


8-97. 


log 8*838 
log 1*5 

The nearest integer, 4, represents the order of the reaction. 
Natural Iiogarithms, page 627. 


Use the Table of 


The intervals of time required for the transformation of equal 
fractional parts m of a substance contained in two solutions of 
different concentration C-i and O 2 , may be obtained by graphic 
interpolation from the curves whose abscissae are and and 
whose ordinates are and Cg respectively. 

Another convenient formula for the order of a reaction, is 


dCj _ dC, 

dT - -sr 


» — ^ . . . (12) 

log Cj - log C 2 

The reader will probably be able to deduce this formula for himself. 

The mathematical treatment of velocity equations here outlined 
is in no way difficult, although, perhaps, some practice is still re- 
quisite in the manipulation of laboratory results. The following 
selection illustrates what may be expected in practical work if 
the reaction is not affected by disturbing influences. 


Examples. — (1) M. Bodenstein {ZeiU phys. 29, 816, 1899) has the 

equation 

dso 

- «)(6 - ®)1 


for the rate of formation of hydrogen sulphide from its elements. To inte- 
grate this expression put 6 -«?=«», .*. d® =r - 2zdx, and therefore 

f dz fti 2 z 

J "" ■§ * 2 2 ^ 

where Aa=a-6. For the integration, see (18), page 193. This presupposes 
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that a >-6 ; if a<; 6 the integration is Oase i. of page 218. We get a 
®^pr 6 Ssion for the rate of dissolution of a solid oylinder of metaJ in an aoid. 
To evaluate C, note that SsO when tssO. 

(2) Ii. T. Eeicher {JZeit* phys. OTievn., 16, 203, 1895) in studying the action 

of bromine on fuxnario acid, found that when i= 0 , his solution contained 8’8 
of fumano acid, and when 7*87 ; the concentration of the aoid was 

altered hy dilution .with water, it was then found that when ifssO, the concen- 
tration was 3*88, and when i=lS2, 3*61. Here dOjJdt^ ( 8*88 - 7'87)/95=0*0106 ; 
dOJdt=0'QO221 ; Ois=( 8*88 + 7 * 87 )/ 2 ss 58*876 ; 8 * 7 , ft ■= 1*87 in ( 12 ) above 

The reaction is, therefore, of the second order. 

(3) In the absence of disturbing side reactions, arrange velocity equations 
for the reaction (A. A. Hoyes and G. J. Oottle, ^eit. phys. Chem.t 27, 578, 
1898) 2aH3 . OOaAg + H . OOaNa = OH 3 . COOH + OH 3 . OOaNa + OO 2 + 2Ag. 
Assuming that the silver, sodium and hydrogen salts arc completely dissociated 
in solution, the reaction is essentially between the ions : 

2Ag + 4 - H . 000 ” =» 2Ag + GOj + H+, 

therefore, the reaction is of the third order. Verity this from the following 
data. When a (sodium formate) ss 0*050, b (silver acetate) aO'lOO ; and when 

« — 2 , 4, 7, 11, 17, ... 

(6 - «) X 10* = 81*03, 71*80, 63*95, 69*20, 66*25, . . . 

Show that if the reaction be of the second order, h varies from 1*88 to 2*67, 
while if the reaction be of the third order, h varies between 31*2 and 28'0. 

(4) For the conversion of acetochloranilide into p-chloraoetanilide, J. J. 
Blanksma {Bee. Trav. JPays-Bas,, 21, 366, 1902 ; 22 , 290, 1903) has 

t — 0, 1, 2 , 3, 4, 6 , 8 , • • . { 

a-« = 49*8, 86 * 6 , 26*76, 18*6, 18*8, 7*3, 4*8,... 

Show that the reaction is of the first order. 

( 6 ) An homogeneous spheroidal solid is treated with a solvent which dis- 
solves layer after layer of the substance of the sphere. To find the rate of 
dissolution of the solid. Let denote the radius of the sphere at the be- 
ginning of the experiment, when ^<=0 ; and r the radius of the time t\ let ^ 
denote the volume of one gram molecule of the solid ; and let x denote the 
number of gram molecules of the sphere which have been dissolved at the 
time t. The rate of dissolution of the sphere will obviously be proportional 
to the surface s, and to the amount of aoid, a -■ e, present in the solution at 
the time t. But, remembering that the volume of the sphere is firr*, the 
volume of the x gram molecules of the sphere dissolved at the time t will be 


and the surface s of the sphere at the time t will be 4irr*. 




dic dit 

•at : or. 


4ark{ rn* 


(• 




an expression resembling that integrated on page ^17, Ex. (4). 

(6) li. T. Beicher {JOiebig's Arm.^ 228, 257, 1885 ; 282, 103, 1886) measur- 
Ing the rate of hydrolysis of ethyl acetate by sodium hydroxide, found that 
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when 

t sa 0, 893, 669, 1010, 1265, . . . units . 

a - ® = 0*5638, 0-4866, 0*4467, 0*4113, 0*3879, . . . 

5 - a; » 0-3114, 0*2342, 0*1943, 0*1689, 0*1854, . . . 

How apply these results to equation (2), page 219, and show that h is ap- 
proximately constant and that, in consequence, the reaction is of the second 
order. 

(7) Ethyl acetate is hydrolized in the presence of acidified water forming 
alcohol and acetic acid. Suppose a gram molecules of acetic acid are used to 
acidify the water, and that we start an experiment with h gram molecules of 
ethyl acetate, show that Wilhelmy’s law leads to 

^ + x) (b - x)\ or, -j-logio ^^ - _ — constant ; 

with the additional assumption that the velocity of the reaction is propor- 
tional to the amount of acetic acid present in the system. If a gram molecules 
of some other acid are used as “ catal 3 rtio ” agent. 


dx I , f b TcnfXf •4* \ 

^ = (M *1®) ib - X); or, f • logic constant. 

See W. Ostwald, Journ. praTct. Chem., [ 2 ], 28, 449, 1883, for experimental 
numbers. Hint. There is a of catalyzing acid present and the velocity of the 
reaction due to this agent will be k^(b — x) ; but x of cccetic acid has also been 
produced ; so that the velocity of the reaction due to the catalyzing action of 
acetic acid is equal to 7cjX{b — x). Now apply the principle of the mutual 
independence of difierent reactions of page 70. 

( 8 ) It was once thought that the decomposition of phosphine by heat was in 
accordance with the equation, 4 PH 3 = P 4 -i- 6 H 3 ; now, it is believed that the 
reaction is more simple, vis,, PH^ = P-I- 8 H, and that the subsequent formation 
of the P 4 and molecules has no perceptible influence on the rate of the 
decomposition. Show that these suppositions respectively lead to the follow- 
ing equations : 


^=H1 - X)*; 


k » 



1 



dx 

dt = ^ (1 -«);••• 



In other words, if the reaction be of the fourth order, Jc will be constant, and 
if of the first order, 7cf will be constant. To put -these equations into a form 
suitable for experimental verification lot a gram molecules of PHj per unit 
volume be taken. Let the fraction a; of a be decomposed in the time t. 
Hence, (1 - x)a gram molecules of phosphine and |aaj, of hydrogen remain. 
Since the pressure of the gas is proportional to its density, if the original 
pressure of PHj bepo of the mixture of hydrogen and phosphine pj, then. 


and 




(1 — a;)o-j-^a;a 
a 






h 


^\\3jPo — 




Po 

SPo “ 2px* 


where the constants are not necessarily the same as before. 


J>. M. Eooij 
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{Zeit. phys. Chem.^ 12, 155, 1892) has published the following data: — 

O, 4, 14, 24, 46‘S. ... 

768 01, 769*34 796*67, 819*16, 866*22, . . . 

Hence show that ft', not ft satisfies the required condition. The decomposi- 
tion of phosphine is, therefore, said to be a reaction of the first order. Of 
course this does not prove that a reaction is really unimoleoular. It only 
proves that the velocity of the reaction is proportional to the pressure of the 
gas — quite another matter. See J. W. Mellor's Chemical Statics cmd I>ynamies, 

In experimental work in the laboratory, the investigator pro- 
ceeds by the method of trial and failure in the hope that among 
many wrong guesses, he will at last hit upon one that will ** go 
So in mathematical work, there is no royal road. We proceed by 
instinct, not by rule. For instance, we have here made three guesses. 
The first appeared the most probable, but on. trial proved unmis- 
takably wrong. The second, least probable guess, proved to be 
the one we were searching for. In his celebrated quest for the 
law of descent of freely falling bodies, Qalileo first tried if F, the 
velocity of descent was a function of the distance traversed. He 
found the assumption was not in agreement with facts. He then 
tried if V was a fimction of t, the time of descent, and so estab- 
lished the familiar law V *= gU So Kepler is said to have made 
nineteen conjectures respecting the form of the planetary orbits, 
and to have given them up one by one until he arrived at the 
elliptical orbit which satisfied the required conditions. 

§ 78. Ghemioal Equilibria — Incomplete or Reversible 

Reactions. 

Whether equivalent proportions of sodium nitrate and potas- 
sium chloride, or of sodium chloride and potassium nitrate, are 
mixed together in aqueous solution at constant temperature, each 
solution will, after the elapse of a certain time, contain these four 
salts distributed in the same proportions. Let m and n be positive 
integers, then 

(m + w)N aN O3 + (w + n)KGl — wN aCl + wKN O3 + nNaN03 + »KC 1 ; 
{nt, + n)NaCl (on + n)KN03 ■■ wNaOl + WKNO3 + wNaN03 + wKCl. 

This is more concisely written, 

NaCl 4 * KNO 3 NaNOa + KOI. 

The phenomenon is explained by assuming that the products of 
the reaction interact to reform the original components simul- 

P 
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taneously with the direct, reaction. That is to say, two inde- 
pendent and antagonistic changes take place simultaneously in 
the same reacting system. When the speeds of the two opposing 
reactions are perfectly balanced, the system appears to be in a 
stationary state of equilibrium. This is another illustration of the 
principle of the coexistenoe of different actions. The special case 
of the law of mass action dealing with these ** incomplete or 
reversible reactions is known as Guldberg and Waage’s lav. 
Consider a system containing two reacting substances A^ and Ag 
such that 


Let and ag ^»be respective concentrations of A^ and Ag. Let 
X of A^ be transformed in the time t, then by the law of mass action, 

^ “ ii(ai - as). 


Further, let x' of Ag be transformed in the time The rate of 
transformation of Ag to A^ is then 

^ - *')• 


But for the mutual transformation of x of A^ to Ag and x* of Ag 
to Aj, we must have, for equilibrium, a; = — a?' ; and, da; == — dx' ; 

••• + »)• 


The net, or total velocity of the reaction is obviously the algebraic 
sum of these ** partial ** velocities, or 

” flj) “■ ^2(^2 "l" ®)* • • (^) 

It is usual to write K = When the system has attained the 

stationary state dx/dt = 0 . “Equilibrium,*’ says Ostwald, “is a 
state which is not dependent upon time.” Consequently 

where x is to be determined by chemical analysis, 04 is the amount 
of substance used at the beginning of the experiment, made 
zero when i = 0 . This determines K. Now integrate (1) by 
the method of partial fractions and proceed as indicated in the 
subjoined examples. 
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EscAicpiiXS. — (1) In aqueous solution 'y-oxybutyiio aoid is converted into 
ybutyrolactone, and y>butyrolaotone is transformed into <yoxybu1yrlo acid 
according to the equation, 

CHaOH . OHa. OH3. OOOH OH2 . OH^j . OHj . OO + HaO. 


Use the preceding notation and show that the velocity of formation of the 
lactone is, sss .rj •“ and •jST ** (^®!2 "i* 

ITow integrate the first equation by the method of partial fractions. Evaluate 
the integration constant for x = 0 when t 0 and show that 


1 ^ JSjO/^ •“ Oa 

t * - oa) - (1 + jSO® 


Constant. * • 


( 8 ) 


P. Henry {2!eit. phys. Chem.^ 10, 116, 1892) worked with osj = 18*23, Oa = 0; 
sknalysis showed that when dxjdt s 0, s; aa 18*28 ; — a; a 4*95 ; a^ + x^s 13*28 ; 

JBT as 2*68. Substitute these values in (3) ; reduce the equation to its lowest 
verms an^ verify the constancy of the resulting expression when the follovring 
pairs of experimental values are substituted for x and t, 

t= 21, 50, 65, 80, 160 

«=. 2*89, 4*98, 6*07, 7*14, 10*28... 

(2) A more complicated example them the preceding reaction of the first 
order, occurs during the esterification of alcohol by acetic acid ; 

OH, . COOH + OaH, . OH OH, . GOOGaH, + H . OH, 

a reaction of the second order. Tiet %, bj denote the initial concentrations of 
the acetic acid and alcohol respectively, Og, b, of ethyl acetate and water. 
Show that, dxjdt = - x) (bj — jb) — k^{a^ + x) (b^ + x). Here, as else- 

where, the calculation is greatly simplified by taking gram molecules such 
that Oj =s 1, bx = 1, Us s= 0, b, = 0. The preceding equation thus reduces to 

^ = fci(l — »)* - kaas*. .... (4) 

For the sake of brevity, write Ai/(k — Jfcjj) = m and let a, p be the roots of the 
equation ac^ — 2mx •+ m 0. Show that (7) may be written 

(. - .M» - fl) = 


Integrate for x = 0 when i = O, in the usual way. Show that since 
a = Ttt + — m and P — ‘fit — *s/fn^ — wx, page 353, 



(m — is/m^ -- m) (w + n/wx*** — w — a?) 
(nt + ^/m* — m) (w — >/m® — m — x) 


= 2(ftx — Je^ \/«i® — fit. 


( 6 ) 


fC is evaluated as before. Since in = ^ ^ *=* 1/(1 *“ ®6*“ 

thelot and Ii. P4an St. Gilles’ experiments show that for the above reaction, 
fcx/ftj = 4; m = t; >/»»=* - m = f ; - * 2 ) = 0*00675; or, using common 

logs, 4(fca X 0*4843 — fc*) = 0*0025. The corresponding values of x and ^ were 

t = 64, 103, 187, 167 . . . : 

* = 0*260. 0*345, 0-421, 0*474 ...; 

constant = 0*0023, 0*0022, 0*0020, 0.0021 ... 

P * 
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Verify this last line &om (5). For smaller values of U side reactions are 
supposed to disturb the normal reaction, because the value of the constant 
deviates somewhat from the regularity just found. 

(8) Let one gpram molecule of hydrogen iodide in a v litre vessel be heated, 
decomposition takes place aocording to the equation : 2H1 H 2 + Hence 
show that for equilibrium, 


dx 



( 6 ) 


and that (1 -> Qat)(v is the concentration of the undissooiated acid. 
ss K and verify the following deductions. 


/: 


dx 


F:(1 - 2aj)2 _ 2 ^ 


. log 


•JK{1 - 2a;) + ae 
*JK{1 -2x0) -X 



Put 


Since, when £ = 0, » a 0, 0*^0. M. Bodenstein {Zeit. phys. Ghent,, 18, 56, 

1894 ; 22, 1, 1897) found K, at 440** s 0*02, hence *</S 0*141, 

. 1 , 1 + 6*le 

• • ^ • log ^ — 9*1® ~ confltaiit, 


provided the volume remains constant. The corresponding values of x and t sure 
to be found by experiment. Jff.ff,, when t a 15, x = 0-0378, constant = 0*0171 ; 
and when t = 60, x = 0*0950, constant *= 0*0178, etc. 

(4) The “active mass** of a solid is independent of its quantity. Hence, 
if o is a constant, show that for CaCO, ^ OaO + OO3, Ac a j>, where jp denotes 
the pressure of the gas. 

(5) Prove that the velocity equation of a complete reaction of the first 
Dirder, A.^ a Ag, has the same general form as that of a reversible reaction, 

Ag, of the same order when the concentration of the substances is re- 
ferred to the point of equilibrium instead of to the original mass. Let ( 
denote the value of x at the point of equilibrium, then, dxjdiss7c^{a^ — x) — ; 

becomes dxldt a — () — ftgf. Substitute for ftgits value — C)/ft when 

dxfdt a 0, 


. d» fciOiCf - X) . 

• i — * 


or. S - *)» 


(7) 


Where the meanings of a, k, will be obvious. 

(6) Show that k is the same whether the experiment is made with the 
substance Ai. or Ag. It has just been shown that starting with Aj, k » 
starting with Ag, it is evident that there is % - of Ag will exist at the point 
of equilibrium. Hence show dxfdt = - €) -* - {) I “ €)• 

therefore, as before, k^OrJicti^ - €) *= dxfdt = - € *" *)/{• IJtito- 

grate between the linxits t a 0 and t =s t, x bsXq and x =: x^; then show, from 

(7), that 

- * 2 ” “ * 2 “ ^ + ^ • • (8) 


O. Tubandt has measured the rate of inversion of f-menthone into <2-men- 
thone, and vice versd (Dissertation, Halle, 1904). In the first series of experi- 
ments X denotes the amount of d-menthone present at the time t ; and in the 
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second series, the amount of Z-menthone present at the time it ; £ is the value 
of X when the system is in a state of eq[uilibrium, that is when t is infinite. 
Eirst, the conversion of Z-menthone into d-menthone. 


t = 0, 16, 30. 46, 60. 76, 90, 105, oo ; 

a; «= 0, 0*73, 1-31, 1-74, 2 06, 2*80, 2*48. 2*62, 8*09. 

Second, the conversion of <2-menthone into Z-menthone. 

16, 80, 46, 60, 76, 90, 105, oo; 

» = O, 0*46, 0-76, 1-03, 1-22, 1*87, 1-47, 1*66, 1*84. 

Show that the “velocity constant** is nearly the same in ea.ch case, ft =0*008 
nearly. 


§ 79. Fractional Precipitation. 

If to a solution of a mixture of two salts, A and B, a third 
substance O, is added, in an amount insufficient to precipitate all 
A and B in the solution, more of one salt will be precipitated, as 
a rule, than the other. By redissolving the mixed precipitate and 
again partially precipitating the salts, we can, by many repetitions 
»f the process, effect fairly good separations of substances otherwise 
intractable to any known process of separation. 

Since Mosander thus fractioned the gadolinite earths in 1839, 
the method has been extensively employed by W. Crookes {Chem, 
News, 64, 181, 165, 1886), in some fine work on the yttria and 
other earths. The recent separations of polonium, radium and 
other curiosities have attracted some attention to the process. 
The “ mathematics ’* of the reactions follows directly from the law 
of mass action. Let only sufficient O be added to partially pre- 
cipitate A and B and let the solution originally contain a of the 
salt A, b of the salt B. Let x and y denote the amounts of A and 
B precipitated at the end of a certain time t, then a — a; and b — y 
will represent the amounts of A and B respectively remaining in 
the solution. The rates of precipitation are, therefore, 

g - *) (0 - ^ _ k,(b - y) (C - *), 

where c — z denotes the amount of C remaining in the solution at 
the end of a certain time L 


or, multiplying through with dt, we get 
, dx 


“a - a? 


h ^ ■ . 7r _ 7. - y) 

*16-3,' --^oj a-x 
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On. integration, k^ 0 Q{a ^ x) ^ A;ilog(6 — y) + log G, where log O 
is the integration constant. To find G notice that when a? =*• 0, 
y 0, and consequently log = log Oh *^ ; or, C7 =■ 



The ratio (a — x)/a measures the amount of salt remaining in 
the solution, after x of it has been precipitated. The less this ratio, 
the greater the amount of salt A in the precipitate. The same 
thing may be said of the ratio (6 — y)/b in connection with the 
salt B. The more Jc^ exceeds Jcj^ the less will A tend to accumulate 
in the precipitate and, the more exceeds ^ 2 ^ the more will A tend 
to accumulate in the precipitate. If the ratio k-Jh^ is nearly unity, 
the process of fractional precipitation will be a very long one, 
because the ratio of the quantities of A and B in the precipitate 
will be nearly the same. In the limiting case, when k^ =* Ar 2 » 
&i/A ?2 =* 1, the ratio of A to B in the mixed precipitate will be the 
same as in the solution. In such a case, the complex nature of 
the “ earth could never be detected by fractional precipitation. 
The application to gravimetric analysis has not yet been worked 
out. 


§ 80 . Areas enclosed by Curves. To Evaluate Definite 

Integrals. 


Let AB (Hg. 100) be any curve whose equation is known. It 



Pig. 100. 


is required to fi.nd the area of the 
portion bounded by the curve ; the 
two coordinates PM, QN ; and that 
portion of the a;-axis, MN, included 
between the ordinates at the ex- 
tremities of that portion of the curve 
under investigation. The area can 
be approximately determined by sup- 
posing PQMN to be cut up into small 
strips — called surface elements — 
perpendicular to the a;-axis ; finding 
the area of each separate strip on 
the assumption that the curve bound- 
ing one end of the strip is a straight 
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line ; and adding the areas of all the trapezoidal-shaped strips 
together. Let the surface PrqQNM be out up into two strips by 
means of the line Lit. Join PjB, BQ. 

Area PQM!N = Area PBLM. + Area BQNL, 

But the area so calculated is greater than that of the required 
figure. The shaded portion of the diagram represents the magni- 
tude of the error. It is obvious that the narrower each strip is 
made, the greater will be the number of trapeziums to be included 
in the calculation and the smaller will 
be the error. If we could add up the 
areas of an infinite number of such strips, 
the actual error wpuld become vanish- 
ingly small. Although we are unable 
to form any distinct conception of this 
process, we feel assmred that such an 
operation would give a result absolutely 
correct. But enough has been said on ^ 
this matter in § 68. We want to know 
how to add up an infinite number of infinitely small strips. 

In order to have some concrete image before the mind, let 
as find the area of PQNM in Pig. 101. Take any small strip 
PBSM ; let PM =» y, BS =» y + Sy ; OM == x ; and OS == a? -i- Sx. 
Let SA represent the area of the small strip under consideration. 
If the short distance, PB, were straight and not curved, the area, 
SA, of the trapezium PBSM would be, (11), page 604, 

8 A — ^Sx(PM -h BS) &r(y -i- ^Sy). 

By making Sx smaller and smaller, the ratio, SAfSx =» y + ^8y, 
approaches, and, at the limit, becomes equal to 

lits. _ ^ - y ; ••• <*-4 - sr . das. . . (1) 

This formula represents the area of an infinitely narrow strip, say, 
PM. The total area, A, can be determined by adding up the 
areas of the infinite number of infinitely narrow strips ranged side 
by side from MP to NQ. The area of any strip is obviously length 
X width, or y X dx. Before we can proceed any further, we must 
know the relation between the length, y, of any strip in terms of its 
distance, x, from the point O. In other words, we must have the 
equation of the curve PQ. For instance, the area of any indefinite 
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portion of the curve, is 

A ^ Jy.dx + C, ( 2 ) 

and the area bounded by the portion situated between the ordinates 
having the abscissse ag and (Mg. 100) is 

A ^ (\.dx + a , . . (3) 

J <»3 

^Equation (2) is an indefinite integral, equation (3) a definite 
integral. The value of the definite integral is determined by the 
magnitude of the upper and lower limits. In Fig. 100, if ag 

represent the magnitudes of three abscissae, such that lies 
between and Cg, 

A^\y.dx-\-G^ \y . dx + \y , dx ^ C. 

"When the limits are known, the value of the integral is found by 
subtracting the expression obtained by substituting the lower limit 
in place of x, from a similaar expression obtained by substituting 
the upper limit for x. 

In order to fix the idea, let us take a particular case. Suppose 
y = 2a?, and we want to deal with that portion of the curve between 
the ordinates a and b. From (3), 

Jac.da? + O; ... (4) 

The vertical line in the preceding equation, (4), resembles Sarraus’ 
symbol of substitution. The same idea is sometimes expressed 
by square brackets, thus, 

^2x,dx^ |^£B2 ^ cij » (52 _ (^2 + ^ (52 _ ^2). 

The process of finding the area of any surface is called, in the 
regular text-books, the quadrature of surfaces, from the fact that 
the area is measured in terms of a square — sq. cm., sq. in., or 
whatever unit is employed. In applying these principles to 
specific examples, the student should draw bin own diagrams. 
If the area bounded by a portion of an ellipse or of an hyperbola 
is to be determined, first sketch the curve, and carefully note the 
limits of the integral. 

BxAi.pr.us.— (1) To find the area bounded by an ellipse, origin at the 
centre. Here 

sx^ 5 

or, y=± - N/a® - 
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Refer to Fig. 22 , page 100 . The sum of all the elements perpendioular to the 
a;-axis, from to 0 i^ 4 , is given by the equation 

A = J’y.dx, 

for, when the curve cuts the te-axis, x a, and when it cuts the y-axis, a: =s 0 . 
The positive sign in the above equation, represents ordinates above the x-axis. 
The area of the ellipse is, therefore, 

A =s: y . dx. 

Substitute the above value of y in this expression and we get for the sum of 
this infinite number of strips, 

A =z 4,^ f - »*)dx, 

O-J 0 

which may be integrated by parts, thus 

b r ic OS T* 

^ - 0!®) + ^sin-i- 4- C J . 

The term within the brackets is yet to be evaluated between the limits x — o 
and X = 0 


= +f*sin-i^+ o]-~ -[gVCa* - 0*) + ^ain-*^ + oj-J 


a* 




remembering that sin 90* = 1 , sin “ »1 = 90* and 2 sin 1 = 180 = The 
area of the ellipse ia^ therefore, irab. If the major and minor axes are equal, 
a = 6 , the ellipse becomes a circle whose area is Tra*. It will be found that 
the constant always disappears in this way when evaluating a definite 
integral. 

( 2 ) Find the area bounded by the rectangular hyperbola, xy a; or, 
y = a/x, between the limits x ==> 0^ and x >= Xjj. 



A =s aj**log X +■ O — a{(log Xj, + O) - ( log x^ + 0)1 = a logS. 

1*1 Xj 

If Xi = 1 , and X 3 X ; A ^ a log,x. This simple relation appears to be the 
reason natural logarithms are sometimes called hyperbolic logarithms. 

(3) Find the area bounded by the curve y — 12(x - l)/x, when the limits 

are 12 cm. and 3 cm. Ansr. 91*36 sq. cm. The integral is 12J(x — l)x“*<ix; 
or 12 [x — log xj-V- = 12(9 — log 4), etc. Use the table of natural logarithms 
page 627. ' 

(4) Show that the area bounded by the logarithmic ourve, x «■ log y, is 
y - 1* Hint. A = /dy = y + C. Evaluate O by noting that when x =' 0, 
y — - 1 , A ss 0. If y » 1, A » O; if y « 2 , A »> 1 ; etc. 

If polar coordinates are employed, the differential of the area 
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assumes the form 

dA = .... (5) 


Exampub. — iud the area of the hyperbolic spiral between 0 and 
See Ex. (2), page 117. re => a; de a . dr/r ^ ; consequently, 


+ r. 


a . 11® cur _cur 

= T-T* 


After this the integration constant is not to be used at any 
stage of the process of integration between limits. It has been 
retained in the above discussion to further emphasize the rule : 
The ifitegTcution coTLstobnt of cl definite integrcLl disappecLTS during 
the process of integration. The ahs&noe of the indefinite integration 
constant is the mark of a definite integral. 


§ 81. Mean Values of Integrals. 


The curve 


y =« rsinaj, 

represents the sinusoid curve for the electromotive force, y, of an 
alternating current ; r denotes the maximum current ; x denotes 
the angular displacement made in the time t, such that x = Stt^/ T, 
where T denotes the time of a complete revolution of the coil in 
seconds. The value of y, at any instant of time, is proportional to 
the corresponding ordinate of the curve. When x « 90*’, t = \Tf the 
coil has made a quarter revolution, and the ordinate is a maximum. 

When X = 270**, or when t = ^27, that 
is, in three-quarters of a revolution, 
the ordinate is a minimum. The 
curve cuts the fl?-axis when x »= 0®, 
180®, and 360®, that is, when ^ 0, 

\Ty and T. Eor half revolution, the 
average electromotive force beginning 
when X — 0, is equal to the area 
bounded by the curve OPO (Fig. 102), 
and the a;-axis, cut off at ^T, that is, at w. This area, is 
evidently 



Aj J r sin x .dx = ” a? J =» — r cos tt + r cos 0 2r, 

because cos tt = cos 180® = — 1, and cos 0® = 1. 

The area, Ag, bounded by the sine curve during the second 
half revolution of the coil lies below the a;-axis, and it has the same 
numerical value as in the hrst half. This means that the average 
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eleotromotive force during the second half revolution is numerically 

equal to that of the first half, but of opposite sign. It is easy to 
see this. 

j^roosajJ^ = - roos^TT + roosir =• - 2r, 

since cos 360® = cos 0° « 1. The total area, A, bounded by the 

^e curve and the rc-axis during a complete revolution of the coil 
is zero, since 

A « Aj + Ajj =* 0. 

The area bounded by the sine curve and the a;-axis for a whole 
period 2^, or for any number of whole periods, is zero. 

If now • • •» 2^n be the values of JX^x) when the space 

from a to 6 is divided into n equal parts each Sx wide, d - a=nSx 
and if * 

y « /(«) ; 

yi =*/(«) ;y 2 + &r) ; ^f{a + 2&c) ; . . . ; =/(& _ ^^T^Sx). 

ihe arithmetical mean of these n values of y is, by definition. 
the nth part of their sum. Hence, 

yi + yg + yg + . . . + yn ^ (yi + + y, +. ..+ yJSa? 

^ b - a » 

since n^x^ b - a. It x now assumes every possible value lying 
m the interval between b and a, n must be infinitely great. Hence 

the sum of this infinite number of indefinitely small quantities is 
©^pressed by the symbol 

^f{x)dx, 

as indicated on page 189. The arithmetical mean of all the values 
which /(a;) can assume in the interval 6 - a is, therefore, 

f f{x)dx - 

This is called the mean or ayerage value of f{x) over the range 
b - a. Geometrically, the mean value is the altitude of a rectangle, 
on the base 6 ~ a, whose area is equal to that bounded by the curve 
y = tbe two ordinates and the rc-axis. In Mg. 102, OA is the 
mean value of y, that is, of r sin a;, for all values of x which may 
vary continuously from 0 to tt. This is easy to see, 
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J T sin X . diX = Area OIP O = Area of rectangle OjA.JB G ^ 

0 

= OC X OA = {b — a) X OA, 

where a denotes the abscissa at the point O, and b the abscissa at 
O. But b — a ^ TV, and OA =* consequently. 

If*". 2r 

Mean value of ordinate = — IT* sin X . dx = — = 0*63667*. 

Jo ^ 

Instruments for measuring the average strength, of an altemat* 
ing current during half a complete period, that is to say, during the 
time the current flows in one direction, are called electrodynamo- 
meters. The electrodynamometer, therefore, measures = OA 
(Fig. 102) firfv = 0*6366r. But MP = r denotes the maximum 
current, because sin x is greatest when x » 90**, and sin 90** 1. 

Hence, y ^ r sin 90® «■ r. 

Maximum current 7* ; Average current = 0*63667*. 


There is another variety of mean of no little importance in the 
treatment of alternating currents, namely, the square root of the 
mean of the squares of the ordinates for the range from a? = 0 to 
X = TT. This magnitude is called the mean square value of /(x). 
With the preceding function, y ^ r sin a?, the 


1 . 7 ^ 

Mean value of = — 1 ^ ^sin^a? . dx « -jj J 

^ Jo 

on integration by parts as in (12), page 205. Again 

Mean square value of = 0*70717*. 

Exampi:.bs. — (1) In calculations involving mean values cam must be 
taken not to take the wrong independent variable. Find the mean velocity of 
a particle falling from rest with a constant acceleration, the velocities being 
taken at equal distances of time. When a body falls from rest, V =s pf, 

that is to say, the mean velocity, with respect to equal intervals of time 
is one half the final velocity. On the other hand, if we seek the mean 
velocity which the body had after describing equal intervals of space, s, 
and remembering that ss 2^s, 


« Jo 


Yds 






ds 




s 


8 


2F 
8 * 


that is, two-thirds of the final velocity. 

(2) Show that if a particle moves with a constant acceleration, the mean 
square of the velocities at equal infinitely small intervals of time, is 
+ 1 * 0 Fj + Fj®), where Yq and Fj respectively denote the initial and final 
velocities. 
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(8) The relation between the amount, x, of a subt lance traoBformcd 
the time, t, in a unimolecular chemical reaction may be written »a3a(l -e" 
where a denotes the amount of substance present at the beginning of t. 
reaction, and & is a constant. Show that V =* aka ~ ** ; or, V »« k(a - x) 
according as we refer the velocity to equal intervals of time, t; or to equal 
amounts of substance transformed, x. Also show that the mean velocity 
with respect to equal intervals of time in the interval ti - fo, is 


r. 


= — 

— ^ojto 


ake ” ^dt = 


o(c. ~ e *^o) 


V. - V^ 


ti - 108 » 0 - log 

and the mean velocity, F"*, with respect to equal amounts of substance trans- 
formed, is 




1e{x^ - Xn) (2a ~ fCt - g?o ) 
2(aJi - aJo) 


^0 + Fj 


If ta *9 0, and is infinite, the mean velocity, F*, converges towards zero. 
Several interesting relations can be deduced from this equation. 


Problems oozmected with mean densities, centres of mass, 
moments of inertia, mean pressures, and centres of pressure are 
treated by the aid of the above principles. 


§ 82 . Areas Bounded by Curves. Work Diagrams. 


area enclosed between two different carves. Lot PABQ 
and PA'B'Q (Fig. 103) be two curves, it is required to find the 
area P ABQB'A'. Let «= /i(^) b© tbe equation of one curve, 
2^2 AC®)* I'be equation of the other. First find the absoissse of 

the points of intersection of the two curves. Find separately the 




areas PABQMN and PA'B'QMN, by the preceding methods. Let 
a and b respectively denote the abscissfe OM^ and ON (Fig 103) 
of the points of intersection, P and Q, of the two curves. The 
required area. A, is, therefore, 

Area PABQB'A' « Area PABQMN - Area PA'B'QMN 

^ =“ ^Vidx - .dx, , . . ( 1 ) 
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To find the aroa of tlie portion A.BJB'Af, let be the abscissa 
of AJR and x^ the abscissa of BS, then, 

A « . dx - . dx = 

In illustration let us consider the area included between the two 
parabolas whose equations are and = 4y. The curves 

obviously meet at the origin, and at the point a; *» 4, cm., say, 
y — 4 cm. (16), page 95. Consequently, 

A ^^dx - 1*2 dx *= 2^*^^ - J^dx - 5^ sq. om. (3) 

Why the negative sign ? On plotting it will be seen that we first 
integrated along the line OGB (I'ig. 104), and then subtracted from 
this the result of integrating along the line OAJP. We ought to 
have gone along OAP first. It is therefore necessary to pay some 
attention to this matter. 

Let a given voliime, x, of a gas be contained in a cylindrical 
vessel in which a tightly fitting piston can be made to slide (Fig. 

105). Let the sectional area ol 
X the piston be unity. Now let 
the volume of gas change dx 
units when a slight pressure X 
Fio. 105. is applied to the free end of the 

piston. Then, by definition of work, IF, 

Work cx Force x Displacement ; or, dW == X . dx. 

If p denotes the pressure of the gas and v the volume, we have, 

dW = p . dv. 

Now let the gas pass from one condition where a? =* a?! to an- 
other state where x ^ x^- Let the corresponding pressures to 
which the gas was subjected be respectively denoted by X^ and X^ 

By plotting the successive values of X 
and Xf as x passes from x-j^ and x^t we 
get the curve AGB, shown in Big. 106. 
The shaded part of the figure represents 
the total work done on the system 
during the change. 

If the gas returns to its original 
state through another series of succes- 
sive values of X and x we have the 
curve ADB (Tig. 107). The total 
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work done by the system will then be represented by the area 
ABDx^^. If we agree to call the work done on the system 
positive ; and work done by the system negative^ then (Fig. 107), 

■pTj - TTg »■ Area AOBx^-y - Area ADBx^^ — Area ACBD. 

The shaded part in Fig. 107, therefore, represents the work done 
on the system during the above cycle 
of changes. A series of operations by 
which a substance, after leaving a certain 
state, finally returns to its original con- 
dition, is called a cycle, or a cyclic 
process. A cyclic process is represented 
graphically by a closed curve. In any 
cyclic change, the work done on the 
system is equal to the “ area of the 
cycle **. 

Work is done on the system while x is increasing and by the 
system when x is decreasing. Therefore, if the curve is described 
by a point moving round the area ACBD in the direction of the 
hands of a clock, the total work done 
on the system is positive ; if done in 
the opposite direction, negative. We 
can now understand the negative 
sign in the comparatively simple ex- 
ample, Fig- 104, above. We should 
have obtained a positive value if we 
had started from the origin and taken 
the curves in the direction of the 
hands of a clock. 

If the diagram has several loops ^ 

as shown in Fig. 108, the total work los.-Work Diagram, 

is the sum of the areas of the several 

loops developed by the point travelling in the same direction as the 
hands of a clock, minus the sum of the areas developed when the 
point travels in a contrary direction. This graphic mode of re- 
presenting work was first used by Clapeyron. The diagrams are 
called Glapeyron’s Work Diagrams. 

In Watt’s indicator diagrams, the area enclosed by the curve represents 
the excess of the work done by the steam on the piston during a forward 
stroke, over the work done by the piston when ejecting the steam in the re- 
turn stroke. The total ener gy communicated to the piston is thus represented 
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by the area enclosed by the curve. This area may he determined by one of 
the methods described in the next chapter, page 385, § 110. 


II, The area bounded by two branches of the sarne curve is but 
a simple application of Equation (1). Thus the area, A, enclosed 
between the two limbs of the curve = (x^ + 6)^ and the ordinates 


X 


1, a; = 2 is 


+ (£C* + 6)daJ =5 ±16| units, 


as you will see by the method adopted in the preceding example. 


Examfubs. — S how that the area between the parabola y = sc® — 6 sb + 6, 
the sB-axis, and the ordinates sc »=» 1, sc = 6, is 6.^ units. Hint. Plot the curve 
and the last result follows from the diagram. Of course you can get the same 
result by inte£;rating ydx between the limits £6^5, and x = 1. 


§ 83 . Definite Integrals and their Properties. 


There are some interesting properties of definite integrals worth 
noting, and it is perhaps necessary to further amplify the remarks 
on page 232. 

I. A definite integral is a function of its limits. If denotes 
the first differential coefficient of /(a?), 

jVC®) • dx - [/(®) ]*, or, Yf(x) = m - f(a). 

This means that a definite integral is a function of its limits, not of 
the variable of integration, or 

f f{x) .dx^{ fiy) .dy^[ f{z) .dz. . . (1) 

Ja Ja Ja 

In other words, functions of the same form, when integrated 
between the same limits have the same value. 


ExAMPiiBs. — (1) Show J “* *dx *= — a 

(2) Prove ^*® . dx = |{(3)» - ( - !)»} = 9*. 


By way of practice verify the following results 
rjjT ^ 

(S)j. 


. dx = — cos X * — ^ cos ^ — cos 0®^ = 1. 


(4) 8in®x . dx=^ ; sin^ . ~ 5 sin®x . dx 



§83. 


THE INTEGRAL CAUJULU.S. 


U4l 


Hint for the indefinite integral. Integrate by partn. I’ut u » »iii x, 
dv = sin a; . dx. From (1), § 74, 

Jsin^ . dx = sin x , cos x -j- Jcos®* . dx sin * . com x +■ |{l • 

Transpose the last term to the left-liand side, and tUvidtj by U. 

Jsin'-** . dx = J(8in « . cos x 4 * *) + C?. 

II. Tfie interchange of the limits of a d^^jlnitr inlrgrat canxrs 
the integral to change its sign. It is evident timt 

^^f'{x)dx - f{a) ~ f{b) - - . (2) 

or, when the upper and lower limits of an inttiK*'»d fcr«^ inter- 
changed, only the sign of the definite integrui chang«m. Thia 
means that if the change of the variable from b to a ia reckoxtiHl 
positive, the change from a to 6 is negaiivti. Tiiat is t*» aay, if 
motion in one direction is reckoned positive, motioii in the 
opposite direction is to be reckoned negative. 

II-^- The decomposition of the integration limits, if rn is any 
interval between the limits a and b, it follows directly fn«n wital 
has been said upon page 232, that 

^^f\x)dx -•^J'{x)dx + ^f\x)dx -/(a) -/(w) 4-/(w) - /{h). (3) 

Or we can write 


^f'(x)dx = ^fXx)dx - -/(/,) -/(„,) (4J 


In words, a definite integral extending over 
is equal to the sum of the definite integrals 
extending over the partial intervals. Con- 
sequently, if fix) is a finite and single- 
valued function between a; — a, and x — 6, 
but has a finite discontinuity at some point 
^ (^g* 109), we can evaluate the in- 
tegral by taking the sum of the partial 
integrals extending from a to m, and from 
m to b. 


any giv«*i interval 



When any function has two or more valti«. - . > 

value o, the ind.p.nd,nt vaHaWe. It U eaW I 

Q 
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fanotioxi. Saoih Sbie logarithmio, irrational algebraic, and inverse trigonomet- 

lical functions. For example, y » tan ‘os is a multiple* 
^ L valued function, because the ordinates corresponding to 

^ the same value of tt differ by multiples of v. Verify this 

> by plotting. Obviously, ii a aa a and « ss 5 are the 

^ limits of integration of a multiple-valued function, we 

*' must make sure that the ordinates at ss a and a: a b 

belong to the same branch of the curve y »■ f(x). 

Fig. 110, if XbmOM, y is multi-valued, for may be MP, 
MQ, or MjR. The imaginary values in no way interfere 
with the ordinary arithmetical ones. A single-valued 
function aasumes one single value for any assigned (reaJ or imaginary) value 
of the independent variable. For example, rational algebraic, exponential 
and trigonometrical functions are single-valued functions. 


M 

iha. 110. 


If f\x)dx be one f'lmcUon of y, cmd f'(a — x)das be another 
function of y, 

\ f\x)dx^^ f{a x)dx, ... (6) 

Jo Jo 

For, if we put a — y ^ x\ dx — dy^ and substitute x ^ a, wo 
see at onoe that y »■ 0 ; and similarly, if a; 0, y a. 


••• J/'(®)<i8- -£/'(« - y)% -£/'(" - 

from (2) and (1) above, or we can see this directly, since 

^^f*{x)dx^^f' {a — x)dx = — J /'(a — — a?)a»/(a) — /(J). 

This result simply means that the area of OPP'G (Fig. Ill) 

can be determined either by tflflHng the origin 
at O and calling OCy the positive direction of 
the a;-axis ; or by transferring the origin to 
the point O', a distance a from the old origin 
O, and calling O'O the positive direction of 
the av-axis. The following result is an im- 
portant application of this. 


Ok CL MO' 

Fiq. 111. 


. d® = Edn* (| - oo8*® . dx. 


( 6 ) 


Bxampt.tbb. — (1) Verify the following results : — 


i! 


008 CD . dXi 


rtir 

■i. ' 


sin CB.doBail 




» 

oos^. da?: 


■r 


sin% . dx=*2r 


(2) Show that J f{o^dx mm2 J* f{aP)dx. 
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(S) Evaluate / ^ sin nue . sin nosdx. By (28), page 613| 

J 0 


— 2 sin mx . sin mo ss ooa(m — n)x ~ oos(m + n)x. 

•*. Jsin msB . sin nxdx = ^Joo8(m — nja^Zes — j^Joos(«» + n)xdx ; 

/ sin(m - w)x 8in(m + ^)a; 
Bin»K..sm««te= 3 (^ _ 2 ^- - ^) - • 

Therefore, if m and n are integral. 


/: 


sin mo; . oos noKicBsO. 


Bemembering that sin » sin 180° »> 0, and sin 0° 0, if m a n, show that 


, o •, 1 « V j r* sin 2naj~l"’ 

^ sin>n<Bda=igy ^(1 — 008 2na;)d0 “ |^2 in — J 


ir 

‘ 2 * 


(4) Show that the integral of oos nuo , oos not . da;, between the limits -r 
and O, is zero when m and n are whole numbers and that the integral is 
when t» » n. Hints. Erom (27), page 612, 

2 oos tnx . oos tub— cob(m — n)a; + oo8(t» + n)a;. 


/ O' a; <B 

a sin ^ . cos g- . da;. Ansr. 




2 


2a|«- .JO 

2^1. ^ 

/ ■»•«' , /*+ 

^cos mx . oos nx,ax ss 0 ;J 


a. 


sin mx . sin nx . dx *»0t 


j:: 


oos mx . sin nx . dx sO. Hint. Use the results of Ex. (S) and (4). 

(7) Integrate ^ and is the answer - 2 ? 

F'. function may becorne infinite at or between the lim/its o} 
integration. We have assumed that the integrals are continuous 
between the limits of integration. I dare say that the beginner 
has given an affirmative answer to the question at the end of the 
last example. The integral /a; — between the 
limits 1 and — 1 ought to be given by the area 
bounded by the curve y »» a? — the a;-axis and 
the ordinates corresponding with a; >» and 
a; — 1. Plot the curve and you will j&nd that 
this result is erroneous. The curve sweeps 
through infinity, whatever that may mean, as x 
passes from 4* 1 to — 1 (Pig. 112). The method 
of integration is, therefore^ urvreHable when the function to be 
integrated becomes infinite or otherwise discontin/uotis at or between 
the limits of integration. Consequently, it is necessary to examine 



•B*ZO. 112a 
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certain functions in order to make sure that they are finite and 
continuous between the ^ven limits, or that the functions either 
continually increase or decrease, or alternately increase and d6> 
crease a finite number of times. 

This subject is discussed in the opening chapters of B. Biemann 
and H. Weber's Die JPa/rtiellen Differential-Q-leioh/imgen der mathe^ 
matisehen Ph^sik, Braunschweig, 1900-1901, to which the student 
must refer if ho intends tp go exhaustively into this subject. I can, 
however, give a few hints on the treatment of these integrals. It 
is easy to see that 

and if n is made infinitely great, the integral tends towards the 
limit unity. Hence we say that 



1 . 


If the function is continuous for all values of x between a and 
hy except when a; » at the upper limit, it is obvious that 




f(a>)dx 


( 7 ) 


if ^ is diminished indefinitely, h, of course, is a positive number. 
And in a fliTiailji.r manner, if f(x) is continuous for all values of x 
except when a; = a, at the lower limit, 


f f(x)dx « liWof f\x)dx, . . (8) 

J a J m+ht 


EzAtfP£.X3 


-w L: 


do6 


lithsO 




dn 


0 fjl - X 


lit^szO r_ 


0/v/l - as 

- - Sn/I -X + h - ( - 2)} = 2 - 

As h is made indefinitely small, the integial tends towards the limit 2. 

dx 

==»2. 
ois/1 — X 

(2) Show that = Lt»«o(^ - l). 


■r,: 


As ^ is made very small, the expression on the right becomes infinite. A 
definite numerical value for the integral does not exist. 

/ * dan /*•-•* das 

— === = 

Jc 


0 


Ijt^sso sm 
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Since when h is made very small the limit ^ approaches sin ~ >1, or 

/ ^dcc P-diB 1 

= LtAsO J == log 1 — log h sa log ^ = 00 . 


When the function /'(a;) becomes infinite between the limits, we 
write 

f /'(a?)«Za?=IitA„or*~* fipt^doe + Iitv=of f*(x)dx, (9) 

Ja Ja 

^ /^(^) oiily becomes infinite at the one point. If there are n dis> 
continuities, we must obviously take the sum of n integrals. 


dx H-dx r~^dan 

ExAMPiajs — (1) 

-Lw[-i]‘+ = 1*^1 - 1)+ - 1)- 

The integral thus approaches iniinity as h and hf are made very small. 
/!(*- 1)” (5^55. 


1 —* 

0 


Lt.^(s - l) + - l). 


as h and h* become indefinitely small, the limit becomes indefinitely great, 
and the integral is indeterminate. 


(3) 


^ p- dx 6 

Show that /_,|;fS = 5- 


It would now do the beginner good to revise the study of limits by the aid 
of say J. J. Hardy's pamphlet, Infinitesimals and Limits^ Easton, 1900, or the 
discussions in the regular teadi-booka. 


§ 84. To find the Length of any Curve. 

To find the length, 2, of the curve AB (Rig. 113) when the 
equation of the curve is known. This is equivalent to finding the 
length of a straight line of the same length as the curve if the curve 
were flattened out or rectified, hence the process is called the reoti- 
fioation of curves. Let the coordinates of A be {x^, and of 
■S» ipw y^’ Take any two points, P, Qt on the curve. Make the 
construction shown in the figure. Then, by Euclid, i., 47, if P and 
Q are sufidciently close, we have, very nearly 

(P0)“ - (8®)* + (Sy)« ; <e - + (dy)» 


^ Note the equivocal use of the word limit. There is a difference between the 
limit " of the differential calculus and the ** limit” of the integral calculua 
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at the limit when the length of the chord PQ is equal to the length 
of the arc PQ, (1), page 15. Hence, the sum, I, of all the small 
elements dl ranging side by side from to will be 




dx. 


(1) 


I yf \dx/ 

Xn order to apply this result it is only necessary to differentiate 
^ the equation of the curve and substitute 

the values of dx and dy, so obtained, in 
equation (1). By integrating this equa- 
tion, we obtain a general expression be- 
tween the assigned limits, we get the 
length of the given portion of the curve. 

If the equation is expressed in polar 
coordinates, the length of a small element, 
dl, is deduced in a similar manner. Thus, 


s<^ 

<fj/ 

da? 


3f^ 


or 


Xn. 

Fio. 118. 


dl - N/(dr)a + r\de)\ ... (2) 

The mechanical rectification of curves in practical work is fre- 
quently done by running a wheel along the curve and observing 
how much it travels. In the opisometer this is done by starting 
the wheel from a stop, running it along the path to be measured ; 
and then applying it to the scale of the diagram, running it back- 
wards until the stop is felt. 


ExA.if:Fi:js8. — (1) If the curve is a common parabola y^=:4aaB, ydy=^^adai\ 
or, (das)* = y*(dty)*/4a* ; .% dim + 4a^dyl2a, from (1) ; now integrate, as 
in Ex. (1), page 203, and wo get fjy’^+4:a^ + 2a2 log{(y + ^/y» + 4a*)/2o} + O. 

To find O, put y ssO, when Z =. 0 ; O *= — 2a* log 2a. 

(2) Show that the perimeter of the circle, as* + y® *=» r®, is 2irr. Let I be 
the length of the arc in the first quadrant, then dyfdm =» — as/y. 


Whole perimeter s 4 x s= 2irr. 

(8) Find the length of the equiangular spiral, page 116, whose equation is 
r — : ; or, 0 SB logr/log e. Ansr. Im r. Hint. HifEerentiate ; .*. demdrjr, 

dl = ^/2. dr. .’. Z ■■ ^/2~.r + O ; when r = O, Z O, O » O. 


(4) The length of the first whorl of Arohimedes* spiral 2«r = aO is 8*S885a. 
Verify this. Hint. First show that the length of the spiral from the origin 
to any value of a is x {0 Vi + 0* + log«(0 + Vl + 0*)}. For the first 

whorl, e m m 6*2882 ; Vl + 0* =s 6-868 ; 0 + Vl + 0* = 12-6462 ; 
log.(0 + Vl + 0*) e log«12-6462 « 2*5378. Ansr. =r a(8*l£ll5 + 0*202). 
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(6) Find the value of the ratio 

Length of hyperbolic arc from g = a to g = g 
~ r Distance of a point P(aJ, y) from the origin 
The equation of the rectangular hyperbola is aj® — y® =* a®, y s=s VaJ* — a®; 

dyfdx =sa;/ Vaj® — a*. By substitution in (1), remembering that r= A^/a^+y®; 
y* s= <5® - a® ; r «» V2a^ ~ a®. 


/•* /2aj=^ - a® 2 /"* ^ _ loc 

J « \ ^ ’ * ■ r “ J a n/cj® — at* 


as + /s/ai® — a® 


a 


We shall want to refer baok to this result when we discuss hyperbolic funo> 
tions, and also to show that 

X + Ai/aj® — a® / aj\® atf® _ 

~a 


«u 


a 




X 

— d9u _i_ 1 • • n 

— e -fx, .. 


e« + e 


— u 


2 


The reader may have noticed the remarkable analogy between 
the chemist's **atom," the physicist's particle," and “molecule," 
and the mathematician's “differential When the chemist wishes 
to understand the various transformations of matter, he resolves 
matter into minute elements which he calls atoms ; so here, we 
have sought the form of a curve by resolving it into small 
elements. Both processes are temporary and arbitrary auxiliaries 
designed to help the mind to imderstand in parts what it cannot 
comprehend as a whole. But once the whole concept is builded 
up, the scaffolding may be rejected. 


§ 85. To find the ili*ea of a Surface of Revolution. 

A surface of revolution is a surface generated by the rotation 
of a line about a fixed axis, called the axis of revolution. The 
quadrature of surfaces of revolution is 
sometimes styled the complanation of 
surfaces. Let the curve APQ (Big. 114) 
generate a surface of revolution as it 
rotates about the fixed axis Ox. It is 
required to find the area of this surface. 

If dx and dy be made sufficiently small, 
we may assume that the portion 

{dlY = (dxy 4- idy)\ . (1) 

as indicated above. The student is supposed to know that the 
area of the side of a circular cylinder is 27rr^, where r denotes the 
radius of the base of the cylinder, and li the height of the cylinder. 
The surface, ds, of the cylinder generated by the revolution of the 
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line dl, will approach the limit 

ds -a %rydl . , , , (2) 

as the lengthy dX^ at jP is made infinitesimally small. Hence, from 
(1), and (2), 

— 27ry <J(dxy + (dy)^. , . . (8) 

All the elements, dl, revolving around the a;>axis, will together out 
out a surface having an area 

* " ^”^1/ (^) . . . w 

where and respectively denote the abscissae of the portion of 
the ourve under investigation. 


ExampIiKS. — ( 1) Find the surface generated by the revolution of the slant 
sido of a trianglo. Hints. Equation of the line OO (Fig. 115) is yaamtt ; 
.’. dy=ai7)uix, ds 2iry >/l + w® . dx, 8s=*j2irm^l+m*.eod» — wmal^ijl + wfi+O, 



Fio. 115. 


Beokon the area from the apex, -where anO, 
therefore C*0. If »s=A»height of ooneM 
OB and the radius of the base ss r »■ BO» 
then, nt n rjh and 

= ‘ttr + r* = 2irr x i slant height 
This is a well-knovm rule in mensuaraktion. 

(2) Show that the surface generated by 
the revolution of a oirole is 4«r^, Hint. 
»“ 4 - y* — r*; dyfdx — - »/y ; y = ; 


2xjy ^/(l 4- x'^l 2 /^)dx hocomos 2wrjdx by substituting r® cb® 4- y*. The limits 
of the integral for half the surface fi^e os, = r, and 0| >■ O. 


§ 86. To find the Yolame of a Solid of Revolution. 

This is equivalent to finding the volume of a cube of the same 
capacity as the given solid. Hence the process is named the 
oubature of solids. The notion of differentials will allow us to 
deduce a method for finding the volume of the solid figure swept 
out by a ourve rotating about an axis of revolution. At the same 

time, we can obtain a deeper insight into 
the meaning of the process of integra- 
tion. 

We oan, in imagination, resolve the 
solid into a great number of elementary 
parallel planes, so that each plane is part 
: of a small cylinder. Pig. 116 will, per- 
haps, help us to form a mental picture of 
Ffo. 116. — After Cox. the process. It is evident that the total 
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volume of tlie solid is the sum of a number of such elementary 
cylinders about the same axis. If Sa? be the height of one cylinder, 
y the radius of its base, the area of the base is Hut the area 

of the base multiplied by the height of the cylinder is the volume 
of each elementary cylinder, that is to say, The less the 

height of each cylinder, the more nearly will a succession of them 
form a figure with a continuous sux&oe. At the limit, when 
So; a 0, the volume, v, of the solid is 



where x and y are the coordinates of the generating curve ; and 
the abscissas of the two ends of the revolving curve ; and the 
x-sbxia is the axis of revolution. 

The methods of limits can be used in place of the xdethod of 
infinitesimals to deduce this expression, as well as (4) of the pre- 
ceding section. The student can, if he wishes, look this up in 
some other text-book. 

ExAMPiiBS. — (1) Find the volume of the cone generated by the revolution 
of the slant side of the triangle in Ex. 1 of the preoeding section. Here 
ys=mas; dvsswy^dasssirm^dx. .*. vssjfirm^+C. If the volume be reckoned 
from the apex of the cone, a; == 0, and therefore C=sO, Let x = h and m^r/h, 
as before, and the 

Volume of the entire cone ■■ 

(2) Show that the volume generated by the revolving parabola, j/* = 4aaJ, 
is where a; » height and radius of the base. 

(8) Required the volume of the sphere generated by the revolution of a 
circle, with the equation : a;* + y** = r*. Volume of sphere ss^irr*. Hint. 
v>=‘irj(r^ - se^)dcp ; use limits for half the surface ar, a^osO. 


§ 87 . Successive Integration. Multiple Integrals. 


Just as it is sometimes necessary, or convenient, to employ 
the second, third or the higher differential ooeffLcients d^jda^^ 
d^Jda ^ . . . , so it is often just as necessary to apply snooessive in- 
tegration to reverse these processes of differentiation. Suppose 
that it is required to reduce, d^lda^ «= 2, to its original primitive 
form. "We can write for the first integration 


da^ 


-»2 


dy 


•dx\dx) 


or, d 


{2x -I- Oi)dx ; or, y 



= /(2aj 4- Ci)dx ; y 


2^dx — 2a; 4- C^. 
«= as® 4“ 4" 
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In order to sliow that d^/dan^ is to be integrated twice, we af&x 
two symbols of integration. 

y = //2e2aj.da;, y =» + C-^x + Og. 

Notice that there are as many integration constants, Oj, as 
there are symbols of integration. 

EIxampiiEss. — ( 1) Find the value oty => J//®® • ^ Ansr. 

i * i • i®® + + Ga® + Cg. 

(2) Integrate cPsJdi^ =s where ^ is a constant due to the earth’s gravita- 
tion, t the time and s the space traversed by a falling body. 

To evaluate the constants and Cu. when the body stasrts from a position 
of rest, s =s 0, < = O, C7] as 0, Cs 0. 


In finding the area of a curve y =» /(®)> the same result will be 

obtained whether we divide the area Oab into 
a number of strips parallel to the y-axis, as iu 
Fig. 117, or strips parallel to the a?- axis, Fig. 
118. In the second case, the reader will no 
doubt be able to satisfy himself that the area 



Elements, 
and, in the former case, that 


f ® . dy ; 


r^- 


dx. 


( 1 ) 


( 3 ) 


There is another way of looking at the matter. Suppose the 
surface is divided up into an infinite number of infinitely small rect- 
angles as illustrated in Fig. 119. The area of each rectangle will 



Fig. 118 . — Surface Elements- 



be dx, dy. The area of the narrow strip Ohcd is the sum of the 
areas of the infinite number of rectangles ranged side by side along 
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this strip from O to b. The length of this strip, y b, and ti 
width, dx, is constant; consequently, 

Area of strip ObcO *=■ dflJ f dy. 

Jo 

The total area of the surface Obod is obviously the sum of the 
areas of the infinite number of similar strips ranged along Oa, 
The height of the second strip, say, dcef obviously depends upon 
the nature of the curve ha. If the equation of this line be repre- 
sented by the equation, 



(3) 


the height y of any strip at a distance x from O is obtained by 
solving (3) for y. Consequently, 

y =» ~(u - x) (4:) 


The area of any strip lying between O and a is therefore 


ac) I — Ma ^ ac) — . ^ 

j “ J = -(a - (5) 

and it follows naturally that the area of all the strips, when each 
strip has an area b(a — x)dxla, will be 


Area of any strip » dx 


Area of all the strips == 


Jo ^ L ® Jo ^ ^ 


2 


( 6 ) 


Combining (5) and (6), into one expression, we get 


= I dx \ dy ** j 1 dx. dy^ 
Jo ^ 0 O-' 0 


(7) 


which is called a double integral. This integral means that if we 
divide the surface into an infinite number of small rectangles — 
surface elements — and take their sum, we shall obtain the re- 
quired area of the surface. 

To evaluate the double integral, first integrate with respect to 
one variable, no matter which, and afterwards integrate with 
respect to the other. If we begin by keeping x constant and 
integrating with respect to y, as y passes from O to 6, we get the 
area of the vertical strip Ohcd (Fig. 119) ; we then take the sum of 
the rectangles in each vertical strip as x passes from O to a in 
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STicli ft wfty fts to izioliid.6 tlio whole surfftce ObcuG . ^When there 
OftD. be any doubt as to which dififerezitial the limits belong, the 
integration is performed in the following order : the right-hand 
element is taken with the first integration sign on the right, 
so on with the next element. It just happens that there is no 
special advantage in resorting to double integration in the above 
example because the single integration involved in (1) or (2) would 
have been sufficient. In some cases double integration is alone 
practicable. The application of the integral calculus to this simple 
problem in mensuration may seem as incongruous as the employ- 
ment of a hundred-ton steam hammer to crack nuts. Hut I have 
done this in order that the attention might be alone fixed upon 
the mechanism of the hammer. 


Esamplbs. — ( 1) Sho-w that if the curve ah (Pig. 119) be represented by 
e 9 .uation (3), then the area of the surface bounded by dby and the two co- 
ordinate axes, may be variously represented by the integrals 


- v)dv, dy.dm-. JJ 

(2) Show j X. dx.dy= j^x . dx K-/:- . dx s 8 j 

fa, ft 

(8) Show J ^ J ajy® . dx . dy =s-^. 


6 fait - vUt 


»aj® 


dx . dy. 

7i. 


(4) Show that the area bounded by the two parabolas = 25a; ; and 
5a^ — 9^ is 5 units. 


The areas of curves in polar coordinates may be obtained in a 
similar manner. Divide the given surfaces up into slices by drawing 
radii vectores at an angle dO apart, and subdivide these slices by 
drawing arcs of circles with origin as centre. Consider any’ little 

surface element, say, PQBS (Fig. 
120). OPQ may be regarded as a 
triangle in which PQ = OQ sin {dd). 
Hut the limiting value of the sine 
of a very small angle is the angl® 
itself, and since OQ = r, we have 
QP =* rdO. Now PS is, by con- 
struction, equal to dr. The area of each little segment is, at the 
limit, equal to PQ x PS, or 



dA = r . dr. dB. 


( 8 ) 


The total area will be found by first adding up all the surface 
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elements in the sector OBC^ and then adding up all the sectors like 
COB which it contains, or, 

A j* ® f V . dr . dB, ... (9) 

EzAUPriB. — Find the area of the circle whose equation is r => 2a cos 0, 
where r denotes the radius of the oirde. Ansr. 

We can also imagine a solid to be split up into an infinite 
number of little parallelepipeds along the three dimensions x, z. 
These infinitesimal figures may be called volume elements. The 
capacity of each little element dx x dy x dz. The total volume, 
V, of the solid is represented by the triple integral 

t»- ffU.% . dz, • (10) 

The first integration along the a;-axis gives the length of an 
infinitely narrow strip ; the integration along the ^-axis gives the 
area of the surface of an infinitely thin slice, and a third integra< 
tion along the 2 r>axis gives the total volume of all these little slices, 
in other words, the volume of the body. 

In the same way, quadruple and higher integrals may occur. 
These, however, are not very common. Multiple integration rarely 
extends beyond triple integrals. 


ExABCPtiBss. — (1) Evaluate the following triple integrals : — 

/* /i /* • dm. dy , dm \ j j* .dy ,dM.dx\ j , dz .dx, dy. 


Ansrs. 2680, 1550, 1470 respectively. 
(2) Show 




fr r V(ra-«S) f 

(8) Evaluate 8 / / / 

J 0 J 0 Jo 


4 ,^ 

dx.dy. dz, Anar. — g— •. 


Note sin ^ » 1. Show that this integral represents the volume of a sphere 
whose equation is as^ + i/® + s® = r®. Hint. The ** dy** integration is the 
most troublesome. For it, put r® - aj* — c, say, and use Ex. (1), p. 203. As a 
result, ijr'^ — aj* — ^ “* »“) sin - ^{y/ s/r^ — has to ho evaluated 

between the limits y « — a?®) and 0. The result is j^r® — a^)ir. The 

rest is simple enough. 
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§ 88. The Isothermal Expansion of Gases. 

To find th.e work done during the isothermal expansion of a gas, 
that is, the work done when the gas changes its volume, by ex- 
pansion or compression, at a constant temperature. A contraction 
may be regarded as a negative expansion. There are three in- 
teresting applications. 

I. — The gas obeys Boyle's law^ pv = constant, say, c. We have 
seen that the work done when a gas expands against any external 
pressure is represented, by the product of the pressure into the 
change of volume. The work performed during any small change 
of volume, is 

dW = p.d/o (1) 

But by Boyle’s law, 

p_/(o)_£ . ... (2) 

Substitute this value of p in (1), and we get dW =* o . dvjv. If the 
gas expands from a volume to a new volume -Wg* follows 

^ •** ^ . (3) 

Prom (2), v-y == c/p^, and also =s c/pg* consequently 

W - log^ (4) 

Jr2 

Equations (3) and (4) play a most important part in the theory 
of gases, in thermodynamics and in the theory of solutions. The 
value of c is equal to the product of the initial volume, Vj, and 
pressure, p^, of the gas. Hence we may also put 

W - 2-303^t.i log3 - 3-802^iVi log„a, 

t'g jPl 

for the work done in compressing the gas. 

Exampui. on air compressor tbe air is drawn in at a pressure of 
14-7 lb. per square inoli, and compressed to 77 lb. per square inch. The 
volume drawn in per stroke is 1*62 cubic feet, and 133 strokes are made per 
minute. What is the work of isothermal compression ? Hint. The work 
done is the compression of 1*52 cubic feet x 133 = 202*16 cubic feet of air at 
14*7 lb. to 77 lb. per square inch, or 14*7 x 144 = 2116*8 lb. to 77 x 144 » 
11088 lb. per square foot. Prom Boyle’s law, pjOj *=* pgVg ; .*. x 77 =b 
14*7 X 202*16 ; or, as 38*698. Prom the above equation, therefore, the 
work 2*3026 x 2116*8 x 202*16 (log 202*16 - log 38*698) = 708767*28 foot 
pounds per minute ; or, since a “ horse power ” can work 83,000 foot pounds 
per minute, the work of isothermal compression is 21*48 H.P. 
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XT ’. — The gas obeys van der "Waals* law, that is to say, 

(P + - 6) — constant, say, 0. 

As an exercise on what precedes, prove that 

This equation has oocupied a prominent place in the development 
of van der Waals* theories of the constitution of gases and liquids. 


R! 3 :AMPrjB 3 . — ^Find the work done when two litres of oarbon dioxide are 
compressed isothermally to one litre ; given vsua der Waals' a =« 0 *(X) 874 : ; 
5 ss 0 * 0023 ; o » 0 * 00869 . Substitute in ( 6 ), using a negative sign for oon* 
traotioxL. 


ZJI. — The gas dissociates during expansion. By Guldberg and 
Waage's law, in the reaction : 

2NO2, 

for equilibrium, if x denotes that fraction of unit mass of N2O4 
which exists as NOg, we must have 

— X XX 

V V V 

where (1 — x)/v represents the concentration of the undissociated 
nitrogen peroxide. The relation between the volume and degree 
of dissociation is, therefore, 

x^ 

Kv * 4 . .... (6) 

1 — 0 ? ' 

If n represents the original number of molecules ; (1 - x)n will 
represent the number of undissociated molecules; and 2 xn the 
number of dissociated molecules. If the relation pu « 0 does not 
vary during the expansion, the pressure will be proportional to the 
number of molecules actually present, that is to say, if p denotes 
the pressure when there was no dissociation, and p' the actual 
pressure of the gas, 

n 1 

p' (1 ~ x)n + 2 xn ** 1 + a?* 

The actual pressure of the gas is, therefore, p* — (1 + x)p ; and 
the work done is, 

dW =» p' . dv (1 + a;)p .dv *« p . dv + xp , dv, . (7) 

From Boyle’s law, and (6), we see that 

c cKil — x) 

V " ^2 • 


.-.p 
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Substitute this value of p in (7). Differentiate (6) and we obtain 

dv _ 2(1 — x)x ^ ^ 

dx “ J ^ “ ‘:s:(i - xf^^' 

Now substitute this value of dv in (7) ; simplify, and we get 



where a*rLd x^ denote the values of x corresponding with and 
Vg. On integration, therefore, 

W - <>(log^ + a), - flSi -■ log J-Z^) • • (®) 

It follows directly from (6), that 

“ ff(l - a?,) ' “ ^(1 - asj)' 

Substitute these values of v in (8), and the work of expansion 

TT - - X. - 21og|[^^}. . . (9) 


ExaicfIiSS. — ( 1) Find the work done daring the isothermal expansion of 
dissociating axnmonium carbamate (gas) : !N'H2000NH;4 2 NH, + OO9. 

( 2 ) In calculating the work dona daring the isothermal expansion of 
dissociating hydrogen iodide, 2 HI ^ I,, does it make any difference 

whether the hydrogen iodide dissociates or not ? 

(8) A particle of mass m moves towards a centre of force F which varies 
inversely as the squa>re of the distance. Determine the work done by the 
force as it moves from one place to another place r^. Wdrk a> force x 
displacement 


W = dr = 



If r is infinite, W =» mlr. If the body, moves towards the centre of attraction 
work is done by the force ; if away from the centre of attraction, work is 
done against the central force. 

( 4 ) If the force of attraction, F, between two molecules of a gas, varies 
inversely as the fourth power of the distance, r, between them, show that the 
work; W, done against molecular attractive forces when a gas expands into 
a vacuum, is proportional to the difference between the initial and firm-i 
pressures of the gas. That is, W «» A{pi - p^, where A is the variation con- 
stant. By hypothesis, Fmm afr * ; and dW^ F . dr, where a is another variation 
constant. Hence, 




W 
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But r is linear, therefore, the volume of the gas will vary as r^. Hence, 
V = where b is again constant. 



But by Boyle’s law, pv » constant, say, c. Hence if ^ = ahfSc constant, 

W =» A{pi — Pa)* 

(5) If the work done against molecular attractive forces when a gas 
expands into a vacuum, is 



where a is constant ; Vx, refer to the initial and final volumes of the gas, 
show that **any two molecules of a gas will attract one another with a force 
inversely proportional to the fourth power of the distance between them ”, 
for the meaning of see van der Waals’ equation. 

§ 89. The Adiabatic Expansion of Gases. 

When the gas is in such a condition that no heat can enter ox 
leave the system during the change of volume — expansion or con- 
traction — the temperature will generally change during the operation. 
This alters the magnitude of the work of expansion. Let us first 
find the relation between p and v when no heat enters or leaves 
the gas while the gas changes its volume. Boyle’s relation is 
obscured if the gas be not kept at a constant temperature. 

I. — The relation between the pressure and the voVume of a gas 
when the volume of the gas cha^iges adiahatically. In example 
(5) appended to § 27, we obtained the expression, 

• • ( 1 ) 

As pointed out on page 44, we may, without altering the value of 
the expression, multiply and divide each term within the brackets 
by bT. Thus, 



But (bQfdT)p is the amount of heat added to the substance at a 
constant pressure for a small change of temperature ; this is none 
other than the specific heat at constant pressure, usually written 
Cp. Similarly {TiQfbT)^ is the specific heat at constant volume, 
written O,. Consequently, 

+ <li) 

B 


( 3 ) 
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This equation tells that when a certain quantity of heat is added 
to a substance, one part is . spent in raising the temperature while 
the volume changes uhder constant pressure, and the other part is 
spent in raising the temperature while the pressure changes under 
constant volume. Eor an ideal gas obeying Hoyle's law, 

- (ID ; I-. 

Substitute these values in (3), and we get 




e 


_ do 


o. 


dp 


(4=) 


after dividing through with 0 *=■ pvfJd. Hy definition, an adiabatic 
change takes place when the system neither gains nor loses heat. 
Under these conditions, dQ *» 0 ; and remembering' that the ratio 
of the two specific heats OJC^ is a constant, usually written y ; 

or, = Constant 

or, y log V + log — const. ; or, log vy + log p =» const. ; . *. log {pvy) = const. 

•% piyy » 0 . . . . • ( 5 ) 

A most important relation sometimes called Poisson's equation. 

By integrating between the limits p^, p^ ; and Vj, Vg in the above 
equation, we could have eliminated the constant and obtained (5) 
in another form, namely, 

Pi 

The last two equations tell us that the adiabatic pressure of a gas 
varies inversely as the yth power of the volume. Now substitute 
~ ^i^lPi 5 *^2 ** ^ (®)» result is that 

(g- g - ©’- © ©’ ■ “■ ®’- ©'■■ <’> 

and the relation between the volume and temperature of a gas under 
adiabatic conditions assumes the form, 

.v-i 


Pi W * 


( 6 ) 


(hy 


( 8 ) 


This equation affirms that for adiabatic changes, the absolute tem- 
perature of a gas varies inversely as the (y — l)th power of the 
volume. A well-known thermodynamic law. 

Again, since '^weight varies directly as the volume," if 
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denotes the weight of v volumes of the gas at a pressure p and 
the weight of the same volume, at a pressure we see at once, 
from (6), that 




to. 



(9) 

'1 

wotJc p&rfoTm&d wih&n d gas is compressed under adior' 
hoMc conditions. Erom (5), p »= o/'i?**' ; and we know that the work 
done when v volumes of a gas are compressed from to 'i? 2 > is 


TF «s» — 


f"'* -7 (*•» dv 

° f 1 

y — 


W 


“ L - (r - i)J-; 

■ 


(10) 


From (6), e — —• We may, therefore, represent this 

relation in another form, viz. : 


-± ( ^ .. J- \ L-/"£iV ^ _ £iV \ 

viy-y y-iVV-i v^y-y Vv 


If a gas expands adiabatically from a pressure pj, to a pressure 
Pa, we get, from (6) and (11), 

W = — ^(pi* - V - 7>J* - cv - ” y - Pa* " i^PiV. (12) 

provided we work with unit volume, =* 1, of gas, so that p^ == o. 

If PxV-^ a* ; and p 2'*^2 “ ^'^ 2 * isothermal equations 

for and we may write, 

^ y — 1(^3 — ^i)» . • • (13) 

which states in words, that the work required to compress a mass 
of gas adiabatically while the temperature changes from T-^ to Tg**, 
will be independent of the initial pressure and volume of the gas. 
In other words, the work done by a perfect gas in passing along 
an adiabatic curve, from one isothermal to another, page 111, is 
constant and independent of the path. 


ExamfciXS. — ( 1) Two litres of a gas are compressed adiabatically to one 
litre. Wbat is the work done ? Given v = I'd: ; atmospheric pressure p = 
1’03 kilograms per sq. cm. Ansr. 16‘48 kilogram metres. Hint, v, = ; 
from (6), Pa = 2000 c.c. From a table of common logs, 

log2y = log2»'* = 0-30103 X 1*4 == 0-4214 ; or 2»'< = 2*64. From (11). 

R * 
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Tp- _ _ ViPiii X - 1) _ 1-03 X g000 ..,.3n 

“ 7^-1 ~ lA - 1 “ 0*4 - IJ. 

(2) To continue illustration 3, § 20, page 62. We Jiave assumed Boyle's 
law p 2 Px =s pip^ This is only true under isothermal conditions. For a more 
correct result, use (5) above. For a constant mass, m, of gas, m =s pv, hence 
show that for adiabatic conditions, 




7 


is the more correct form of Halley’s law for the pressure, p^, of the atmos- 
phere at a height h above sea-level. Atmospheric pressure at sea-level = pj^, 

(8) From the preceding example proceed to show that the rate of diminu- 
tion of temperature, T, is constant per unit distance, ascent. In other 
words, prove and interpret 

2o ■** ^ ^ y ^ . . • • . (16) 

(4) A litre of gas at 0° O. is allowed to expand adiabatically to two litres. 
Find the fall of temperature given y = 1*4. Ansr. 66° O. (nearly). Hints. 

= 2«2 ; from (8), x 2®*^ =* 273 ; 2®** « 1*82, .*. = 207° ; there is there- 

fore a fall of 273 — 207° absolute, = 66° O. 

(5) To continue the discussion §§ 15 and 64, suppose the gas obeys van der 
Waals* law : 




where B, a, 5, are known constants. The first law of thermodynamics may 
be written 

&Q C,. dT •+• (p -I- ajv'^dVt . . . (17) 

where the specific heat at constant volume has been assumed constant. To 
find a value for Cp, the specific heat at constant pressure. Expand (16). 
Difierentiate the result. Cancel the term 2db . dvjifi as a very small order of 
magnitude (§ 4). Solve the result for do. Multiply through with p + alv\ 
Since a/t>® is very small, show that the fraction (p -i- alvP)J{p-~al^) is very 
nearly 1 -{- 2a(pv^. Substitute the last result in (17), and 

dQ a- -lo, -I- B^l + - ^1 + (V - b)dp. 

By hypothesis is constant, 

Op , B/ 2a \ , , 

• - ^ 1 + 7.(1 ( 18 ) 

For ideal gases a s 0, and we get Mayer’s equation, § 27. From Boynton, 
p. 114 : 



• e • 

B/C„ ... 
y Calculated (18) 
y Observed 


0*002812 

0- 4 

1- 40225 
1*408 


Hydrogen. 

1 

Carbon 

Dioxide. 

0*0000896 

0*4 

1*40007 

1*4017 

0*00874 

0*2867 

1*2907 

1*2911 
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( 6 ) Show van der Waals’ equabion for adiabatic conditions is 

(p + 5)<® - - ■82’. • • • • (19) 

and the work of adiabatic expansion is 

. . . ( 20 ) 

(7) Oaloulate the work done by a gas which is oozapressed adiabatically 
from a state represented by the point A (Fig. 121 ) along the path AB until a 
state JB is reached. It is then allowed to expand 
isothermally along the path BC until a state C is 
reached. This is followed by an adiabatic expan- 
sion along CJD ; and by an isothermal contraction 
along DA until the original state A is reached. 

The total work done is obviously represented by 
the sum of 

~ AabB + BOcb + CDde - DdoA. 

By evaluating the work in each operation as indi- 
cated in the last two sections, on the assumption that 

the equation of AB is ; of BGtjpvasC 2 i CD 

pv^ «■ ; DAf pv a> 04 . Hence show that the external work, done by the 

gas, is 

Tr«^a-^log J. 

( 8 ) Compare the work of isothermal and adiabatio compression in the 

example on page 254. Take y for air = 1*408. Hint. From ( 6 ), 14*7 x 
206*16^'"*® — 77 X Va = 62*36 cubic feet; and from (10), (62*36 x 

11,088 - 202*16 X 2116*8)/0*408 « 645*871 foot lbs. per minute 19*76 H.P. 
The required ratio is therefore as 1 : 0*91. 

(9) If a gas flows adiabatically from one place where the pressure is p^ to 

another place where the pressure is p^ the work of expansion is spent in 
communicating kinetic energy to the gas. Let Y be the velocity of flow. 
The kinetic energy gained by the gas is equal to the work done. But kinetic 
energy is, by deflation, where m is the mass of the substance set in 

motion; but we know that mass weight 4 - i7, hence, if lOj denotes the 
weight of gsbs flowing per second from a pressure to a pressure p^ 

... 2^ = = W: 

2 2g y Wx 

If a denotes the cross sectional area of the flowing gas, obviously, Wj — 
where denotes the weight of unit volume of the gas at a pressure p^ Let 

t>4Px ■» 2 . From (9), Wa — Hence the weight of gas 

Now multiply thrpugh with ; then with the denominator of pxIPi i then 
with wjwx, or, what is the same thing, with ; substitute and 

multiply through with the last result. The weight of gas which passes per 
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second from a pressure ^ to a pressure is then 



tOj will be a xnazimum when 


2 = i(y + 


For dry steam, y = 1*13, and hence, 

log«2 = - 8*7 X log«l-065 « 1*762 ; a =* 0*68; w, jPa =» O-SSpi; 
or there will be a raaximum flow when the external pressure is a little more 
than half the supply pressure. This conclusion was verified by the experiments 
of Navier. 


§ 90. The Influence of Temperature on Chemical and 

Physical Changes. 

On page 82, (18), we deduced the formula. 



by a simple process of mathematical reasoning. The physical 
signification of this formula is that the change in the quantity 
of heat communicated to any substance per unit change of volume 
at constant temperature, is equal to the product of the absolute 
temperature into the change of pressure per unit change of temper- 
ature at constant volume. 

Suppose that 1 — a; grams of one system A is in equilibrium 
with a? grams of another system B. tiet v denote the total volume, 
and T the temperature of the two systems. Equation (1) shows 
that (c)Q/c)i;)y is, the heat absorbed when the very large volume of 
system A is increased by unity at constant temperature T, less the 
work done during expansion. Suppose that during this change of 
volume, a certain quantity (£)a:/^v)r of system B is formed, then, if 
^ be the amount of heat absorbed when unit quantity of the first 
system is converted into the second, the quantity of heat absorbed 
during this transformation is q^xfhn))^ is really the molecular 
heat of the reaction. 

The work done daring this change of volume is p . du ; but du 
is unity, hence the external work of expansion is j?. Under these 
circumstances, 

fiQ\ t(^\ « gap - p^T 

^\7>v)r \,'i>v)r~^ ^\^T).~^ ag 


( 2 ) 
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from (1). Now multiply and divide the numerator by the inte- 
grating factor, ; 



( 3 ) 


If, now, % molecules of the system A ; and ^2 molecules of the 
system B, take part in the reaction, we must write, instead of 


pv = RTy 

pv -» — ») +• ; 


p B{n^ + 
or, 27 - 


The reason for this is well worth puzzling out. Differentiate with 
respect to i^pfT) and x ; divide by \ and 

Substitute this result in equation (3), and we obtain 



By Guldberg and Waage’s 
molecules of the one system 


- ”1) (srj; 


w 


statement of the mass law, when 
react with ^2 molecules of the other, 



Hence, taking logarithms, 

log K + (n^ - n{) log v = ^3 log £c - log (1 - a?). 
Differentiate this last expression with respect to T, at constant 
volume 1 and with respect to u, at constant temperature, 

"b log K 



Introduce these values in (4=) and reduce the result to its simplest 
terms, thus, 


<)logjS:_ q 
-bT BT^' 


(5) 


This fundamental relation expresses the change of the equilibrium 
constant JSl with temperature at constant volume in terms of the 
molecular heat of the reaction. 
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Equation (6), first deduced by van*t Hoff, has led to some of 
tiie most important results of physical chemistry. Since It and 
T are positive, K and q; must always have the same sign. Hence 
van*t S[off*s prinoiple of mohile equilibrium follows directly, viz.. 
If the reaction absorbs heat, it advances with rise of temperature ; 
if the reaction evolves heat it retrogrades with rise of temperature ; 
and if the reaction neither absorbs nor evolves heat, the state of 
equilibrium is stationary with rise of temperature. 

According to the particular nature of the systems considered q 
may represent the so-called heat of sublimation, heat of vaporisa- 
tion, heat of solution, heat of dissociation, or the thermal value of 
strictly chemical reactions when certain simple modifications are 
made in the interpretation of the “ concentration ** K. If, at tem- 
perature and K becomes and we get, by the integration 
of (6). 



The thermal values of the different molecular changes, calculated 
by means of this equation, are in close agreement with experiment. 
For instance : 


Heat of 

$ in caloriea 

Caloolated. 

Observed. 

Vaporization of water 

Solution of benzoic acid in water . 

Sublimation of NHSH 

Combination of BaOlg + . . 

Dissociation of NgO. .... 
Precipitation of AgOl 

10100 

6700 

21660 

8816 

12900 

15992 

10296 

6600 

21640 

8880 

12500 

16860 


A sufGioiently varied assortment to show the profound nature of 
the relation symbolized by equations (5) and (6). 

NtoobsbicajCi ExAKFnss.— 'Galoulate th6 heat of solation of mercuric chloride 
feom the change of solubility with change of temperature. If Cj, denote the 
solubilities corre^onding to the respective absolute temperatures and 

Cl — 6-67 when Tj « 278® + 10® ; Cg 11-84 when •m. 273«* + 60®. 

Since the solubility of a salt in a given solvent is constant at any fixed tem- 
perature, we may write c in place of the equilibrium constant K. From (6), 
therefore, 
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l.\ 

mi 1\288 “ 828/ 


.'. 2 s log 1-8 X i5,704'5 = 2,700 (newly); g (obserred) s 8,000 (newly). 
Use the Table of Natotal LogarilOinis, Append IL, for the oaloulation. 


Le Ghatalkr has extended nn't Hoff’s law and ennnoiated the 
important generalization ; “ any change in the Motors of equilibrium 
from outside, is followed by a reversed ohange within the system 
This rule, known as “ Le (Ihatelier’s theorem,” enables the chemist 
to foresee the influence of pressure and other agents on physioal 
and chemioal equilibria. 



CHAPTBE V. 

IITFINITB SERIES AND THEIR XTSBS. 

**In abstract matbematioal tbeoremB, tbe approximation to truth is 
perfect. ... In physical soienoe, on the contrary, we treat of 
the least quantities which are perceptible.** — W. Stanmy Jisvons. 

§ 91. What is an Infinite Series? 

Mabk off a distance AB (Fig. 122) of unit length. Bisect AB at 
0i ; bisect OJB at Oj ; OjB at Oj ; etc. 



Pic. 122. 


By continuing this operation, we can approach as near to B as we 
please. In other words, if we take a su£6icient number of terms 
of the series, 

AOi^ + 0^02 + O 2 O 2 + . . ., 

we shall obtain a result differing from AB by as small a quantity 
as ever we please. This is the geometrical meaning of the infinite 
series of terms, 

1 =* i + ( J)® + (J)* + ( J)* + ... to infinity. . (1) 

Such an expression, in which the successive terms are related 
according to a known law, is called a series. 

Examhlb. — may now be pardoned if I recite the old fable of Achilles 
and the tortoise. Achilles goes ten times as fast as the tortoise and the latter 
has ten feet start. When AohiUes has gone ten feet the tortoise is one foot 
in front of him ; when Achilles has gone one foot farther the tortoise is ^ ft. 
in front; when AohiUes has gone ^ ft. farther the tortoise is R. in front; 
and so on without end ; therefore AohiUes will never oatoh the tortoise. There 
is a fallacy somewhere of course, but where ? 

Wbcn tbe sum of an i nfini te series approaches closer and closer 
to some defimte finite value, as the number of terms is increased 
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without limit, the series is said to be a oonirer^ent series. The 
sum of a convergent series is the “ limiting value of § 6. On 
the contrary, if the sum of an infinite series obtained by taldng a 
sufficient number of terms can be made greater than any finite 
quantity, however large, the series is said to be a divergent series. 
For example, 

l"f"2'4*3 + 4:“l“»*« to infinity. • . 

Divergent series are not much used in physical work, while con- 
verging series are very frequently employed.^ 

The student should be able to discriminate between convergent 
and divergent series. I shall give tests very shortly. To simplify 
matters, it may be assumed that the series discussed in this work 
satisfy the tests of convergency. It is necessary to bear this in 
mind, otherwise we may be led to absurd conclusions. B. W. Hob- 
son’s On the Infinite cmd InfiTvitesimal in Mathematical Analysis^ 
London, 1902, is an interesting pamphlet to read at this stage of 
our work. 

Let S denote the limiting value or sum of the converging 
series, 

S a ar + ar® -i- . . . -f- a/r^ + 4* ... ad inf. (3) 

When r is less than unity, out off the series at some assigned term, 
say the wth, i.e., all terms after ar***“i are suppressed. Let de- 
note the sum of the n terms retained, <r„ the sum of the suppressed 
terms. Then, 

= a -h ar + ar^ + . . . 4- ar'*~\ . • (4) 

Multiply through by r, 

rs„ r*s ar + ar^ + ar^ -t- . . . •+• ar“. 

Subtract the last expression from (4), 

S«(l - r) — a(l - r") ; or, «= a ^ • (5) 

Obviously we can write series (3), in the form, 

+ <r„ (6) 

The error which results when the first n terms are taken to repre- 
sent the series, is given by the expression 

Or„ = ^ — S«. 

This error can bo made to vanish by taking an infinitely great 

^ A prize was offered in France some time back for the best essay on the use of 
diverging series in physical mathematics. 
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nnmbei of terms, or, Lt^. Mor. 0. But, 

„ — r" a a//^ 

8 ^ ^Ef .1 . ■■ 11 — 1 •— 1 1 — • 

l~r 1 — r 1 — r 


When n is made infinitely great, the last term vanishes, 



0. 


The stim of the infinite series of terms (3), is, therefore, given by 
the expression 

. .... (7) 

JL ir 

Series (3) is generally called a geometrical series. If r is 
either equal to or greater than unity, 8 is infinitely great when 
n = OD, the series is then divergent. 

To determine the magnitude of the error introdtuced when only 
a finite wu/mher of terms of an infinite series is taken. Take the 
infinite number of terms, 

1 T** 

8 = ^5 = l+ r + r*4-... + + T • (®) 

1 — V 1 — V 


The error introduced into the sum 8^ by the omission of all terms 
after the T^th, is, therefore, 


<r» “ 


r* 

1 - r 


• e 


( 9 ) 


When r is positive, or» is positive, and the result is a little too 
small ; but if r is negative 



which means that if all terms after the nth are omitted, the sum 
obtained will be too great or too small, according as n is odd or 
even. 


ExahfiiBS. — ( 1) Suppose that the eleotrioal oondaotiyity of an oxganio 
acnd at difEexent concentxations has to be measured and that the first 
measurement is made on 50 o.o. of solution of concentration e. 25 o.o. of 
this solution axe then xemoTed and 25 o.o. of distilled water added instead. 
This is repeated five more times. What is the then concentration of the acid 
in the d.eotrolytio cell ? Obviously we are required to find the 7th term in the 
series o{l + J + (J)* + (J)* + ...}, where the nth term is Ansr. (J)®c. 

(2) If the receiver of an air pump and connections have a volume a, and 
the cylinder' with the piston at the 'top has a volume h, the first stroke of 
the pump will remove h of the air. Hence show that the density of the 
in the receiver Sifter the third stroke will be 0*75 of its original density if 
a B 1000 0 . 0 ., and & b lOO o.o. Hint. After the first stroke the density of the 
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pli will be px(a 4- 5) » when pg denotes the original density of the air ; 
after the second stroke the density will be p^, and p2(<3^ + 2>) »pia ; p.Ja+ b)^=:pQa, 
After the nth stroke, pn(a+&)«apga** ; or p„(1000 + 100)® = 1000* ; p«=s0*73. 


§ 92. Washing Precipitates. 


Applications of the series to the washing of organic substances 
with ether ; to the washing of precipitates ; to Mallet’s process for 
separating oxygen from air by shaking air with water, etc., are 
obvious. We can imagine a precipitate placed upon a filter paper, 
and suppose that Cq represents the concentration of the mother 
liquid which is to be washed from the precipitate ; let v denote the 
volume of the liquid which remains behind after the precipitate has 
drained ; the volume of liquid poured on to the precipitate in the 
filter paper. 


ExAMfCtSS. — (1) A precipitate at the bottom of a beaker which holds v 0.0. 
of mother liquid is to be washed by decantation, a.e.,. by repeatedly filling the 
beaker up to say the 0.0. mark with distilled water and emptying. Sup< 
pose that the precipitate and vessel retain v 0.0. of the liquid in the beaker at 
each decantation, what will be the percentage volume of mother liquor about 
the precipitate after the nth emptying, assuming that the volume of the 
precipitate is negligibly small ? Ansr. 100(t>/Vi)"~^. Hint. The solution in 
the beaker, after the fimt filling, has vfv^ 0.0. of mother liquid. On emptying, 
V of this v/vi c.c. is retained by the precipitate. On refilling, the solution in 
the beaker has of mother liquor, and so we build up the series, 

+(!)’■*• •••}• 

(2) Show that the residual liquid which remains with the precipitate 
after the first, second and nth washings is respectively 


t>0. 


V 

V + V 


vOg; uGa 


Y 


vOoi vO, 


Y 


vCb 


It is thus easy to see that the residue of mother liquid vO^ which 
contaminates the precipitate, as impurity, is smaller the less the 
value of v/{v + v-^) ; this fraction, in turn, is smaller the less the 
value of V, and the greater the value of Hence it is inferred 
that (i) the more perfectly the precipitate is allowed to drain — 
lessening v; and (ii) the greater the volume of washing liquid 
employed — increasing — ^the more perfectly effective will be the 
washing of the precipitate. 


Exa.mpIiX>. — S how that if the amount of liquid poured on to the precipi- 
tate at each washing is nine times the amount of residual liquid retained by 
the precipitate on the filter paper, then, if the amount of impurity con- 
taminating the original precipitate be one gram, show that 0*0001 gram of 
impurity will remain after the fourth washing. 
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What simplifying assumptions have been made in this discussion? 
We have assumed that the impurity on the j&lter paper is reduced 
a Vjth part when v-^ volumes of the washing liquid is poured on to 
the precipitate, and the latter is allowed to drain. We have ne- 
glected the amount of impurity which adheres very tenaciously, by 
surface condensation or absorption. The washing is, in conse- 
quence, less thorough than the simplified theory would lead us to 
suppose. Her© is a field for investigation. Can wo make the 
plausible assumption that the amount of impurity absorbed is pro- 
portional to the concentration of the solution? Let us find how 
this would affect the amount of impurity contaminating the pre- 
cipitate after the nth washing. 

Let a denote the amount of solution retained as impurity by 
surface condensation, let h denote the concentration of the solution. 
If we make the above-mentioned assumption, then 

h — ka^ 

where Tc is the constant of proportion. Let - 170 . 0 . of washing liquid 
be added to the precipitate which has absorbed a 0 . 0 . of mother 
liquid. Then ao. of impurity passes into solution, and with 

the V 0 . 0 . of solvent gives a solution of concentration (uq — Ob^jv ; 
the amount of impurity remaining with the precipitate will bo 

- fco,. ... (11) 

When this solution has drained off, and v more c.c. of washing 
liquid is added, the amount of impurity remaining with the pre- 
cipitate will be 


Oi — u. 


V 


^ =* ka« 


Eliminate from this by the aid of (11), and we get 


( 12 ) 


a - ^0 

® + 1 

for the second washing ; and for the wth washing, 

“* “ ssr+'i'*"' 

Hut all this is based upon the unverified assumption as to the con- 
stancy of k, a question which can only be decided by an appeal to 
experiment. See E. Bunsen, IAehig*s Ann., 148, 269, 1868. 
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§ 93. Tests for Convergent Series. 

MatHematioians have discovered some very interesting facts in 
their investigations upon the properties of infinite series. Many of 
these results can be employed, as tests for the oonvergenoy of any 
given series. I shall not give more than three tests to be used in 
this connection. 

J. If the series of terms are alternately positive and negativSt 
omd the nv/meriocU value of the successive terms decreases, the series 
is convergent. For example, the series 

t + t 

may be expressed in either of the following forms : — 

Every quantity within the brackets is of necessity positive. The 
sum of the former series is greater than 1 - and the sum of the 
latter is less than 1 ; consequently, the sum of the series must have 
some value between 1 and In other words, the series is con- 
vergent. If a series in which all the terms are positive is conver- 
gent, the series will also be convergent when some or all of the 
terms have a negative value. Otherwise expressed, a series with 
varying signs is convergent if the series derived from it by making 
all the signs positive is convergent. 

II, If there be two infinite series. 

the first of which is known to be corvoergent, and if each term of 
the other series is not greater them the corresponding term of the 
first series, the second series is also convergent. If the first series is 
divergent, and each term of the second series is greater than the 
corresponding term of the first series, the second series is divergent. 
This is called the comparison test. The series most used for 
reference are the geometrical series 

a +• or + ar^ + . . . + ar" + . . . 

which is known to be convergent when r is less than unity, and 
divergent when r is greater than or equal to unity ; and 



which is known to be convergent when m is greater than unity; 
and divergent, if m is equal to or less than unity. 
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is convergent by 


ExAMgXiB. — Sh-Oiv t}i&t tlie series 1 + 4- + + lAr 4- . • • 

comparisoii with, the geometrical series l + i + t*» + 'A[+ 

III, An infinite series is convergent if from and after some 
fixed term the ratio of each term to the preceding term is numerically 
less than some quantity which is itself less than unity. For in- 
stance, let the series, beginning £rom the fixed term, be 


-h ^2 + ^8 + • • • 

Let denote the snm of the first n terms. W© can therefore 
•write 

^ ^8 ^4 • 

By rearranging the terms of the series, we get 


Sn = 

The fraction 

O'm. 


\ a^ a^ a^ a^ / 

is called the ratio test. Suppose /the ratio test 


an a» a, 

— be less than r ~ be less than T \ „ be less than r 1 


that is, from (3) and (5), page 267, 

1 — r" 

he less than ^ _ y * 


Hence, from (7), Mr is less than unity. 


6h 

8 - be less than 5 — * — • 

1 — r 

Thus the sum of as many terms as we please, beginning with a, 
is less than a certain finite quantity r, and therefore the series 
beginning with a^ is convergent. 

ExAMprass. — ( 1 ) The series 1 + .Jo; + 4 - . , is convergent be- 

cause the test-ratio s xfn becomes zero when n sm 00, 

(2) The series l4*i«+i-i«®4-i*i-iiB»4-... is convergent when x is 
less than unity. 


It is possible to have a series in which the terms increase up 
to a certain point, and then begin to decrease. In the series 
1 + 2x + Sx^ + ^ ...+ Ma;"-**! 4- . . ., 

for example, we have 



If n be large enough, the series can be made as nearly equal to x 
as we please. Hence, if sr is less than unity, the series is con- 
vergent. The ratio -will not be less than unity until 
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— — be less than. I ; i.«. until n >• = — ~ — • 

TMi X — X 

9 1 

If ® *=* 10* example, ^ *-= 10, and the terms only begin to 
decrease after the 10th term. 

These tests "will probably be found sufficient for all the series 
the student is likely to meet' in the ordinary course of things. If 
the test-ratio is greater than unity, the series is divergent ; and if 
this ratio is equal to unity, the test fails. 

§ 99. Approximate Calculations in Scientific Work. 

A good deal of the tedious labour involved in the reduction of 
experimental results to their dual form, may be avoided by at- 
tention to the degree of accuracy of the measurements under 
consideration. It is one of the commonest of mistakes to extend 
the arithmetical work beyond the degree of precision attained in 
the practical work. Thus, Dulong calculated his indices of refrac- 
tion to eight digits when they agreed only to three. When asked 
** "Why ? ” Dulong returned the ironical answer: ** I see no reason 
for suppressing the last decimals, for, if the first are wrong, the last 
may be all right ** 1 

In a memoir “On the Atomic Weight of Aluminium,” at 
present before me, I read, “ 0*646 grm. of aluminium chloride 
gave 2*0549731 grms. of silver chloride. ...” It is not clear how the 
author obtained his seven decimals seeing that, in an earlier part 
of the paper, he expressly states that bis balance was not sensitive 
to more than 0*0001 grm. A popular book on “ The Analysis of 
Gases,” tolls us that 1 o.c. of carbon dioxide weighs 0*00196633 
grm. The number is calculated upon the assumption that carbon 
dioxide is an ideal gas, whereas this gas is a notorious exception. 
Latitude also might cause variations over a range' of + 0*000003 
gr m. The last three figures of the given constant are useless. 
“ Superfluitas,” said R. Bacon, ** impedit multum . . . reddit opus 
abominabile.” 

Although the measurements of a Stas, or of a Whitworth, may 
require six or eight decimal figures, few observations are correct 
to more tibn-n four or five. But even this degree of accuracy is 
only obtained by picked men working under special conditions. 
Observations which agree to the second or third decimal place are 
comparatively rare in chemistry. 

S 
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Again, the best of oalculations is a more or less crude approxi- 
mation on account of the “simplifying assumptions*' introduced 
when deducing the formula to which the experimental results are 
referred. It is, therefore, no good extending the “calculated 
results ** beyond the reach of experimental verification. “ It is 
unprofitable to demand a greater degree of precision from the 
calculated than from the observed results — but one ought not to 
demand a less " (H. Poincare's M4camque CSZeste, Paris, 1892). 

The general rule in scientific calculations is to use one more 
decimal figure than the degree of accuracy of the data. In other 
words, reject as superfluous all decimal figures beyond the first 
doubtful digit. The remaining digits are said to be si^iiiificant 
figures. 

ExAuritBB. — In 1*640, there are four significant figures, the cypher indi- 
cates that the magnitude has been measured to the thousandth part ; in 
0*00154, there are three significant figures, the cyphers are added to fix the 
decimal point ; in 15,400, there is nothing to show whether the last two 
cyphers are significant or not, there may be three, lour, or five significant 
figures. 

In “casting off" useless decimal figures, the last digit retained 
must be increased by unity when the following digit is greater 
than four. We must, therefore, distinguish between 9*2 when it 
means exactly 9*2, and when it means anything between 9 14: and 
9*25. In the so-called “ exact sciences," the latter is the usual 
interpretation. Quantities are assumed to be equal when the 
differences fibU within the limits of experimental error. 

Ijogabithms. — There are very few oalculations in practical 
work outside the range of four or five figure logarithms. The 
use of more elaborate tables may, therefore, be dispensed with. 
There are so very many booklets and cards containing “ Tables of 
liOgarithms upon the market that one cannot be recommended 
in preference to another. 

AnniTiON AND SuBTBAOTiON. — In adding suoh numbers as 9*2 
and 0‘4913, cast off the 3 and the 1, then write the answer, 9*69, 
not 9*6913. Show that 6*60 + 20*7 + 103*193 =» 129*6, with an 
error of about 0*01, that is about 0*08 per cent. 

MuiiTrPiiiOA.TioN AND DIVISION. — ^The product 2*257r represents 
the length of the perimeter of a circle whose diameter is 2*25 
units ; w is a numerical coefficient whose value has been calculated 
by Shanks (JProo. JEtoy. >Soc., 22, 46, 1873), to over seven hundred 
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decimal places, so that ir 3*141592,663589,793. . . . Of these two 
numbers, therefore, 2*26 is the less reliable. Instead of the 
ludicrous 7*0686808625 . . ., we simply write the answer, 7*07. 
Again, although W. E. Oolvill has run out V2 to 110 decimal 
places we are not likely to want more than half a dozen significant 
figmes. 

It is no doubt unnecessary to remind the reader tiiat in scientific 
computations the standard arithmetical methods of multiplication 
and division are abbreviated so as to avoid writing down a greater 
number of digits than is necessary to obtain the desired degree of 
accuracy. The following scheme for “ shortened multiplication 
and division,” requires little or no explanation ; — 

Shortened Multiplication. Shortened Division. 

9*774 366 * 4 ) 8671 * 8 ( 9*774 

865*4 8288*6 


2982*2 

282-7 

686*4 

256*8 

48*9 


8*9 

26*9 


26*6 

8671*4 

1*4 


The digits of the multiplier are taken from left to right, not 
right to left. One figure less of the divisor is used at each step of 
the division. The last figure of the quotient is obtained mentally. 
A *‘bar” is usually placed over strengthened figures so as to allow 
for an excess or defect of them in the result. 

W. Ostwald, in his Hand- und Hilfsbttch zv/r AusfUhrung 
physikoohemiker Messungen, Lteipzig, 1893, has said that *Hhe 
use of these methods cannot be too strongly emphasized. The 
ordinary methods of multiplication and division must be termed 
unscientific.” Full details are given in F. M. Ijangley*s booklet, 
A Treatise on Computation, Liondon, 1895. 

The error introduced in approximate oaloulations by the “ oacting 

off** of decimal figures. 

Some care is required in rounding off decimals to avoid an 
excess or defect of strengthened figures by making the positive 
and negative errors neutralize each other in the final result. It is 
sometimes advisable, in dealing with the 5 in a ** train ” of arith- 
metical operations, to leave the last figure an even number. Tl.g., 
3*76 would become 3*8, while 3*86 would be written 3*8. 

B * 
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The percentage error of the product of two approximate numbers 
is very nearly the algebraic sum of the percentage error of each- 
If the positive error in the one be numerically equal to the negative 
error in the other, the product wiU be nearly correct, the errors 
neutralize each other. 

EbCAMPUB- — ^19*8 X 3*18. The first factor may be •written 20 •with a + 
error of 1 ‘’/o, and, therefore, 20 x 8*18 ** 63*6, with a + error of 1 ®/o- This 
excess must bo deducted from 68*6. Wo thus obtain 62 '95. The true result 
is 62*964. 

The percentage error of the quotient of two approximate numbers 
is obtained by subtracting the percentage error of the numerator 
from that of the denominator. If the positive error of the numer* 
ator is numerically equal to the positive error of the denominator, 
the error in the quotient is practically neutralized. 

There is a well-defined distinction bet-ween the approximate 
values of a physical constant, which are seldom known to more 
than three or four significant figures, and the approximate value of 
the incommensurables tt, e, . . . which can be calculated to any 
desired degree of accuracy. If we use in place of 3'14:16 for w, 
the absolute error is greater than or equal to 3*1429 — 3*1416, and 
equal to or less than 3*1428 — 3*1416 ; that is, between *0012 and 
•0014. In scientific work we are rarely concerned with absolute 
errors. 

§ 93. Approximate Calculations by Means of Infinite Series. 

The reader will, perhaps, have been impressed with the fre- 
quency with which experimental results are referred to a series 
formula of the t 3 ?pe : 

y — A -h Bx + Oa?2 + Da^ -I- (1) 

in physical or chemical text-books. Eor Instance, I have counted 
over thirty examples in the first volume of Mendel6eff*s The 
Brinciples of Chemistry, and m J. W. Mellor’s Chemical Static^ 
andi Bynamdcs it is shown that all the formulae which have, been 
proposed to represent the relation between the temperature and 
the velocity of chemical reactions have been derived from a similar 
formula by ■the suppression of certain terms. The formula has no 
theoretical significance whatever. It does not pretend to accurately 
represent the whole co'urse of any natural phenomena. All it 
postulates is that the phenomena in question proceed continuously. 
In the absence of any knowledge as to the proper setting of the 
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*‘law** connocting two variables, tbis formula may be used to 
express the relation between, the two phenomena to any re<3^iiired 
degree of approximation. It is only to be looked upon as an 
arbitrary device which is used for calculating corresponding values 
of the two variables where direct measurements have not been 
obtained. A, R, O, . . . are constants to be determined from the ex- 
perimental data by methods to be described later on. There are 
several interesting features about this expression. 

I. When the progress of a/ny physical change is represented hy 
the above form/alaf the approximation is closer to reality the greater 
thA number of terms included in the calculation* This is best shown 
by an example. The specific gravity s of an aqueous solution of 
hydrogen chloride is an unknown function of the amount of gas p 
per cent, dissolved in the water. (Unit : water at 4® a** 10,000.) 

The first two columns of the following table represent cor- 
responding values of p and s, determined by MendelSeff. It is 
desired to find a mathematical formula to represent these results 
with a fair degree of approximation, in order that we may be able 
to calculate p if we know s, or, to determine s if .we know p. Let 
us suppress all but the fibcst two terms of the above series, 

s == A + Bpf 

where A and R.are constants, found, by methods to be described 
later, to be .4 = 9991*6, B = 50*6. Now calculate s from the 
given values of p by means of the formula, 

s *=■ 9991*6 + 60*6p, . . , . (2) 

and compare the results with those determined by experiment. 
See the second and third columns of the following table : — 


Percentage 

Composition 

P- 

Spedflo Gravity a 

Found. 

Calculated. 

1st Approx. 

find Approx. 

6 

10242 

10244 

10240 

10 

10490 

10497 

10492 

15 

10744 

10749 

10746 

20 

11001 

11002 

11003 

25 

11266 

11254 

11268 


Formula (2), therefore, might serve all that is required in, say, 
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a mantifaotiiring establishmerLt, bat» in order to represent the con- 
nection between specific gravity and percentage oompositaon with 
a greater degree of accuracy, another term must be included in 
the calculation, thus we vmte 

s =» A + Bp + Gp\ 

where B is found to be equivalent to 49*43, and G to 0‘0571. The 
agreement between the results calculated according to the formula : 

s * 9991*6 + 49*43p + O OSTlpS . . (3) 

and those actually found by experiment is now very close. This 
will be evident on comparing the second with the fourth columns 
of the above table. The term 0*0571p® is to be looked upon as a 
correction term. It is very small in comparison with the preced- 
ing terms. 

If a stiU greater precision is required, another correction term 
must be included in the calculation, we thus obtain 

y =» A + Bx + + Da^. 

Such an expression was employed by T. E. Thorpe and A. W. 
BUcker (Phil. Tra/ns.y 166 , ii., 1877) for the relation between the 
volume and temperature of sea- water ; by T. B. Thorpe and A. B. 
Tutton (Joum. Ghem. Soc., 57 , 645, 1890) for the relation between 
the temperature and volume of phosphorous oxide ; and by Rapp 
for the specific heat of VTater, o-, between 0** and 100°. Thus Bapp 
gives 

O- = 1*039935 - 0*0070680 + 0*00021255^2 - 0*0000015403, 

and Him (Amt. Ghim, Phys. [4], 10 , 32, 1867) used yet a fourth 
term, namely, 

t7 “ A + B0 + 002 + H- 

in his formula for the volume of water, between 100“ and 200“. 

The logical consequence of this reasoning, is that by including 
every possible term in the approximation formula, wo should get 
absolutely correct results by means of the infinite converging 
series *. 

y « A + Bx + Gx^ + + Bx*^ + Fa^ + . . . -h ad infin. (4) 

It is the purpose of Maclaurin’s theorem to determine values of 
A, B, <7, . . . which -will make this series true. 

II. The rapidity of the oormergence of awy series determines 
how mamy terms cvre to he included in the calculation in order to 
obtain any desired degree of approximation. It is obvious that 
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the smaller the numerical value of the “ correction terms ” in the 
preceding series^ the less their influence on the calculated result. 
If each correction term is very small in comparison 'with the 
preceding one, very good approximations can be obtained by the 
use of comparatively simple formulae involving two, or, at most, 
three terms, e.g,y p. 87. On the other hand, if the number of 
correction terms is very great, the series becomes so unmanageable 
as to be p ;actically useless. 

Equation (1) may be written in the form, 

y — A(1 + + csx^ + ...)» 

where -4,6, c, . . . are constants ; A is the value of y when a? 0. 

As a general rule, when a substance is heated, it increases in 
volume, V ; its mass, m, remains constant, the density, p, therefore, 
must necessarily decrease. But, 


Mass =» Density X Volume ; or, W « pW. 


The volume of a substance at ^ is given by the expression 

V — + a^), 

where Vq represents the volume of the substance when $ is 0® 0. 
a is the coefficient of cubical expansion. Evidently, 

p Vq Vq ' 1 + a6 

True for solids, liquids, and gases. For simplicity, put pQ «- 1. By 
division, we obtain 


p - 1 - + (aOy - (a6>)» + . . . 

For solids and some liquids a is very small in comparison with 
unity. For example, with mercury a «=* O'OOOIS. Let 6 be small 
enough 

p - 1 - O-OOOlSd + (0-00018^)2 - ... 
p » 1 - 0-00018(9 + 0-000000,032402 _ , 

If the result is to be accurate to the second decimal place (1 per 100), 
terms smaller than O’Ol should be neglected ; if to the third decimal 
place (1 per 1000), omit all terms smaller than 0*001, and so on. 
It is, of course, necessary to extend the calculation a few decimal 
places beyond the required degree of approximation. How many, 
naturally depends on the rapidity of convergence of the series. 
If, therefore, we require the density of mercury correct to the 
sixth decimal place, the omission of the third term can make no 
perceptible difference to the result. 
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EzampiiBss. — (1) If denotes the height of the barometer at 0° O. and 
K its height at what terms must be included in the approximation 
formula, h as + 0*000180), in order to reduce a reading at 20^ to the 
standard temperature, correct to 1 in 100,000 ? 

(2) In aooTurate weighings a correction must be made for the buoyancy of 
the air by reducing the “ observed weight in air ” to “ weight in vacuo Let 
W denote the true weight of the body (tn vacuo), «o the observed weight in 
air, p the densiiy of the body, the density of the weights, p^ tbA density of 
the siu at the time of weighing. Hence show that if 


^ p 

wiiiolL is the standard formula for reducing weigliiiigs in air to weighings in 
vacuo* The numerical factor represents the density of moderately moist air 
at the temperature of a room under normal conditions* 


(8) If a denotes the coefficient of oubical expansion of a solids the volume 
of a solid at any temperature 9 is^ t; » t?q(1 + afl), where Uq represents the 
volume of the substance at 0®. Hence show that the relation between the 
volumes, and of the solid at the respective temperatures of di and 6^ is 
Vi =a + oBi — a0^. Why does this formula fail for gases ? 

the reciprocals of many numbers oan be very easily obtained correct to many 
decimal places. Thus 


97 100 - 8 100 10,000 ■‘■i;6b0,000'*' * * • “ 0*01 +0‘0008 + 0*000009+ . . . 


(5) We require an accuracy of 1 per 1,000. What is the greatest value of 
X which will permit the use of the approximation formula (1 + as)* *=* 1 + 8* ? 
There is a oollection of approxizxiation formulse on page 601. 

(6) From the formula, (1 + as)** = 1 + nas, where n may be positive or 
negative, integral or hsaotional, oaloulate the appi^ximate values of ^/999, 
1/ Vl*02, (1*001)*, \/l*06, mentally. Hints. In the first case n = in the 
second, n = — ^ ; in the third, n 8. In the fibrat, a; *■ — 1 ; in the second, 
te B 0*02 ; in the third, as 0*001, etc. 


§ 96. Maolaurin’s Theorem. 

Maola/u/rin^ s theor&m det&rTmnes th& law for the expansion of a 
function of a siHoiiis variable in a series of CLScendvng powers of 
that variohle. Let the variable be denoted by as, then, 

u =» /(as). 


^ A difference of 46 m in . iu the height of a barometer during an organic combus- 
tion analysis, may cause an error of 0*6 % in tbe determination of the OOj, and an 
error of 0*4 «/o in the determination of the HaO. See W. Crookes, “ The Determination 
of the Atomic Weight of Thallium,” Fhil. Trcrnt.^ 16S, 277, 1874. 
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Assume that /(a?) can be developed in ascending powers of x, like 
the series used in the preceding section, namely, 

u ss* =® A + Bx + + jDiJT® • (1) 

where A, J5, O, J[> . . . , are constants independent of a?, but de- 
pendent on the constants contained in the original function. It is 
required to determine the value of these constants, in order that 
the above assumption may be true for all values of x. 

There are several methods for the development of functions in 
series, depending on algebraic, trigonometrical, or other processes. 
The one of greatest utility is known as Taylor’s theorem. Mac- 
laurin’s ' theorem is but a special case of Taylor’s. We shall work 
from the special to the general. 

By successive differentiation of (1), 


^ + 2C?aJ + BDx^ 

• 

(2) 

d^u 

dx^ 

*= =s 20 + 2 . BDx + . . . ; • 

• 

(3) 

d^u 

da^ 

-‘*•^'(“>-2.3.1) + 

• 

(4) 


By hypothesis, (1) is true whatever be the value of a?, and, 
therefore, the constants A, B, C, D, . . . are the same whatever 
value be assigned to x. Now substitute a? = 0 in equations (2), 
(3), (4). Let v denote the value assumed by u when a? = 0. 
Hence, from (1), 


dv 

from (2), 

d^v 

d^3 


/(O) - A, 

, /'(O) = 1 . B, 

. /"(O) -1.20, 

. /'"(O) - 1 . 2 . 3JD, 


•. C 


dv 
dip ' 

1 . 

1 dh} 
3l dafl' 


Substitute the above values of A, B, (7, . . ., in (1) and wo get 


V + 


dm X 
dx 1 


dh} x^ 
d^^T\ 


da^ 3 1 


1 Th© n&ixio is li©ro a historical nuisnonior. Taylor puhlishocL his series in 1715. 
In 1717, Stirling showed that the series under consideration was a special case of 
Taylor’s. Twenty-five years after this Maclaurin independently published Stirling s 
seriea But then **both Maclaurin and Stirling," adds Be Morgan, “would have 
been astonished to know that a particular case of Taylor’s theorem would be called 
by either of their names”. 
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The series on the right-hand side is known as Maclauriii’s Series. 
The first term is what the series becomes when a; » 0 ; the second 
term is what the first derivative of the function becomes when 
£c = 0, multiplied by x ; the third term is the product of the second 
derivative of the function when a: =» 0, into aj® divided by factorial 
2 • • • 

**/*(0) ** means that f(x) is to be differentiated n times^ and x 
equated to zero in the resulting expression. Using this notation 
the series assumes the form 

« - m + /'(O)^ + /"(0)j^ + /"'(0)3-^ + . . , (7) 

§ 97. Useful Deductions fi*om Maclaurin’s Theorem. 

The following may be considered as a series of examples of the 
use of the formula obtained in the preceding section. Many of the 
results now to be established will be employed in our subsequent 
work, 

J. Binomial Series, 

In order to expand any function by Maclaurin’s theorem, the 
successive differential ooef&oients of u are to be computed and x 
then equated to zero. This fixes the values of the different con- 
stants. 

Let a (a + xy, 

d^ldx = n{a -i- xY - \ f{Q) = noT ” » ; 

dhifdx^ = n{n - 1) (a -h »)“ - *, f'\0) = n{n - l)ar - » ; 

d^ilda^^nin -1) (to-2) {a + xy-^ - l)(ro - 2)a«~8, 

and so on. Now substitute these values in Maclaurin’s series (6), 

(a + «)*•= a» -I- ja^-ix + - 2a;2 + (1) 

a result known as the binomial series, true for positive, negative, 
or fractional values of n. 

Examples. — ( 1) Prove that 

{a - *)» = a« - ~ - ... - • (2) 

When is a positive integer, and 9i = fK, the infinite series is out off at a 
point where n — tn = 0, A finite number of terms remains. 

(2) Establish (1 + = 1 + ^^2 - x*/8 + a;8/16 - . . . 

(3) Show (1 - » 2 ) - 1/2 ^ 1 ^ + 3aji/8 + 5 xB/16 + . . . 

(4) Show (l+aj*)~i«Bl — + Verify this result by actual 

division. 
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JJ. Trigonometrioal Series. 


Suppose u = f(x) »= sin x. Note that dufdx = ^^(sin x)ldx = oos x ; 
dHi/da^ = d^isinxyidx^ = dl(cos x)ldx =« — sin a;, eto.; and that sin 0 *» 0, 
- sin 0 = 0, cos 0 = 1,— oos 0 = - 1. 

Hence, we get the sine series, 


sinoj = T- 


X 

r 3 T " 5T ~ 71 

In the sanie manner we find the cosine series 


31 3T 




^ X^ X^ 

oos^=l- ^ + ^ 


!Xfi 

61 


( 3 ) 

(4) 


These series are employed for calculating the numerical values 
ot angles between 0 and All the other angles found in * * trigo- 
nometrical tables of sines and cosines,** can be then determined by 
means of the formulas, page 611, 

sin(j7r — a?) = cos x ; cos(j7P — a:) = sin x. 

Now let 


n — f(x) — tana?. t^cosa; = sin a;. 

From page 67, by successive differentiation of this expression, 

remembering that = dujdx^ = dHbjdx^, . . ., as in § 8, 

“Mioosaj — wsina; = cos a; ; 

u^GO^x — 2uySm.x — UQOsx = — sin a; ; 

'UqCOSX — S-zigSina; — S^iioosa; + -14 sin a; = — oos a?. 

By analogy with the coefficients of the binominal development (1), 

or Lieibnitz’ theorem, § 21, 

n . n(n — 1) . 

w„cos X — _ jSin X - 2®®® a; -h . . . «= ^th deriv. sin x. 


Now find the values of w, ... by equating a? = 0 in 

the above equations, thus, 

/(O) - /"(O) 0 ; /'(O) = 1, /"'(O) = 2, . . . 

Substitute these values in Maclaurin’s series (7), preceding section. 
The result is, the tangent series : 


X 2a;® 16a;® 

tan a? == i + ^ + “^ 7 “ + 


or, tan a? = Y "i" 


a;® 

S' 


16 


(S) 


III. Inverse Trigonometrical Series. 

Let 6 = tan~ia?. By (3), § 17 and Ex. (4) above, 

d&Jdx = (1 -f- a;®) ~i = 1 — a;® -H x^ — a<® + . . • 

By successive differentiation and substitution in the usual way, we 
find that 
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F ■*" F 


( 6 ) 


or, from the original equation, 

0 == tan 6 — ^ tan*^ + ^ tan®^ — . . . , , , (7) 

which is known as Gregory’s series. This series is known to 
be converging when $ lies between. ^ — Jtt and Jtt ; and it has 
been employed for calculating the numerical value of nr. Let 
0 46® Jtt, a? =» 1. Substitute in (6), 


IT 

4 


1 - 



The so-called Leibnitz series. We can obtain the inverse sine 
series 


la^ Safi 5 x'^ 


( 8 ) 


in a similar manner. Now write a; =* sin~^a; = Substitute 

these values in (8). The resulting series was used by Newton for 
the computation of ir. 


IV. The Numerioal vahie of nr. 


This is a convenient opportunity to emphasize the remarks on 
the unpraoticablo nature of a slowly converging series. It would 
be an extremely laborious operation to calculate nr accurately by 
means of this series. A little artifice will simplify the method, 
thus, 

, /'I 1\. TT 2 2 2 

. _ 1 . 1 a. 1 

8 “ 1.3 6.7 9.11 


which does not involve quite so much labour. It will be observed 
that the angle x is not to be referred to the degree-minute-seoond 
system of units, but to the unit of the circular system (page 606), 
namely, the radian. Suppose x = then tan ~'^x — 30® = J-TT. 
Substitute this value of x in (6), collect the positive and negative 
terms in separate brackets, thus 



1 




To further illustrate, we shall compute the numerical value of 
IT to five correct decimal places. At the outset, it will be obvious 
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that (1) we must include two or three more decimals in each term 
than is required in the final result, and (2) we must evaluate term 
after term until the subsequent terms can no longer influence the 
numerical value of the desired result. Hence : 


Terms enclosed in the first brackets. 

0-67735 03 
0*01283 00 
0-00079 20 
0-00006 09 
0-00000 52 
0-00000 05 


Terms enclosed in the Second brackets. 

0-06415 01 
0-00305 48 
0*00021 60 
0*00001 76 
0-00000 15 
0-00000 02 


0-69103 89 0*06744 02 

TT « 6(0-59103 89 - 0*06744 02) = 3-14159 22. 

The number of unreliable figures at the end obviously depends 
on the rapidity of the convergence of the series. Here the last two 
figures are untrustworthy. But notice how the positive errors are, 
in part, balanced by the negative errors. The correct, value of tt to 
seven decimal places is 3*1415926. There are several shorter ways 
of evaluating tt. See Bnoyc. Brit., Art. “ Squaring the Circle **. 


Show that 



V. Exponential Series, 


2t 



d 1 + 1 + 


1 

21 



by Maclaurin’s series. An exponential series expresses the de- 
velopment of «*, a*, or some other exponential function in a series 
of ascending powers of x and coef&cients independent of x. 


Exampubs. — ( 1) Show that if ft » log a, 

ft®aj® 

a* — 1 + ftaj + + 


T<?a? 

31 


+ • • • 


( 10 ) 


(2) Bepresent Dalton’s and Gay Xiussac’s laws, from the footnote, page 

91, in symbols. Show by mathematical reasoning that if second and higher 
powers of aO are outside the range of measurement, as they are supposed to be 
in ordinary gas calculations, Dalton’s law, v *= is equivalent to Gay Dus- 

sao’s, V = Vo(l -h ad). 

as a* 

(3) Show 


VI. Euler* $ Sine and Cosine Series, 

If we substitute V — 1 . x, or, what is the same thing, tx in 
place of X, we obtain. 
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1 + 


U3i 

T 


^ 

21 “ i! 


«»* * 



X^ x^ 

^ T! 




By refereno© to page 283, we shall find that the first expression in 
brackets, is the cosine series, the second the sin© series. Hence, 

cos a; 4- t sin x. . » • (13) 


In the same way, it can be shown that 



Or, 

c “ ** = cos 05—1 sin X. . . . (Ifi) 

Combining equations (13) and (15), we get 

^(gta _ g - _a ^ ^ + c “ ‘*) = cos X. . (16) 

The development by Maclaurin's series cannot bo used if the 
function or any of its derivatives becomes infinite or discontinuous 
when X is equated to zero. For example, the first differential 
coefficient of /(as) = ^/», is Jo;"'*, which is infinite for a? «= 0, in other 
words, the series is no longer convergent. The same thing will be 
found with the functions log a:, cot as, l/as, and sec ~^x. Some 
of these functions may, however, be developed as a fractional or 
some other simple function of as, or we may us© Taylor’s theorem. 


§ 98. Taylor’s Theorem. 

Taylor* s theorem determines the la/w for the expansion of a 
function of the sv/m, or difference of two variables into a series 
of ascending powers of one of the variables. Now let 

Uy =f{x + y). 

Assume that 

f{x + y) ^ A -k- By + Cy^ + Dy^ + . . . , . (1) 

where A, B, C, D, . . . are constants, independent of y, but de- 
pendent upon a? and also upon the constants entering into the 
original equation. It is required to find values for A, B, C, . . . 
which will make the series true. Since the proposed development 
is true for all values of x and y, it will also be true for any given 
value of X, say a. Now let A', B\ G\ ... be the respective values 
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of A, JB, C, . . . in (1) when x ^ a. Hence, we start with the as- 
sumption that 

v! » f{ck + y) »» A' + + G'y"^ + + . . . . (2) 

Put a + y, hence, y z — a, and Maclaurin's theorem gives 
us 

v! * f{z) ^A' + B'(z - a) + a(z - a)2 + D\z - a)3 + . .. 
Now write down the successive derivatives with respect to z, 

^ -/'(*) - S' + 2C'(a - a) + 3D'(« - <»)* + ... 

^ = /"(a) ~ZC + 2.3D'(a - a) + 3.4B(a - o)® + ... 

^ -/'"(a) - 2. 3D' + 2.3.4®'(a - o) + ... 


While Maclaurin’s theorem evaluates the series upon the assump- 
tion that the variable becomes zero, Taylor’s theorem deduces a 
value for the series when x = a. Let z = a, then y =» 0, and wa 
get 

f{a) = A ; f{a) = B' ; /"{a) = 20' ; O' = J/"(a) ; /"'(a) - 2 . SB'; 

B' = 

Substitute these values of A', JB', O', ... in equation (2), and we 
get 

u' - f{a + y) - /(a) + /'(a)j + . (3) 


for the proposed development when x assumes a given particular 
value. But a is any value of x ; hence, if 

(4) 

Substitute these values of A, JB, 0, B in the original equation 
and we obtain 


% “/(® + y) 


u + 


dm y 
^ 1 


dhi y2 ^ dHL y® 
^ r72 dP 1.2.3 


The series on the right-hand side is known as Taylor’s series. 
The first term is what the given function becomes when y = 0 ; 
the second term is the product of the first derivative of the function 
when y s= 0, into y ; the third term is the product of the second 
derivative of the function when y »= 0, into y® divided by factorial 
2 . . . In (6), w *= f{x) is obtained by putting y =« 0. Thus, in the 
development of {x -I- y)® by Taylor’s theorem, 

u = f{x) — ; dufdx =» ; dhj>fdx^ — /"(a?) = 4 . ; . . . 

r. {x + yy -= afi +5x*y -i-lOas^y® + lOic^y® + 5xy* + y®. 
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Instead of (6), we may write Taylor’s series in the form, 

% = /(a; + y) » /(ic) + 

Or, interchanging the variables, 

^1 “ /(a? + y) = f(y) + fiy)i + f"(y)^ f"(y) i 3 + • • • C^) 

I leave the reader to prove that 

/(* - y) - /(®) - /'(«)f + /»!’ - + . . . (8) 

Maclanrin’s and Taylor’s series are slightly different expressions 
for the same thing. The one form can be converted into the other 
by substituting f(x + y) for f(x) in Maclaurin’s theorem, or by 
putting y =* 0 in Taylor’s. 


Examplus. — ( 1) Expand «! = (* + y),” by Taylor’s theorem. Put y = 0 

and SB as indicated above, 

du d!ht 

S3 naj" ~ ^ — l)i»" ” *, etc. 


' ^ 


Substitute the values of these derivatives in (7). 

«i as (a? + y)« sss as» + was" “ ^ + in(n - l)as" - . 

(2) If = log a ; 1*1 sss 0 * + *' =s 0^(1 + % + J&V + + ...). 

(3) Show (as + y + a)4 = (a? + a)4 + Jy(a! + u)-4-... Ifa; = -a, the 
development fails. 

(4) Show sin (« + y) = sina;^! - f j + - •••).+ oos«(y “ ^ 

(5) The numerical tables of the trigonometrical functions are calculated by 
means of Taylor’s or by Maclaurin’s theorems. For example, by Maclaurin’s 
theorem, 


“““ = *-3T+6T 


COS a: ss 1 - 


2! 4! “ *•* 


Eut 86" "B *610865 radians, and ,*. sin 36" = sin *610866. Couse<3^uently, 
sin 36" = *610865 - i(*610865)’ + x^(*610865)5 - . . . = *57367 . . . 

In the same way, show that cos 36" =» *81916 . . . Again by Taylor’s theorem, 
sin 36" = sin (85" + 1") ; 

sin86» = sin 35" + °-^|^(-017463) - ?^^^(*017453)* - . . . = *58778 . . . 


(6) Taylor’s theorem is used in tabulating the values of a function for dif- 
ferent values of the variable. Suppose we want the value of y = x(24 — a;®) for 
values of x ranging from 2*7 to 8*8. First draw up a set of values of the 
successive difierential ooefQlcients of y. 

/(a) = /(3) b 3 a(24 - »») « 45 ; /(a) = f{3) = 24 - 3a?» _ 3 ; 

f'{x) =f'{S) = - 6® = - 18 ; /"(a) = f"(S) = - 6. 

By Taylor’s theorem, 

/(3 ± h) -/(3) ±fi3)h + ± ir"{3)h^ - 46 + 3h - 9hP,+ h\ 
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But 2*7 = 3 - 0-3 ; 2-8 = 3 - 0-2 ; 3*3 = 3 + 0-3. Hence, 

/(2*7) = 45 4- 0*9 - 0*81 + 0*027 = 46*117. 

/(2*8) = 46 + 0*6 - 0*36 + 0*008 = 46*148. 

/(2*9) = 46 4- 0*3 - 0*09 4- 0*001 = 45*211. 

/(S*0) =: 46 *» 46*000. 

/(8*1) — 45 - 0*8 - 0*09 - 0*001 — 44*609. 

/{8*2) = 45 - 0*6 - 0*86 - 0*008 = 44*032. 

/(3*S) = 46 ~ 0*9 ~ 0*81 - 0*027 = 48*263. 

(7) Show log {x + y) =: log « *+■ ■“ - • • • 

(8) Expand log (n 4- h) and also log (n 4- 1). Observe that we can neglect 
terms containing second powers of h, if h is less than unity, and n is large. 
Thus, if < 1, and n is 10,000, hjn < 0*0001 ; the second term of the ex- 
pansion is less than 0*000000,005 ; and the next term still less again. By 
division of the two expansions, we get the important result, 

log(-n + fe) - logn _ h 

log (7t 4- 1) - log w “ 1 ' ^ 

or, 

Inor. when logn becomes log(r«' h) : Inor. when logn becomes log(n 4- 1) ** h ! li 
provided the differences between two numbers n and h are such that n is oi 
the order of 10,000 when x is less than unity. This formula, known as the 
rule of proportional parts, is used for finding the exact logarithm of a number 
containing more digits than the table of logarithms allows for, or for finding 
the number corresponding to a logarithm not exactly ooinoiding with those in 
the tables. The following examples wil make this clear : — 

(9) Find the logarithm of 46502*82, having given 

log 46501 =» 4*6674623 *, log 46502 « 4*6674716 ; difference =. 0*0000098. 

Ljet h denote the quantity to be added to the smaller of the given logs. The 
problem may be stated thus, 

log ft « log 46601 = 4*6674623 ; 

log (n 4- 1) « log (46501 H- 1) — 4*6674623 4- 0*0000093 ; 

log (to + h) log (46501 4- 0*82) = 4*6674623 + ». 

^7 (^)» that is, by simple rule of three : if a difference of 1 unit in a number 
corresponds with a difference of 0*0000093 in the logarithm, what difference 
in the logarithm will arise when the number is augmented by 0*32 ? 

.*. 1 : 0*32 s: 0*0000093 ; », .*. « » 0*00000298 . . . 

The required logarithm is, therefore, 4*6674653. 

Again, find the number whose logajdthm is 4*6816223, having given 

log 48042 » 4*6816211; log 48048 « 4*6816801. 

Since a difference of unity in the number causes a difference of 0*0000090 
in the logarithm, what will be the difference in the number when the logarithms 
differ by 0*0000012 ? 

.*. 1 : It = 0*0000090 : 0*0000012 ; .*. 7t = 0*13. The number is 48042*13. 

(10) Show log (1 + y) =■ y - _ iy^ 4- . - - 

T 
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This series may be employed for evaluating log 2, but as the series happens 
to be divergent for numbers greater than 2 , and very slowly convergent for 
nmnbers less than 2 , it is not suited for general computations. 

(11) Show log (1 — y) = — ^ -h iy® + -Jy® + iy* + ...). 

If y ss 4 , the development gives a divergent series and the theorem is then 
said to fail. The Isbst four examples are logarithmic series. 

A series suitable for fiTuli-ng the numerical values of logarithms may here 
be indicated as a subject of general interest, but of no particular utility since 
we can purchase **ready>made tables from a penny upwards”. But the 
principle involved has useful applications. 

Subtract the series in Ex. (11) from that in Ex. (10) and we get 

log = 2 ^y + ^ ^ ^ 

a series slowly convergent when y is less than unity. Let n have a value 
greater than unity. Put 


n + 1 _ 1 + y 
n 1 - y’ 


80 that y 


1 

2 to + 1 * 


Hence, when n is greater than unity, y is less than unity. By substitution, 
therefore, 

log (n + 1) .. log» + 2 ( 3 ;^^ + + • - •)■ 

This series is rapidly convergent. It enables us to compute the numerical 
value of log (n. + 1 ) when the value of log n is known. Thus starting with 
n 1 , log n ai 0 , the series then gives the value of log 2 , hence, we get the 
value of log S, then of log 4, etc. 

( 12 ) Put'y = — 03 in Taylor’s expansion, and show that 

/(®)=/(0) +/(a3).a5 - ir(aj).*2 + . . 


knovm as Bernoum’s series (of historical interest, published 1694). 


Mathematical text-books, at this stage, proceed to discuss the 
conditions under which the sum of the individual terms of Taylor’s 
series is really equal to f{x + y). When the given function /(aJ + y) 
is finite, the sum of the corresponding series must also be finite, in 
other words, the series must either be finite or convergent. The 
development is said to fail when the series is divergent. 

It is not here intended to show how mathematicians have suc- 
ceeded in placing Taylor’s series on a satisfactory basis. That 
subject belongs to the realms of pure mathematics.^ The reader 
may exercise “belief based on suitable evidence outside personal 
experience,’* otherwise known as faith. This will require no great 
mental effort on the part of the student of the physical sciences. 
He has to apply the very highest orders of faith to the fundamental 


^ If the studeut is at all curious, Todhunter, or Williamson on ** Lagrange’s 
Theorem on the Limits of Taylor’s Series,” is always available. 
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principles — ^the inscrutables — of these sciences, namely, to the 
theory of atoms, stereochemistry, affinity, the existence and pro- 
perties of interstellar ether, the origin of energy, etc., etc. What 
is more, ** reliance on the diota and data of investigators whose 
very names may be unknown, lies at the very f oimdation of physical 
science, and without this faith in authority the structure would fall 
to the ground ; not the blind faith in authority of the unreasoning 
kind that prevailed in the Middle Ages, but a rational belief in the 
concurrent testimony of individuals who have recorded the results 
of their experiments and observations, and whose statements can 
be verified . . 

The rest of this chapter will be mainly concerned with direct 
or indirect applications of infinite converging series. 


§ 99. The Contact of CurveB. 



The following is a geometrical illustration of one meaning of 
the different terms in Taylor’s development. If four curves Pa, 
P6, Pc, Pd, . . . (Fig. 123) have a common 
point P, any curve, say Pc, which 


passes 

between two others, P6, Pd, is said to have 
a closer contact with Ph than Pd. Now 
let two curves PqP and PoPi (Fig. 124) re- 
ferred to the same rectangular axes, have equations, 

y - /(«) ; Vi =“ • • ( 1 ) 

Let the abscissa of each curve at any given point, be increased by 
a small amount h, then, by Taylor’s theorem, 


Fio. 128. — Oonta.ct of 
Ourves. 


/(« + h) 
+ h) 


-u a. ^ + 


fii^i + '*’1 5^ 

If the ourves have a common 




h 


Ck I + 


( 2 ) 


dxi^ 2 1 

•t Pq, X — a?!, and y = at 
the point of contact. Since the first differential coefficient repre- 
sents the angle made by a tangent with the a;-axis, if, at the point 


o> 


a; = a?! ; y — yi. 


d® “ dxi’ 


1 Excerpt from the Presidential Address of Dr. Carrington Bolton to the Wasldng. 
ton Chemical Society, English Mechanic^ 5th April, 1901. 
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tlie curves ■will have a common tangent at JPq. This is called a 
oontact of the first order. If, however, 

® y ““ 2^1 » dxj^* 

the curves are said to have a oontaot of the second order, and 
so on for the higher orders of contact. 

If all the terms in the two eq'uations are equal the two curves 

will be identical; the greater the number of 
equal terms in the two series, the closer will 
be the order of contact of the two curves. If 
the order of contact is even, the curves will 
intersect at 'their common point ; if the order 
of contact is odd, the curves will not cross each 
other at the point of contact. 




.*■ 


M, 


Fia. 124. — Contact of 
Curves. 


ExA^ifPiiBS. — (1) Show that the curves y = — and 

yssSx — intersect at the point ® 0, y = 0. Hint. 

The £rst differential ooe£Q.cients are not eg^ual to one another when we put 
a; ss 1. Thus, in the first case, dyfdx ™ — 2aj * — 2 x« 0 ; and in the second, 
dyfdx « 3 — 2dB =: 1. 

(2) Show that the tangent crosses a curve at a point of inflexion. Let 
the eq'uation of the curve he y ss /(as) ; of the tangent, Ax + By 4 * O «=* 0. 
The necesstucy condition for a point of inflexion in the curve y *=* f{x) is that 
d^ldx^ as 0. Rut for the equation of the tangent, is also zero. 

Hence, there is a contact of the second order at the point of inflexion, and 
the tangent crosses the curve. 

§ 100. Extension of Taylor’s Theorem. 

Taylor’s theorem may be extended so as to include the expan- 
sion of functions of two or more independent variables. Liet 

3 /)» ••••(!) 

where x and y are independent of each other. Suppose each 
variable changes independently so that x becomes x + h, and y 
becomes y + First, let f{x, y) change to f{x -)r h, y). By 
Taylor's theorem 

Tiu "b^u 

f(x + h,y) ssz u + ^ * • • • 

If y now becomes y -k- each term of equation (2) will change so 
that 

bu b^ A:* 

U becomes U + ^ • • • 5 
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^ becomes 55 + + 


5^ becomes + 3^55^* + 


• •f 


by Taylor’s theorem. Now substitute these values in (2) and we 
obtain, if v! denotes the value of v, when x becomes rc + ^, and y 
becomes ^ 

«'=/(a5+.fe, y + fc); 

c)'Z 4 , Ic . . bu, b^u h, 

+ 


-'^^'^by^'^by^ 2I'*"* 


~JhlC • 


bxby 

Su = v! -u^f{x + h, y + k) -f{x, y) ; 

bu^ bu, 1 / 7 )^, „ ^ bHo , , b'Hb 


2I'^*** 


- bu bu X/bHt, o I.T "^T2^ 


) + .. 


( 3 ) 


The final result is exactly the same whether we expand first 
with respect to y or in the reverse order. 

By equating the coefficients of hk in the identical results ob- 
tained by first expanding with regard to h, (2) above, and by first 
expanding with regard to fc, we get 


b^ b'Mi 


bxby bybx* 

which was obtained another way in page 77. The investigation 
may be extended to functions of any number of variables. 


§ 101. The Determination of Maximum and Minimum Values 
of a Function by means of Taylor’s Series. 

I. Functions of one variable, 

Taylor’s theorem is sometimes useful in seeking the maximum 
and the minimum values of a function, say, 

u = fix). 

It is required to find particular values of x in order that y may 

be a maximum or a minimum. If x changes by a small amount 

Jif Taylor’s theorem tells us that 

„ , V « X d-M, 1 „ 1 dHu^ ^ 

f{x ± A) - fix) = ± -^h + 2 ^^ 2 ^ ± 6 3^^ + . . . , (1) 

according as h is added to or subtracted from x. 

First, it must be proved that h can be made so small that the 
Sal 

term will be greater than the sum of all succeeding terms of 

either series. Assume that Taylor’s series may be written, 
fix h) ™ u Ah + JBh^ + Ch^ -H . . . , 
where A, B, C, . . . are coefficients independent of h but dependent 
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upon £c, then, if Bh *» Bh + Oh^ +,,,=« (^ 4 - , ,)7i, and 

/(a? + fe) =* w + fe(.4 + Bh), . . (2) 

Consequently, for sufficiently small values of h^ it 'will be obvious 
that Bh must be less than A. 

Xiet us put 

— f{af ±h) — Jipn). 

If u is really a maximum, ever so small a change — increase or 
decrease — ^in the value of x will diminish the value of v, ; and f{x) 
must be greater than f(x + h). Hence, for a maximum, 

= f(j^ ± fe) must be negative. 

Again, if u is really a minimum, then u will be augmented when so 
is increased or diminished by h. In other words, if w is a minimum, 

hu « f(x + fe) ~ /(a?) mnet be positive. 

IiiiXinsTBanoN. — The funotion u = 4a5* — Ssb® — 18as will be a mazimuxa 
when as = — 1, In that case, /(*) ss 11 ; if we put Bome ppnn.li quantity, 
say iu place of 7t, then f{x + Zi) = + and f{x _ Zt) sa 4 - jyc.. Hence, 

f{x + Zt) — y(®) will be either — or — You can also show in the same 

manner that u will be a minimum when a; 


Now if h is made small enough, we have just proved that the 
higher derivatives in equations (1) 'will become vanishingly small ; 
and so long as the first deri'vative, &u,Jdx, remains finite, the al- 
gebraic sign of will be the same as 

« du, 

= -3-h. 

CLdO 

At a turning point — maximum or minimum- 
explained in an earlier chapter, 

du ^ 
dx 

Substituting this in the above series, 

dhi^ 


-we must have, as 




da?^ -6 


dx^ 


+ 


remains. Now h may be taken so small that the derivatives 
higher than the second become vanisbingly small, and so Ion g as 
dHifda^ remains finite, the sign hu 'will be the same as that of 




dHt, 

dx^ ' ¥* 


But being the square of a number, must be positive. The sign 
of the second differential coefficient will, in consequence, be the 
same as that of Bu. But u = fix) is a maximum or a minimum 
according as Bu is negative or positive. This means that y will be 
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a maximiim when dyfdx — 0 and d^yjdx^ is negative, and a mini- 
mum, if d^jdx^ is positive. 

If, however, the second differential coefficient vanishes, the 
reasoning used in connection with the first differential must be 
applied to the third differential coefficient. If the third derivative 
vanishes, a similar relation holds between the second and fourth 
differential coefficients. See Table I. , page 168. Hence the rules : — 

1. y is either a rruixiimi/ni or a minirwwm for a given value of x 
only when the first non-va/rdshing derivative, for this vaZtce of x, is 
even. 

2. y is a rnaxi/rwu/m or a rmnim/wm according as the sign of the 
non-vanishing derivative of an even order, is negative or positive. 

In practice, if the first derivative vanishes, it is often con- 
venient to test by substitution whether y changes from a positive 
to a negative value. If there is no change of sign, there is neither 
a maximum nor a minimum, For example, in 

y x^ — 3x^ + ^ ^ — 6a; + 3. 

For a maximum or a minimum, we must have 

x^ — 2x + 1 = 0 ; .*. a; — 1. 

If a; = 0, 2 / = 7 ; if a; = 1, ^ = 8 ; if a? »» 2, y »=» 9. There is no 
change of sign and a? 1 will not make the function a maximum 
or a minimum. 

ExampxiSsb. — ( 1) Test j/ >■ os* — 152a;* — 60a; for maximum or minimum 
values. dyfdx ■■ Sac* — 24a; — 60 ; .*. a:;* — 8a; — 20 = 0, 

or a; - 2, or + 10. d^jdx^ =: 6a; - 524 ; or, a; =« + 4. 

Since is positive when a; = 10 is substituted, 

a; nt 10 will make y a minimum. When — 2 is substi- 
tuted, d^fdx^ becomes negative, hence a; sb — 2 will make 
y a maximum. This can easily be verifiled by plotting 
(Fig. 126), for. if 

X ■■ — 8, “ 2, 1, . . . “b 9, ”1” 10, + H, ... 

y — -h 46, +64 (max.), +48, ... - 783, - 800 (min.), - 781, . . . 

(2) What value of x will make y a maximum or a minimum in the 

expression, y s* a;® — 6a;* + 11a; + 6 ? 

dyfdx a® 3a;* — 152a5 + 11 = 0 ; 

a; = 2 ± n/j; dPyfda^ — 6a; - 12. H 
a; = 2 + ^/F, cPyfdx^ — 6>/i «+ 2 n/ 3; 
and if a; 2 — n/^, d^fdx^ = — 2 V3. 

Hence 2 + a/IT makes y a minimum, and 
2 — makes y a maximum (see Fig. 126). 

(3) Show that a;® — 9a;* + 16a; — 3 is a 





Fig. 126. 


Fig. 127. 
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Tn ai x imma wlicn sb =s 1^ and. a mininnnp, when ic » 5. Tho graph is shown in 
Eig. 127. 

JJ. F'wncUons of two va/riahles. 

To find particTilar values of x and y which will make the 
fnnotioii, 

“ -/(*. y). 

a maximum or a minimum . As before, when x changes by a 
small amount K, and y by a small amount Te, if f(x, y) is greater 
than fix ± y ± k), for all values of % or Ic, then fix^ y) is a 
maximum. Hence, if 

8u s= fix ± fe, y + k) — fiP^t y) is negative, 
u will be a maximum ; whereas when f(x, y) is less than 
fix ±h,y± k), 

Sm =/(aj ± y ± k) - /(a?, y) is positive, 
and V, will be a minimum. 


Illustration. — The function u = <B®y + ajy® — Zxy will be a minimum 
when a? = 1 and y = 1. In that case /(«, y) ~ - 1 ; and if we put =s and 
i — any other small quantity will do just as well — then /(aj+fc, y+ft) = 0; 
and /(as - ib, y <- A) Hence, /(a? ± y ± &) ~ /(«, y) « + 1, or 4- J. 


Also, let 

“ /(a? + ^, y + k) - /(a;, y). 

Let us now expand th i s function as indicated in the preceding 
section, and we get 


« 'iu 'du. 


4” “ olc^ 


) 


(3) 


By making the values of h and h small enough, the higher orders 
of differentials become vanishingly small. But as long as Ttufcix 
and bufby remain finite, the algebraic sign of Tiu will be that of 

©.* - ©.*■ 

At a turning point— maximum or a minimiTTn — must have 


bu- 



(4) 


and, since Ji and h are independent of each other, and the sign of 
Sw, in (4), depends on the signs of h and u can have a maximum 
or a minimum value only when 



( 5 ) 
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We can perhaps get a clearer mental picture of what we are 
talking about if we imagine an undulating surface lying above the 
ajy-plane. At the top of an isolated hill, P (Fig. 128), u will be a 
maximum ; at the bottom of a valley or lake^ Q, u will be a mini- 
mum. The surface can only be 
horizontal at the point whore 
7>ufbx and 'buf'by are both zero. 

At this point, u will be either a 
maximum or a minimum. It 
is easy to see that if APBG 
is a surface represented by 
u /(ic, y), Tiufdx is the slope 
of the surface along AP, and 
'bufhy, the slope along BP. 

The line Pb represents the slope 7>ufbx at P, and Pa the slope 
'buj'by at P. 

If 44 is really a maximum, it follows from our previous work, 
page 159, that and 'bHufby^ must be negative, just as surely 

as if P is really the top of a hill, movement in the directions P5, 
or Pa must be down hill. And similarly, if we are really at the 
bottom of a valley, and must be both positive. 

liet us now examine the sign of Zu in (3) when 7>u/bx and tiufliy 
are made zero ; h and k can be made so small that 

l/tJ^ ^^7 A /«\ 

"dy^^ ) • • ( 6 ) 

remains. For the sake of brevity, write the homogeneous quad- 
ratic (6) in the form 

ah^ -I- 2bhk + ck^. ... (7) 

Add and subtract b^k^/a ; rearrange terms, and we get the equiva- 
lent form 

\[{ah + bky + (ao - . . (8) 

which enables us to see at a glance that for small values of h and 
k the sign of (7), or (6), is independent of h and k only when 
ac - b^ is positive or zero, for if ac — 5® is negative, the expression 
wiU be positive when A; ■■ 0, and negative when ah + bk is zero. 
Consequently, in order that we may have a real maximum or 
minimum, ac must be greater than ; or what is the same thing. 





X must be greater than 



( 9 ) 
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This is called luagrange’s criterion for maximum and minimum 
iralues of a function of two variables. When this criterion is 
satisfied /(a?, y) will either be a maximum or a minimum. To 
summarize, in order that u V) uaay be a ma.vimnm or a 

minimum, we must have 


(1) 


'hHt, 


0 ; 


'by 


0 . 


(2) negative, if is a maximum ; positive, if <24 is a minimum. 


.Q. bHt, t)% / bHL V . ^ u 

Sya - Vsssp; ““®* negative. 

I-. bHl, bHc / £>2-1^ \2 

■“ ^ (.SSiy)' • • (1°) 

or b^u/bsc^ and bHt/by^ have different signs, the function is neither 
a ma xim um nor a minimum. If a man were travelling across a 
mountain pass he might reach a maximum height in the direction 
in which he was travelling, yet if he were to diverge on either side 
of the path he would ascend to higher ground. This is not there- 
fore a true maximum. A similar thing might be said of a bar'* 
across a valley for a minimum. If 

bHc b^ { b'^'u, \2 
bx^ ^ ^ 2^2 “ > * • * 

there will probably bo neither a maximum nor a minimum, but 
the higher derivatives must be examined before we can definitely 
decide this question. 


ExAjipiiBS,— (1) Show that the velooity of a himoleoular chezziical ro- 
aotion V^k(a — as) (6 - ») is greatest when h. Here 3F/3a = — k{h — x)\ 
'^Yfdb aas — lt{a — as), Henoe if hip — as) =* O; aaid h{a — as) = O, a =s 2>, etc. 

(2) Test the function u = »3 + ys _ Zaay for maxima or minima, Here 
■9w/3as=8aS2-8ay=0, y=x^la\ _ 3aas = 0, y®- aas = ar*/a2- aas=0; 

®— 0, or as=Ba. The other roots, being imaginary, are neglected j 

. y — as®/^ = o, ox y = 0 ; 




= 6a?; 




-8a; ^=^Gy, 


"dxdy 

Call these derivatives (a), (6), and (c) respectively, then if x 
(6) * - So, (c) = 0; if a? = a, (a) = 6a, (6) = - 3a, (c) = 6a; 


= O. (a) = 0, 


'dfhi 


^ = 86a® 




This means that as = y is= a will make the function a minimum because 
is positive ; as = 0 will give neither a maximum nor a minimum. 

(3) Find the condition that the rectangular parallelepiped whose edges 
are as, y, and a shall have a minimum surface u when its volume is vK Since 
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=s xyz, ussxy + ys + zas^xy + + v^fy. When “dufdx = 0, afiy =s ; 

when 3w/By=0, xy'^=v^. The only real roots of these equations are asssyssso, 
therefore z s=v. The sides of the box are, therefore, equal to each other. 

(4) Show that u — «b — ?/) is a maximum when a: == y ^ ^ 

( 6 ) Find the maximum value of u in «=ar' — 3aa;® -- ^ul'dic=s3x{x — 2 o); 

Sw/By = - 8ay; 6(» — a ) ; 92w/3aj'0y =0 ; 'd^l'dy*^ - So. Condition (6) 

is satisfied by as ■* 0 , 3 / = 0 and by £c= 2 o, 3 / = 0 . 

The former alone satisfies Lagrange's condi- 
tion (9), the latter comes under (10). 

( 6 ) In Fig. 129, let Pj be a luminous 

point ; OMi, OM^ are mirrors at right angles 
to eaoh other. The image of is reflected 
at and iVj, in such a way that (i) the angles 
of incidence and reflection are equal, (ii) the 
length of the path is the shortest 

possible. (Fermat’s principle : “ a ray of light 
passes from one point to another by the path 
which makes the time of transit a mini- 
mum ”.) Let = y-j, “ia = rg be the angles of 
incidence and reflection as shown in the figure. To find the position of JVj 
and Na : 

Let ON 2 = X ; ONi = y ; OM^ss ; AfjPi »» = 6 ^ J OMj « 6 ,. Let 

a = PjNi + NiNa - 1 - « s/a\ + (dj - + >Jx^ + - «)» + 6^. 

Find 'dsl'dx and 'dsj'dy- Equate to zero, etc. The final result is 

X = (Uabi — + ^a) J V — “ ^^a)/(^ + ^a)- 

Note that xjy = (Oj -t- a^f(b^ + 63 )* Work out the same problem when the 
angle M^OM^ = a. 

(7) Required the volume of the greatest rectangular box that can be sent 
by “ Parcel Post ” in accord with the regulation : length plus girth must 
not exceed six feet ”. Ansr. 1 ft. x 1 ft. x 2 ft. s 2 c.ft. Hint. V = xyz is to 
be a maximum when F a? -l- 2 (y -j- «) = 6 . But obviously 3 / « s, F = ajy* 
is to be a maximum, etc. 

( 8 ) Required the greatest cylindrical case that can be sent under the same 
■regulation. Ansr. Length 2 ft., diameter 4/«- ft., capacity 2*55 c.ft. Hint. 
Volume of cylinder = area of base x height, or, inllP is to be a maximum 
when the length -t- the perimeter of the cylinder « 6 , i.e., I + wD = 6 . Ob- 
viously I and jD denote the respective length and diameter of the cylinder. 

(9) Prove that the sum of three positive quantities, x, 3 /, s, whose product 

is constant, is greatest when those quantities are equal. Hint. Let xyz = a ; 
X y z = u. Hence u ■■ a/yz + y + z; = — a/y^z +1=0; 

'Qufdz aa - afyz* + 1 = 0; y = x, u x; x ss y ss z ^ ^a. To show that 
u is a minimum, note '^hjbf^x^ n + QafX*. 

Ill, Functions of three variables. 

Without going into details I shall simply state that if we are 
dealing with three variables x, and such that 
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^ = /(^» (12) 

there will be a maximum or a minimum if the first partial deriva- 
tives are each equal to zero; and Jjagrange’s criterion, 
is satisfied ; and if 

u^{u^Uy„u„ 4* - u^'u^^)>0. (IS) 

For a maximum will be negative, and positive for a minimum. 
The meaning of the notation used VTill be understood from page 
19. Ti^fdx^ ; Uyy «s 'hhbpixby. 

ExAMPiiBS. — (1) Ifw=Ba® + f/® + «* + a5 — 2a — asy, Maes=2aj — y + 1— O; 

t<|,as2^-a!;t«,s«2«-2ss0;.*. — 4. m** =» 2 ; 

= 2 ; = 2 ; = r- 1 ; Uxz — O ; » O. Hence, Xiagrange’s oriterion 

furnishes + 8 ; and oriterion (18) furnishes 2(8 + 0 — 0— 0 — 2)== 12. Hence, 
since is positive, — 4 is a minimum value of u. 

(2) If vre have an implicit function of three variables, and seek the maxi- 
mum value of say s in -m =s 2a!i* + Sj/* + — ^xy — 2® — 43 / — J =ss 0, we proceed 

as follows : «fK3s4®-43/— 2»0; Uy = lOy — 4® — 4 = 0; .*. »s=s^; y — 1; 
s = ±2. t<s=2a=±4: tixx = 4 ; ^Lyy = 10 ; = — 4. Liagrange’s criterion 

furnishes the value 40 — 16 = 24. » is therefore a maximum when ® =3 — | 

and y = 1. 


JF. Conditional Maacima and Minima. 
If the variables 

« =/(^»iy»«) =* 0, 

are also connected by the condition 

V = 4>{x, y, z) *= 0, 

we must also have, for a maximum or a minimum, 

'hu , Tiu , 'du 




<)«' 


dz =a 0. 


(14) 

(15) 

(16) 


(17) 


From (16), we have by partial differentiation 

^dx + + ^dz = 0. 

Multiply (17) by an arbitrary constant X, called an undetermined 
multiplier, and add the result to (16). 

(55 + ^)'*® + (si? + (55 + “ 0 - 

But X is arbitrary, and it can be so chosen that 

lyu, .Tiv - 

Substitute the result in (18), and we obtain 

/^Tiu - /'bu ^bv\j - 

(sp + ^yy + (^ + Hi)^ = 0- 
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But if y and z are independent, we also have 

+ A.^r- 


^ Uy TTW U.C4I V 


Hence, we have the three equations 
liu . ^-y ^ Tiu . 


'iiu 


t>v 


^ 2 ; 


vu _ uu, uu f. uu> . ^ w V 

+ 35 + ^35 = 


0 , 


together with ^{x, y, z) = 0, for evaluating re, y, z, and X. This is 
called Lagrange’s method of undetermined multipliers. To 
illustrate the application of these facts in the determination of 
maxima and minima, let us turn to the following examples : — 


jEiXAMPiiBS. — (1) Find the greatest value of F" =s Qxyz, subject to the con- 
dition that cc® + y* + <f® ™ 1. By difierentiation, 

xdx + ydy zdm =» 0 ; and yzdsc + xzdy + xydx = O. 

For a maximum, we must have 

yz + \x = 0 ; xm + \y = 0 ; ocy + kz = 0. 

Multiply these equations respectively by x, y^ and z, so that 

xyz •+ \x^ = 0 ; xyz 4- xy® = 0 ; xyz + \z^ = 0. . . (19) 

By addition 

Bxyz + x(aJ® + + ««) = 0. § F + a = 0 ; or, A = - f F. 

Substitute this value of a in equation (19), and we get 

X =i n/S; 2 / = n/S; e = n/S; F=s*8/3^/3. 

(2) Find the rectangular parallelopiped of maximum surface which can 
be inscribed in a sphere whose equation is a?® -f- y'^ + «> ;= r®. The surface of 
the parallelopiped is s ■« B{xy ■+• -h yz), whore 2®, 22/, and 2s are the lengths 
of its three coterminous edges. By differentiation, xdx + ydy + zdz -■ 0 ; 
(y + s)da; + (a; + s)d2/ + (y-f a;)d 0 = O. For a maximum, therefore, + Afl5 = 0 ; 
*+s+Ay=»0; a; + y + A#aa0. Proceed as before, and we get finally a: =» 2/ = '* 
Ansr. Oube with edges 2as s= 2r 

(3) Find the dimensions of a cistern of maximum capacity that can be 
formed out of 800 sq. ft. of sheet iron, when there is no lid. Let as, y, z, 
respectively » length, breadth and depth. Then, xy ■+■ 2xz + 2yz = 300; and, 
u = xyz, is to be a maximum. Proceed as before, and we get x >==> y = 2z. 
Substitute in the first equation, and we get x = y s= 10, s = 5. Hence the 
cistern must be 10 ft. long, 10 ft. broad, and 6 ft. deep. 


§ 102. Lagrange’s Theorem. 

Just as Maclaurin’s theorem is a special case of Taylor's, so 
the latter is a special form of the more general Liagrange’s theorem, 
and the latter, in turn, a special form of Laplace's theorem. There 
is no need for me to enter into extended details, but I shall have 
something to say about Lagrange's theorem. 

If we have an implicit function of three variables, 

z ^ y + x<f>(z). 


( 1 ) 
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stLch tHat X .and. y have no other relation than, is given by the 
equation (1), each may vary independently of the other. It is 
required to develop another function of say/( 2 f), in ascending 
powers of x. Let 

«=/(«); 

then, by Maclaurin's theorem. 




(du\ X (dHb\ a;* 
\dx)^ ydx^jQ^ 


fdhi\ x^ 

1 * 


Without going into details, it is found that after evaluating the 
respective differential coefficients indicated in this series from (1), 
we get as a final result 






which is known as Lagrange’s theorem. The application of this 
series to specific problems is illustrated by the following set of 
examples : — 


Examplbs. — ( 1) Given a — by + cy* ** 0, find y, 

Beananging the given equation, we get 

y ~ ■g + • • • • • (3) 


and ofi comparing this with the typical equations (1) and (2), we have 
/(«) = y, ••• f(y) = « ; <#»(«) = 2^. 0(2/) = ; « = a/b ; « = c/b. 

From (2), df(y)ldy — 1 ; dgjdB = 1, etc., e of (1) is y of (3), therefore. 


y =s a + 


. <*(*•) , 
dz 

as® 

‘ 21 

d®(a8) 

■** dz^ 31 

• 

* ■ • • 

y = 

* + 

a>^ + 4a3- 

+ 6 . + . 

• 

* * f 

a 

a? 

c , 4 

a» 

c® 6.5 a* 

c® 

y = 5 + 

fca* 

6 + 51- 

6»' 

+ 55 * 

55 + 

a/ 


ac 4 


c* 6.6 a®c3 



1 + 

fca 21 

' b* ■‘■“TT* 6“ 

+ - • 


a series which is identical with that which arises when the least of the two 
roots of equation (3) is expanded by Taylor’s theorem. 

(2) Given y* — ay + b find y*. On comparing the given equation 


!'=5 + 5»'- 

with the typical forms, we see that 

/(a) = f{y) = a«; ,^(a) » y», <f,{y) = a*; b/a; x 

X a:® 


= 1/a. 


•. yn sa a" + na^ - ^ + 


cZa 


21 
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(3) In solving the velocity equations 
dx 

^ = &i(a - ») (a - » - f) ; = h^{a - «) (a - * - f), 

for the reaction between propyl iodide and sodium ethylate, W. Hecht, M. 
Conrad, and O. Bruckner {Zeit. phys. Ohem.^ i, 2UB, 1889) found that by 
division of the two equations, and integration, 


i-e.fi-iY 

a \ a} 


where a denotes the amount of substance at the beginning of the reaction ; 
IB and f are the amounts decomposed at the time t\ : when £ = O, 

IB 0, and I Bot 0. If JST is small, Maolaurin’s theorem furnishes the expres- 
sion 


1 - ^ s* ~ 1 - ; or, <B = Fif. 


(4) 


If we put a; + { =s we can get a straightforward relation between y and t ; 
for obviously, 

+ (1 + A)| — y; (1 + K)d^^dy; 

dy 

'St ~ - t) (« - ® - f) ; becomes ^ = "kj^aK + a ^ y) (a - y), 

which can be integrated in the ordinary way. But K was usually too large 
to allow of the approximation (4). We have therefore to solve the problem : 
Given 


1 ~ ® 
a 


1 - ^ 


(‘ - »'• 


find 


a a \ aj ' a 
For the sake of brevity write this : 

1 — « + «■=» (1 — a)^, 1 — w + a — 1- Km + ^K{K - !)«■ — . . . ; 

a: *= (J: + l)s > K(K - l)a« + . . . 

z 

MX B» «/i(a) ; a =5 “ «^(«). . # • 

On referring to the fundamental types (1) and (2), we see that 

/(*) - fiy) - y ; - ^(*). 4>iy) - <p{y ) ; y = o, * =* y ; 

We must now evaluate the separate terms. 

a «„v _ , 



From (5) and (6), 

(^+ i)y* + :.. = ■ 

since y » O; again, from (5), (6), (7), and (8), 

Ji[^{<>(y)P]= =^{(x + 1) _ - i)y —.7.} 

_ 2KiK - 1) K{K - 1) 

~ {(A + 1) - ^k{K - l)y + ...p “ (Jr+ 1)»’ • 

since y is sero. Hence, the required development, from (7), is 


( 6 ) 

( 6 ) 


(7) 

( 8 ) 
( 9 ) 


( 10 ) 
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B = 


X 1 

i + a 


K{K - 1) 
{K + 1)» 


(?.y 


(11) 


£•+ 1 

We have put z for (fa, and so for yfa. On restoring the proper values of z and 
X into the given velocity equations, we can get, by integration, a relation 
between t, and constants. 


§ 103. FonctionB reqniiing special Treatment before 

Substituting Numbers. 


In discussing the velocity of reactions of the second order, we 
found that if the concentration of the two species of reacting 
molecules is the same, the expression 


kt 


1 a — X a 

cTH} • 5 ' 


assumes the indeterminate form 

oo X 0, 


by substituting a b. We are constantly meeting with the same 
sort of thing when dealing with other functions, which may re- 
duce to one or other of the forms: -B-, -s, oo - oo, 1*, oo®, 0® . . . 
We can say nothing at all about the value of any one of these 
expressions, and, consequently, we must be prepared to deal with 
them another way so that they may represent something instead 
of nothing. They have been termed illusory, indeterminate and 
singultMT forms. In one sense, the word “indeterminate'* is a 
misnomer, because it is the object of this section to show how 
values of such functions may be determined. 

Sometimes a simple substitution will make the value apparent 
at a glance. For instance, the fraction {x + ci)l{x + b) is inde- 
terminate when X is infinite. Now substitute x ^ y~ ^ and it is 
easy to see that when x is infinite, y is zero and consequently, 


lit. 


a; -H a 


lit. 


l + ouy 


1 . 


“a; -I- 6 *" -'"* 1-01 + iby 

Fractions which assume the form ^ are called vanishing frac- 
tions, thus, {x^ — -ia; + d)J(x^ — 1) reduces to when a; = 1. The 
trouble is due to the fact that the numerator and denominator 
contain the common factor (x — 1). If this be eliminated before 
the substitution, the true value of the fraction for a; » 1 can be 
obtained. Thus, 


— 4a? -I- 3 


(a? - 1) (a? ~ 3) 


X 


3 


2 
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These indeterminate fnnotions may often be evalued by alge- 
braic or trigonometrical methods, but not always. Taylor’s theorem 
furnishes a convenient means of dealing with many of these func- 
tions. The most important case for discussion is ** since this 
form most frequently occurs and most of the other forms can be 
referred to it by some special artifice. 


JT, The function assumes the form 

This form is the so-called iranishing fraction. As already 
pointed out, the numerator and denominator here contain some 
common factor which vanishes for some particular value of d?, say. 
These factors must be got rid of. One of the best ways of doing 
this, short of factorizing at sight, is to substitute a +• A for x in the 
numerator and denominator of the fraction and then reduce the 
fraction to its simplest form. In this way, some power of h will 
appear as a common factor of each. After reducing the fraction 
to its simplest form, put ^ 0 so that a ^ x. The true value of 

the fraction for this particular value of the variable x will then be 
apparent. 

For oases in which x is to be made equal to zero, the numerator 
and denominator may be expanded at once by Maclaurin’s theorem 
without any preliminary substitution for x. For instance, the trig- 
onometrical function (sin x)Jx approaches unity when x converges 
towards zero. This is seen directly. Develop sin x in ascending 
powers of x by Taylor’s or Maclaurin’s theorems. We thus obtain 
/X x'^ x"^ \ 

sin a; U “ FT FT “ ^ * V . , x* x^ 

X ^ X “ ^ 31 ■*" 51 7 ! ■*■ “* 


The terms to the right of unity all vanish when x 




sin X 


1 . 


0, therefore. 


Examples. — (1) Show log a/6. 

(2) Show Lit* n o(^ ” x)/x^ =s J. 

(3) The fraction (x** — a**)f(x — a) beoomes ^ when x sm a. 
and expand by Taylor's theorem in the usual way. Thus, 

sc" — a" _ . {a + 6,)" — a" 

* h 


Put X » a + 6 


Lit. 


Lit^k 


na“ 


“ X - a 

It is rarely necessary to exi>and more than two or three of the lowest powers 
of h. The intermediate steps are 

(g” + 7ta" - + iTijn — l)o" — 4- ...)-• a" 

• g + — g 


Ijtjk; 
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Cancel out in the numerator, and a in the denominator ; divide out the fe’s 
and put h = O. 

(4) The velocity, T’”, of a body falling from rest in a resisting medium after 
an interval of time is 

- 1 XT 

••• y = 


T* i- 


0 * eW + 1 ’ 

when the coefficient of resistance, 0, is made zero. Hint. Expand the numer- 
ator only before substituting /8 s 0. 

(6) Show that Lt*»o|log^l + as on page 61. 

(6) If H denotes the height which a body must fall in order to acquire a 
velocity, F, then 


iS /1.17\4 \ 


^ ‘“S rzW ••• - ^(i + 

where 7e is the coefficient of resistance. If show that JET = iV^/g. 

We cjan generalize the preceding discussion. Let 

Lit _ /i(^) 0 

Obviously. <5- • • 

Expand the two given functions by Taylor’s theorem, 

fi(x + h) ^ /i (a?) + A'(ix)h + . . 

U{x + h) f^{x) 4- f^{x)h -I- yi\x)h^ -f- . . 

Now substitute a? « a, and /^(a) = f^{a) ^ 0 as in (2) ; divide by 
h) and 

fxjcL 4- h) __ fi(a) + + ,,, 

remains. AW + + . . . • 

.4 ^ + f) _ Lt A'W + ¥i"(a)h + ... 

Ma + h) * = Vj' W + i/a'W^ + . ■ . 


(1) 

( 2 ) 

( 3 ) 




w 


( 6 ) 


/aW /a'(o)’ ‘“VaW '"Va'W 
^ words, if the fraction fi{pi)Jf 2 {x) becomes when x =» a, the 
fraotion can be evaluated by dividing the first derivative of the 
numerator by the first derivative of the denominator, and sub- 
stituting » a in the result. This leaves us with three methods 
for dealing with indeterminate fractions. 

1. B%msion Method, — i.e., by dividing out the common factors. 

2. Expansion Method . — by substituting x + h for a;, etc. 

3. Differentiation Method. — i.e., by the method just indicated. 

Buhvles — ( 1) Prove tba.tj^- log e, by means of the general formula 
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/ 


= 


Ltn 


asn + l 

j[- Hint. Show that 

a?** ^ ^ , a;** + ^ lopc « . dn 

‘-hTTl ^ 


Utn a- !«:** + ^ log as 


log as. 


by differentiating the numerator and denominator separately with regard to 
tt and substituting ra a 1 in the result. 


(2) Show Lty _ . logS See (10). p. 269. (8), 

p. 254. 


XI, The fwnction assv/mes th^ form 5 . 

Functions of this type can be converted into the preceding ^ 
case by interchanging the numerator and denominator, but it is 
not difficult to show that ( 6 ) applies to both and to ^ ; and 
generally, if the ratio of the first derivatives vanishes, use the 
second ; if the second vanishes, use the third, etc. Or, symbolically, 


Lt* 


VaC^) “ 



//M 



( 7 ) 


This is the so-called rule of THopltal. 

— lofic X a? ^ 

ExAMPLisa. — (1) Show that JLitx ^ q — = Lt* q i ." ^"^ '' 2 = « 0 •• ® 

(2) The nth derivative of (B” is n 1 and the nth derivative of s' is by 
Ijeibnitz’ theorem, when n is positive. Hence show that 

0^ ex 

Dt,« oo^ = Ut, » a>i . 2 . . . n ~ ®* 


III. The funotion assvmes the form ao x 0. 

Obviously, such a fraction can be converted into the “ form 
by putting the infinite expression as the denominator of the fraction ; 
or into the form by putting the zero factor as the denominator 
of the fraction as shown in the subjoined examples. 

ExAMPnns. — (1) The reader has already encountered the problem : what 
does X logx become when £B = 0? We are evidently dealing. with the 0 x oo 
ccLse. Obviously, as in a preceding example, 

lofi X ^ 

lit, = qX log X = lit, . 0 — s— = 0, 

X 

(2) Show Iita = log ““ a{a^— x) * ou page 220. 

(8) Show Lt, SI oo® ■“ * log a; ss 0 x oo = 0. 

IV. The function assumes the form oo — oo, or 0 — 0. 

First reduce the expression to a single fraction and treat as 
above. 


u 
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ExAscpuais. — :(1) Show by difierentiating twice, etc., that 
X 1 X log X - X + 1 X 

' - 1 log as "■ * “ 1 (as - 1) log x 


lit. 




as + 1 


etc. 


(2) Show that I*t*= = 1. 

(8) W. Heoht, M. Conrad and O. Brdckner (J^eit. phys. Ghem , , 4, 278, 1889) 
wanted the limiting value of the following expression in their work on 
chemical kinetios: — 




F. The fuTioHon assvmes one of the forms 1", oo®, 

Take logarithms and the expression reduces to one of the 
preceding types. 

ExiMPniiS. — (1) Ijtc»|^ sa O’* Take logs and noting that ^ = as*, 
log y = X log as. But we have just found that x log as as 0 when as ss 0 ; 

logy SB 0 when as &■ 0 ; y 1. Hence, s= 1. 

(2) Show Lt*- o(l + was)'/* «» 1* as e»». Here log y = as “'log (1 + was). 

But when as b 0, log y as ^ ; hy the differential method, we find that 

log(l + was)as“' becomes m when as ss 0 ; hence log y or y as when 

as s= 0. 


§ 10$. The Galoolas of Finite DijGFerences. 

The calculus of finite differences deals with the changes which 
take place in the value of a function when the independent variable 
suffers a finite change. Thus if is increased a finite quantity h, 
the function increases to (a; + 1%)\ and there is an increment of 
(as + - as* — Sas/t + Tt* ha the given function. The independent 

variable of the differential 08doulus is only supposed to suffer in- 
finitesimally small changes. I shall shov7 in the next two sections 
some useful results which have been obtained in this subject ; 
meanwhile let us look at the notation we shall employ. 

In the series 

1 «, 23 , 3 », 43 , 6 », . . . , 

subtract the first term from the second, the second from the third, 
the third from the fourth, and so on. The result is a new series, 

7, 19, 37, 61, 91, . . . 

called the first order of differences. By treating this new series 
in a similar way, we get a third series, 

12, 18, 24, 30, ... , 

called the second order of differences. This may be repeated 
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as long as we please, unless the series terminates or the differ- 
ences become very irregular. 

The dijQferent orders of differences are usually arranged in the 
form of a table of differences To oonstruot such a table, we 
can begin with the first member of series of corresponding values 
of the two variables. Let the difierent values of one variable, 
say, Xy, a? 2 » • • • correspond with y-y, • • • The differences 
between the dependent variables are denoted by the symbol 
“ A,” with a superscript to denote the order of difference, and a 
subscript to show the relation between it and the independent 
variable. Thus, in general symbols : — 


Argument. 

Function. 

Orders of Differences. 

First. 

Second. 

Third. 

Fourth. 

+ Jk 

+ 2Jk 

+ JJk 

4- * 

2/a -1- 2* 
Va + SA 
2/a + 4A 

A^a + 2Jk 

A2. 

A®a ^ X 
A®* ^ 3* 

A*. 

-f* h 

A*. 


If we apply this to 

the function y => 

we get the table of 

differences : 



s. 

y* 

Al. A*. 

A*. A*. 

1 

2 

3 

4 

(l)o 

(8)i 

(27)3 

(64)3 

(7)o n2') 

(19). 

(87), 2^* 

(61)3 ^ 

(6)o 0 

(6). ” 

6 

(125), 



Such a table will often furnish a good idea of any sudden change 
which might occur in the relative values of the variables with a 
view to expressing the experimental results in terms of an em- 
pirical or interpolation formula. It is not uncommon to find 
faulty measurements, and other mistakes in observation or calcula- 
tion, shown up in an unmistakable manner by the appearance of 
a marked irregularity in a member of one of the difference columns. 
It is, of course, quite possible that these irregularities are due to 
something of the nature of a discontinuity in the phenomenon 
under consideration. 
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§ 105. Inteppolaiion. 

In one metliod of fixing the order of a chemical reaction it is 
necessary to find the time ■which is required for the transformation 
of equal fractional parts of a given substance in two separate 
systems. Let x denote the concentration of the reacting sub- 
stance at the time t ; a, the initial concentration of the reacting sub- 
stance ; and suppose that the following numbers were obtained : — 


System I., a — 0*1. 

System 11., 

a a 0-0625. 

u 

X, 

t. 


1*0 

0*0581 

1 

0*04816 

1*6 

0*0490 

3 

003564 

2*5 

0*0382 

•7 

0*02638 

4*0 

0*0300 

17 

0*01748 


tn one system, -^g-ths of the substance were transformed in four 
minutes ; it is required to find in what time of the reacting 

substance were transformed in the second system. 

Expressed in more general terms, given a definite number of 
observations, to calculate any required intermediate values. This 
kind of problem frequently confronts the practical worker, par- 
ticularly in dealing with isolated and discontinuous observations, 
and measurements in which time is one of the variables. The 
process of computation of the numerical values of two variables 
intejfnediate between those actually determined by observation and 
measurement, is called interpolation. When we attempt to 
obtain values lying beyond the limits of those actually measured, 
the process is called extrapolation. The term “interpolation" 
is also applied to both processes. See page 92. 

It is apparent that the correct formula connecting the two vari- 
ables must be known before exact interpolation can be performed. 
If the relation between the mass, m, and volume, v, of a substance 
be represented by the expression m = we can readily calculate 
the value of m for any value of v we might desire. Moreover, the 
method of testing a supposed formula is to compare the experi- 
mental values with those furnished by interpolation. Interpolation, 
therefore, is based on the assumption that when a law is known 
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with fair exactness, we can, by the principle of contibauity, antici- 
pate the results of any future measurements. 

When the form of the function connecting the two variables is 
known, the determination of the value of one variable correspond- 
ing with any assigned value of the other is simple arithmetic. 
When the form of the function is quite unknown, and the definite 
values set out in the table alone are known, the problem loses its 
determinate character, and we must then resort to the methods now 
to be described. 

I. Interpolation by proportional parts. 

If the differences between the succeeding pairs of values are 
small and regular, any intermediate value can be calculated by 
simple proportion on the assumption that the change in the value 
of the function is proportional to that of the variable. This is 
obviously nothing more than the rule of proportional parts illus- 
trated on page 289, by the interpolation of log {n + h) when log n 
and log {n + 1) are known. The rule is in very common use. For 
example, weighing by the method of vibrations is an example of 
interpolation. Let a denote the zero point of the balance, let 
be the true weight of the body in question. This is to be measured 
by finding the weight required to bring the index of the balance to 
zero point. Let be the position of rest when a weight is 
added and rcg the position of rest when a weight w^ is added. As- 
suming that for small deflections of the beam the difference in the 
two positions of rest will be proportional to the difference of the 
weights, the weight, Wq^ necessary to bring the pointer to zero will 
be given by the simple proportion : 

{Wq - Wi) : (Xq - x^) = (W2 - w^) : (x^ - Xj). 

When the intervals between the two terms are large, or the 
differences between the various members of the series decrease 
rapidly, simple proportion cannot be used with confidence. To take 
away any arbitrary choice in the determination of the intermediate 
values, it is commonly assumed that the function can be expressed 
by a limited series of powers of one of the variables. Thus we have 
the interpolation formulae of Newton, Bessel, Stirling, Lagrange, 
and Gauss. 

II. Newton*s interpolation formula. 

Let us now return to fundamentals. If denotes a function of 
Xt say 
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y* “ /(»). 

then, if a; be increased by fc, 

y* fi?' + ^)f 

and consequently. 

Increment y* — 2^* + * - y, - /(a? + ^) -■ /(a?) = (1) 

Similarly, the increment 

- Ai, - Ai(Ai.) - A2„ . . (2) 

whOT© A^* is the first difference in the value of y„ when a? is in- 
creased to a; + ^ ; A** is the first difference of the first difference 
y»i that is, the second difference of y* when a? is increased to 
as + h. It will now be obvious that A^ is the symbol of an opera- 
tion — the taking of the increment in the value of fix') when the 
variable is increased to a? + /t, Eor the sake of brevity, we gener- 
ally write A* for Ay^. From ( 1 ) and ( 2 ), it follows that 

y* + * = y* + Aiy*; ... ( 3 ) 

y« + 2 A “= y* + » + =■ y» + AV* + + A^y,) ; 

*'• y* + 3 » *■ y* + 2 a^* + A^*. . , ( 4 ) 

Similarly, 

y. + 8* “ y* + 3Aiy, + 3A2y. + A^y^ . . (6) 

W^e see that the numerical coefficients of the successive orders of 
differences follow the binomial law of page 36. This must also be 
true of y„ ^ if n is a positive integer, consequently. 


y* + «»“ y* + nAy* + ~ l)A2y. + ... 

This is Newton’s interpolation formula (Newton’s JPTincipia, 3, 
lem. 6 , 1687) employed in finding or interpolating one or more 
terms when n particular values of the function are known. Tiet us 
write y 0 in place of y* for the first term, then 


y«* -y© 


+ nA.. + 


continued until the differences become negligibly amalt or irregular. 
If we Write nh x, ti ^ and ( 6 ) assumes the form 


X 

•yo + ^ 


^0 . £!>^\_^x(x-^h){x-2h) A»n 

1 A^-’*-27+ P 3 T+*** (7) 


where Ji denotes the increment in the successive values of the inde- 
pendent variable ; and x is the total increment of the interpolated 
term. The application is best illustrated by example. 
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EximpiiBB. — (1) If ^0 ~ 2.844 ; yi =* 2,705 ; y# =* 2,501 ; y, ■« 2,286, find y^ 
(Inst, of Aotuaxies Exam., 1889). First safe up the difierouoe table, paying 
partioular attention to the algebraic signs of the difierenoes. 


x. 


Al. 

AS. 

A*. 

0 

1 

2 

8 

2,844 

2,705 

2,501 

2,286 

(- 1891, 

(“ 204^ 

(- 266)* 

l:a 

(■i* 4)o 


Now substitute these values in (6) or (7), A as 1, and if n » '1, we have sb » 1. 

+ tA.. + 

y^ ac 2844 - ^xl89 + A x65 + ffrX4M 2821*592. 

(2) The amount of £1 in 50 yean at *yoa-iS*A871090; at 8 */onA*8889061 ; 
at 8} s 5*5849264 ; ati 4 ”/«, 7*1066845 (Inst. Actuaries Exam., 1888). 

Find the amount at 82 *^/o« Here » 0*9467971 ; a*q >■ 0*2542282 ; 
A*o a> 0*0665146 ; y^ *■ 8*4871090 ; let y^ y^, y^, and y^ denote the xeapeotive 
values of y here given ; A •• 2. Required yg. 

5.8 5.8.1 

yg ■■ yjg *^ ""' g "' A*g •f’ A*g, 

y — 8*4871090 + 2 *3669928 + 0*4766685 + 0*0207858 - 6*8015561. 

The correct value is 6*80094. The discrepancy is due to the fact that the 
order of difference above the third ought not to be neglected. But we can 
only get n — 1 orders of difierenoes from n oonseontive terms and equidistant 
terms values of a function. If more terms had been given we could have 
got a more exact result. 

(8) Given y* = 89,685 ; y^ « 88,994 ; y* - 88,294 ; y, * 87,585, find y, 
(Inst. Actuaries Exam., 1902). Here A'g •" — ®®1 » - 9 ; the succeeding 

differences A^ A^ . . . are all ssero. Here (6) becomes 

y» *- yg 4- 9A^g + 86a% as 89,685 - 6,219 - 824 s=; 88,142. 

(4) Given log 4*22 — 0*6258125 ; log 4*28 » 0*6268404 ; log 4*24 0*6278659; 
log 4*S86 ■■ 0*6288889, find log 4*21684. Here y^, y^, y„ y* denotes the given 
quantities, we want y« — y -o-oon# * ^ " O'Ol. Hence, from (7), 

0*00816 A»o 0*00816(- 0*00816 - 1) 

- -o^l-”* 1 giQOOi 

— 0*6258125 - 0*0008248 ~ 0*0000005 -• 0*6249872. 

(5) What is the cube root of 60*25, given the cube root of 60 s* 8*914868 ; 

61 as 8*986497 ; 62 . 8*957891 ; 68 8*979057 ; 64 - 4 000000 ? Here, 

A^o - + 0*021629 ; A*o - - 0*000285. Substitute « - i - 1. 

*•• ^“1^0+ iA*o - Aa*o - 8*914868 + 0*005407 + 0*000022 8*920297. 

The number obtained by simple proportion is 8*920295, The correot number 
is a little greater than 8*920297. 
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III. Lagrcmge*8 interpolation formula. 

We have assumed that the n given values are all equidistant. 
This need not be. A new problem is now presented : Given n 
oonseoutive values of a function, which are not equidistant from 
one another, to find any other intermediate value. 

Ijet y become yo, . . . y« when x becomes a, 5, c, . . . ?*. 

Lagrange has shown that the value of y corresponding with any 
given value of can be determined from the formula 

_ (aj — 6) (aj — c) . . . (i® — w) “* . /q\ 

(a - 6) (a - o) - »5*'“ (d - o) (6 - c) . . . (6 - 

where each term is of the wth degree in x. This is generally known 
as Lagrange’s interpolation formula, although it is said to be 
really due to Euler. 

EXA.MFIJDS. — (1) Find the probability that a person aged 68 will live a 
year having given the probability that a person aged 50 will live a year 
SB 0*98428 ; for a person aged 61 == 0*98335 ; 54, 0*98008 ; 66, 0*97877 (Inst. 
Actuaries Exam., 1890). Here, ya » 0*98428, a = 0 ; =a 0*98835, 6 1 ; 

y^ s= 0*98008, c as 4 ; ss 0*97877, d == 6 ; .*. a? ss 3. 

(aj - 6) (os - c) (aj - d) - (3 - 1) (3 - 4) (3 - 6) = + 4 ; 

(« — os) (aj — <?) (a — d) = (8 — 0) (3 — 4) (3 — 6) = + 6 ; 

(x — a) (x — 6) (x — d) a= (3 — 0) (3 -- 1) (3 — 6) = — 12 ; 

(x ~ a) (x - 6) (» - c) = (3 - 0) (3 - 1) (3 - 4) = - 6 ; 

(a - 6) (a - c) (a - d) = (0 - 1) (0 - 4) (0 - 6) = - 20 ; 

(6 - a) (6 - o) (6 - d) = (1 - 0) (1 - 4) (1 - 5) = + 12 ; 

(c - a) (c - 6) (c ~ d) = (4 - 0) (4 - 1) (4 - 6) » - 12 ; 

(d - a) (d - 6) (d - e) - (5 - 0) (6 - 1) (5 - 4) *= + 20. 

4 6 12 6 0*98428 0*98336.0*98008 3 x 0*97877 

+ + “ 6 2 1 10 ' 

-0*196856 +0-491676 +0*98008 - 0*29361 « 0^98127. 

(2) Given log 280 «= 2*4472 ; log 281 « 2*4487; log 283 =2*4518 ; log 286 = 2*4564, 
find log 282 by Xiagrange’s formula (Inst. Actuaries Exam., 1890). x = 2, 
a = 0, 5 = 1, c = 8, d = 6. Hence show that 

y* * *- iVa ■^fyi + ivc - Ayrf =• 2 * 4502 . 

(8) Find by Xjagrange’s formula log x = 24 , given log 200 = 2*30103 ; 
log 210 = 2*82222 ; log 220 = 2*34242 ; log 280 = 2*36178 (Inst. Actuaries 
Exam., 1891). Here n = 0, b = 1, c = 2, d = 3. Substitute in the interpo- 
lation formula and we get 

(as - 1) (X - 2 ) (X - 3) . (X - 0) (« - 2) (x - 3) 

y* =“ (0 - 1 ) (0 - 2) (0 - 3)^* (1 - 0) (1 - 2) (1 - 3)^* + • • • ; 

as* — 6x® + llx — 6 a? — 6x* + 6x 
yk g y« + 


■y* + . i 
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the student must fill in the other terms himself. Oollect together the difierent 
terms in ee, etc., and 

2-S3333 = 2-30103 + 0 02171® - 0-00055®* + 0*00001®*. 


When this equation is solved by the approximation methods described in a 
later chapter, we get ® « 215-462 (nearly). 

(4) Ammonium sulphate has the electrical conductivities : 552, 1010, 1779 
units at the respective concentrations : 0*778, 1*601, 3*377 grm. molecules per 
litre. Calculate the conductivity of a solution containing one grm. molecule 
of the salt per litre. Ansr. 684*5 units nearly. Hint. By Lagrange’s 
formula, (8), 

g- 1-601) ( 1 - 8 - 377 ) (l- 0 - 778 )g- 3 - 877 ) 

(0-778-1-601) (0-778 - 3-877) (1-601 - 0-778) (1-601 - 8-S77) ^ 


X — 


0*601 . 2*377 
0*823 . 2*699 


652 + 


0*222 . 2*377, 0*222 . 0*601, „„„ 


0*823 . 1*776 


2*599 . 1*776 


Simple proportion gives 680 units. But we have only selected three observa- 
tions ; if we used all the known data in working out the conductivity there 
would be a wider difierence between the results furnished by proportion and 
by Lagrange’s formula. The above has been selected to illustrate the use of 
the formula. 

(6) Prom certain measurements it is found that if ® 618, y = 3*927 ; 

® =s 688, y =* 3*1416 ; ® = 452, y =» 1*5708. Apply Lagrange’s formula, in order 
to find the best value to represent y when ® 617. Ansr. 3*898. 


If the function is periodic, Gauss’ interpolation formula may 
be used. This has a close formal analogy with Lagrange’s.^ 

_ sin - b) . sin — o) . . . sin ^(a? — n) 

~ sin — b) . sin ^(a — o). . . sin ^(a — + ■ • • 


(9) 


IV. Interpolation by central differences. 

A comparison of the difiference table, page 309, with Newton’s 
formula will show that the interpolated term y* is built up by 
taking the algebraic sum of certain proportions of each of the 
terms employed. The greatest proportions are taken from those 
terms nearest the interpolated term. Consequently we should 
expect more accurate results when the interpolated term occupies a 
central position among the terms employed rather than if it were 
nearer the beginning or end of the given series of terms. 

Let us take the series Viy Va* Vs* Vi. term, to be 

interpolated lies nearest to the central term Hence, with our 
former notation, Newton’s expression assumes the form 


1 For the theoretical bases of these reference interpolation formulae the reader 
must consult Boole’s work, A TTtoiise on the GaZeuZns Differences^ Xiondon, 

38. 1880. 
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y2 + * = 2/o + (2 + + 


(2 + a;) (1 + X) 
21 


A-2yo + 


( 10 ) 


It 'will be found convenient to replace the sufl&xes of y^, y^, y^i Vz* V*? 
respectively by _ 2 > ^ Vi* Vv table of differences then 

assumes the form 


®-s 

•Bo 


y-2 

y-\ 

Vi 

Vz 


Ai 


A ^_2 

A«_x 


A* 


A*_ 


Equation (10) must now be written 

y* ” y - 2 + (2 + - 2 + (2_±_^.(i_+L^^2 _ ^ + ... (11) 


Eet us now try to convert this formula into one in which 
only the central differences, blackened in the above table, appear. 
It 'will be good practice in the manipulation of difference columns. 
First assume that 


+ Ay ; A» = i(A* + A»_^. . (12) 

A»_, = 2A» - A®_,. . , . (13) 

Again from the table of differences 

A* _ 2 =» A® _ 1 - A® _ 2 J •*. A® _ 2 *« A® _ 1 — A* _ 2 . (14:) 

By adding together (13) and (14), 

A»_j=.A» - iA*_,. . . . (16) 

In a similar manner, from the table, and (15), we have 

A®_2 - A®_i - A8_2 » A®_i - A® + JA*_2. . (16) 

And also from the first of equations (12), and the fact that 
A® _ 1 = A^o “ - 1 i A^ _ 1 = A^ — J A® _ it follows that 

A1_2 — Ai_i - A®_a — (A^ “ iA®_i) - (A®_i - A® + 

.-. A1_2 - Ai - -|A®_i + A* - JA*_3. . (17) 

Still further, from the table of differences, (16), and the fact that 
Ai_i - yo - y_i, we get 

y_2 -y-i - A1_2 = (yo - ^^-i) - Ai_2; 

- (yo - + A® - ja*_ 2 ). 

But A^ _ j is equal to A^ — ^A® _ j, as just shown, therefore, 

y_2 » yo - 2A1 + 2A2_i - A® + iA*_2. . (18) 

Now substitute these values of y_ 2 » A^_ 2 » ^*~ 2 » ^®- 2 » fj^^m (15), 
(16), (17), and (18), in (11) ; rearrange terms and we get a new 
formula (19). 
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v^yo+r* 




X 


•2 


“a ^ + 31 ■ 2 

which is oaUed Stirling’s interpolation formula (J. StirUng, 

2£ethodu8 JOifferentiaMs^ London, 1730), when we are given a set 
of corresponding values of x and we can calculate the value y 
corresponding to any assigned value ®, lying between and aj^. 
Stirling's interpolation formula supposes that the intervals x^ — a?Q, 
Xq — a: _ j, . . . are unity. If, however, h denotes the equal incre- 
ments in the values a?i ~ aj^, a?^ - a? _ i , Stirling’s formula becomes 


x(ps^ — 1) ^ 1 _ 2 


+ * 


(19) 




a + . a* (a + h)a(a-A) A»_i + A“_5 

!!__ 4 + i 2 


31 A* 


, (a + A)a2(a-A)^4 

JTI* -* 


^(20) 


4 


(x + 2h) (a? + h)x(x — fe) (a; — 2h) A°_g-H A^_ 


5lh^ 

where y is written in pla<ce of y^. 




ExAKPnB. — ^The 8 annuities on lives aged 21, 25, 29, 88, and 87 are 
respectively 21*867, 21025, 20*182, 19*145, and 18*067. Find the annuity for 
age 80. Set up the table of differences, h mm 4k. 


21 

25 

29 

83 

87 


Al. 


At. 


A*. 


A«. 


(21*857) -a 

(21*026) _i 
(20*182) 0 
(19*146)i 
(18*067)a 


(- 0*832) _a 

( - 0*893) _ 1 - * (- 0*088) « a . ^ 

(-0*987)0 J (-0*007)-! (+0*026) 


( - l*088)i 


(- 0*101)o 


*. y - 20*182 - 


0*940 

4 


0*094 

21x4* 


15 X 0*02 15 X 0*026 


^ 81 X 4> 41x4^ * 

20*182 - 0*285 - 0*008 + 0*0008 - 0*0001 - 19*895. 


By Newton’s formula, we get 19*895. 


The central difference formula of Stirling thus furnishes the 
same result as the ordinary difference formula of Newton. We 
get different results when the higher orders of differences are neg- 
lected. For instance, if we neglect differences of the second order 
in formulas (7) and (20), Stirling’s formula would furnish more accu- 
rate results, because, in virtue of the substitution A^_i — A^ — ■JA2_j, 
we have really retained a portion of the second order of differences. 
If, therefore, we take the difference formula as far as the first, 
third, or some odd order of differences, we get the same results 
with the central and the ordinary difference formulae. One more 
term is required to get an odd order of differences when central 
differences are employed. Thus, five terms are required to get 
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tiiird order dififerenoes in the one oase^ and four ternas in the other. 
For practical purposes I do not see that any advantage is to be 
gained by the use of central differences. 

V. Chrcuphio interpolation. 

Intermediate values may be obtained from the graphic curve 
by measuring the ordinate corresponding to a given abscissa or 
vice versd. 

In measuring high temperatures by means of the Le ChateUer- 

Austin pyrometer, the deflec- 
tion of the galvanometer index 
on a millimetre scale is caused 
by the electromotive force gen- 
erated by the heating of a 
thermo-couple (Pt — Pt with 
10 ®/o circuit with the 

galvanometer. The displace- 
ment of the index is nearly 
proportional to the tempera- 
ture. The scale is calibrated 
by heating the junction to 
well-defined temperatures and 
plotting the temperatures as 
ordinates, the scale readings 
as abscissae. The resulting 
graph or calibration curve ** 
is shown in Fig. 130. The 
Fio. 130.-.Calibration Chart «0. ordinate to the curve corre- 
sponding to any scale reading, gives the desired temperature. For 

example, the scale reading ** 160 *' corresponds with the tempera- 
ture ISOO**. 

§ 108 . Differential Coejnoients from Numerical ObserYations. 

It is sometimes necessary to calculate the value of dy/dx and 
d^fdx^ from the relation y = f{x). Three methods are available : — 

I. Differentiation of a hnown function. 

If corresponding values of two variables can be represented in 
^e form of a mathematical equation, the differential coefficient of 
the one variable with respect to the other can be easily obtained. 
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In illustration, A. Horstmann (Liebig* s Ann. Brghd., 8, 112, 1872), 
wished to compare the experimental values of the heats of vaporiz- 
ation, Q, of ammonium chloride with those oaloulated from the 
expression : Q = T(dp/dT)dv, which had been deduced from the 
principles of thermodynamics. He found that the observed vapour 
pressure, p, at different temperatures, 9, could be represented well 
enough by Biot's formula : log^^p a + bofi ~ Hence, the 

value of dp! do, or dpfdT, for the vapour pressure at any particular 
temperature could bo obtained by differentiating this formula and 
substituting the observed values of p and t in the result. It is 
assumed, of course, that the numerical values of a, h and a are 
known. Following Horstmann a 6*15790, 6 «» — 3'3^598, and 
logic® * 0*9979266 — 1. Suppose it be required to find the value 
of dpjdB at 300**. When 9 = 300, 9 - 268-5 » 41-6 ; and a" * =, 0-819, 
because logioa«*®-=41*5 log^oa »»41*6 x -0 0020734 = - 0*086046 ; 
consequently, 0 086046 — 41*51ogiQa =« logioa*~*i*® — logiol-221. 

Hence, a 1-221; a^i * = 0-819; and6a^i*fi= - 3-34598 x 0-8192 
= —2-74036. Hence, logj^p = 6-1679 - 2-7403 ; or, logiQp = 2-4175 
“ logio261-6 ; or, p «»= 261.5. By differentiation of log^op »» a 

4- 5a® -268-® 

^ - p6a«-61ogioa - 261-5 X - 2-74036 x - 0*0020734 - 1*6. 

ExikMPr.zs. — (1) Assuming that the pressure, p, of steam at 8® O. in lbs. 
per square foot is given by the law 9 = 29-77pl- - 37*6, show that when 
p « 290, dplde ^ 15-07. Hint. I<29*77)p “ ; .*. dplde « 0*16Qp*/» ; 

dpjdd a-! 0-168 X 290^/® lbs. per square foot per ® O. 

(2) The volume, of a oubio foot of saturated steam at T° abs. is given 
by the formula JJ »= r(v, + Vw)dpfdT, where v,* the volume of one pound of 
water which may be taken as negligibly small in comparison with v, ; JS is 
the latent heat of one pound of steam in mechanical units, «.e., 740,710 ft. 
lbs. Given also the formula of the preceding example, show that when 
e = 127® 0.,p =» {(127 + 87-6)/29-77}» ; .*. logp - 8-71866 ; d:p/d0, or, what 

is the same thing, dpjdT a 0*168 x 935 = 157 lbs. per square foot per. degree 
absolute. Hence, 740710 -■ 167 x v, x 400 ; .-. — 11-8. 

II. Graphic interpolation. 

In the above-quoted investigation, Horstmann sought the 
value of dpJdT for the dissociation pressure of aqueous vapour 
from crystalline disodium hydrogen phosphate at different tempera- 
tures. Here the form of y> = f{T) was not known, and it became 
necessary to deal directly with the numerical observations, or with 
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tihe curve expressing these measurements. In the latter case, 
the tangent to the “ smoothed ’* or ** faired ** curve obtained by 
plotting corresponding values of p and T on squared paper will 
sometimes allow the required differential coefficient to be obtained. 
Suppose, for example, we seek the numerical value of dpJdO at 
ISO** when it is known that when 

p a 8*698, 9*966, 11*380 lbs. per sq. ft . ; 
e = 146, 160, 166* O. 

These numbers are plotted on squared paper as in Fig. 131. To 

find dpfdO at the point P corresponding 
with 160®, and 9*966 lbs. per square foot, 
first draw the tangent JPA ; from P draw 
PB parallel with the ^-axis. If now the 
pressure were to increase throughout 6® 
from 160® to 166® at the same rate as it is 
increasing at P, the increase in pressure 
for 6® rise of temperature would be equal 
to the length PA, or to 1300 lbs. per 
square foot. Consequently, the increase 
of pressure per degree rise of temperature 
is equal to 1300 6 =» 260 lbs. per sq. ft. 

Hence dpfdT = 260. 

The graphic differentiation of an experimental curve is avoided 
if very accurate results are wanted, because the errors of the ex- 
perimental curve are greatly exaggerated when drawing tangents. 
If the measurements are good better results can be obtained, 
because the curve does not then want smoothing. Oraphic 
interpolation VTas accurate enough for Horstmann's work. See 
also O. W. Richardson, J. Nicol, and T. ParneU, Phil, Mag. [6], 
8, 1, 1904, for another illustration. 

We now seek a more exact method for finding the differential 
coefficient of one variable, say y, with respect to another, say £c, 
from a sot of corr^ponding values of x and y obtained by actual 
measurement. 

m. From the difference form/uXce. 

Let us now return to Stirling's interpolation formula. Differ- 
entiate (19), page 317, with respect to a;, and if we take the 
difference between and y* to be infinitely small, we must put 
as » 0 in the result. In this way, wo find that 
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1 + A' _ , 1 A»_i+A»_^ 1 _...). (1 ) 

■»(;- 2 r § ^30 2 / 


This series may be written in tbe form 

dy 1^A'„+A‘_, 1» + (3) 

3»“feV 2 3!‘ 2 51 2 / 

To iUustrate the use of formula (2), let the first two , 

of the following table represent a set of moasuromontH o ^ 
m the laboratory. It is required to find the value <> 
responding to » - 5-2. First set up the table of central dilTni oik,«h. 


X, 

4-9 

60 

61 

5*2 

6‘8 

6-4 

6*6 


A*. 


y. Ai. 

(184-290) (i4.i2S)_^ 

(148-413) (16-609) « a -* (0-166)-., 

(164-022) _ 1 (17*250) - 1 *641) _ , (0*174) - % 

(181*272), (19*065), (0*189) 

(200-887)i (21*069 )i (2-004), (0-218), 

(221-406), 28*286, 

(244-692), ' 

In the case of 5'2 only tlni 


( 0 - 010 )^, (- 0 - 00 *) 
(0*015)..* (4.0*009) 

(0-024) „ X 


Make the proper substitutions in (2). 
block figures in the above table are required. Thus, 


% 

dx 


-u 


17'250 + 19-065 


1 

■ 6 
d7j 

3^ 


0*174 + 0*189 
§ 

181-273. 


30 


0-0<)9 OCHM 
2 


) 


The student may now show that by dilTonmtiatinK Htiiiint: h 
formula twice, and putting a; »=« 0 in the rosult, wo t>btain thn 
second differential coefficient 
d^y 


dx^ 


- 1 - 12 ^^ - 2 90 ^*' " * ■ ■ ')* 


(3) 






which may also be writtten 

d^ 1 /2 2 2.2®.. 2. 2-*. 3® 

^ “*■ 6! ^ Bi * 

The difference columns should not bo tjarriod furth»u- thar» m 
consistent with the accuracy of the data, othorwisi^ tho hif-;h**r 
approximations will be less accurate than tho first. I^‘> n»»t t-ai ry 
the differences further than the point at which tlmy Iwn'in 
hibit marked irregularities. The A® difforonot^s in th«^ ah»*v.- tul.lfi. 
for instance, are “out of bounds*’. Tho first two tonns 
sufiBioe for all practical requirements. 

BxampIjBS. — ( 1) From Horstmann’a observation, on tl»« djh ; ntH .a 
pressure, p, of the ammonio-ohloridoH of silver nt different tempnraf uroj., # ; 



322 


HIGHER MATHEMATICS. 


§ 107 . 


« = 8, 12, 16, . . . 

p ss 43*2, 52*0, 65*8,. . . cm. Mg. 

show that at 12°, dpIdB =* 2*76. 

(2) Show that ds/dd = 4*7 x 10-*, at 0° O, from, the following data 

e = 1 , 0 * 6 , o, - 0 * 6 , - 1 * 0 , . . . ; 

10* X » « 1288*3, 1290-7, 1293*1, 1295*4, 1297*8, . . . 

(3) Find the value of d^/dx^ toTyamS’2 from the above table. Ansr. 181*4. 

(4) The variation in the pressure of saturated steam, jp, with temperature 
e has been found to be as follows : — 

e = 90, 96, 100, 105, 110, 116 , 120, . . . ; 

p a 1463, 1766, 2116, 2624, 2994, 8634, 4162, . . . 

Hence show that at 106° dpjdO = 87*58, cPpfdB'^ = 2*48. Hint, dyjdx 

— -i- ^70) - .^(6 + 8)} » i (487-917) «» 87-683. 

§ 107. How to Represent a Set of Observations by Means of 

a Formula. 

After a set of measurements of two independent variables has 
been made in the laboratory, it is necessary to find if there is any 
simple relation between them, in other words, to find if a general 
expression of the one variable can be obtained in terms of the 
other so as to abbreviate in one simple formula the whole set of 
observations, as well as intermediate values not actually measured. 

The most satisfactory method of finding a formula to express 
the relation between the two variables in any set of measurements, 
is to deduce a mathematical expression in terms of variables and 
constants, from known principles or laws, and then determine the 
value of the oonstants from the experimental results themselves. 
Such expressions are said to be theoretical formulse as distinct 
from empirical formulse, which have no well-defined relation 
with known principles or laws. 

The terms “formula’* and “function** are by no means 
synonymous. The function is the relation or law involved in the 
process. The relation may be represented in a formula by symbols 
which stand for numbers. The formula is not the function, it is 
only its dress. The fit may or may not be a good one. This 
must be borne in mind when the formal relations of the symbols 
are made to represent some physical process or concrete thing. 

It is, of course, impossible to determine the correct form of a 
function from the experimental data alone. An infinite number 
of formulae might satisfy the numerical data, in the same sense 
that an infin ite number of curves might be drawn through a series 
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of points. For instance, over thirty empirical formulae have been 
proposed to express the unknown relation between the pressure 
and temperature of saturated steam. 

As a matter of fact, empirical formulae frequently originate 
from a lucky guess. Good guessing is a fine art. A hint as to 
the most plausible form of the function is sometimes obtained by 
plotting the experimental results. It is useful to remember that 
if the curve increases or decreases regularly, the equation is prob- 
ably algebraic ; if it alternately increases and decreases, the curve 
is probably expressed by some trigonometrical function. 

If the curve is a straight line, the equation will be of the form, 
y — nMC + b. If not, try y = arc”, ox y — ax/{l •+ bx). If the rate 
of increase (or decrease) of the function is proportional to itself we 
have the compound interest law. In other words, if dyfdx varies 
proportionally with y^ y = he or he®*. If dyjdx varies pro- 
portionally with rc/y, try y *= hrc“. If dyfdx varies as rc, try 
y a hx^. Other general formulae may be tried when the 
above prove unsatisfactory, thus, 

y ^ ^ ; y = 10“ + ** ; y = a + h log x\ y — a he*, etc. 

otherwise we may fall back upon Maclaurin’s expansion in ascend- 
ing powers of a;,' the constants being positive, negative or zero. 
This series is particularly useful when the terms converge rapidly. 

When the results exhibit a periodicity, as in the ebb and flow 
of tides annual variations of temperature and pressure of the at- 
mosphere ; cyclic variations in magnetic declination, etc., we 
refer the results to a trigonometrical series as indicated in the 
chapter on Fourier's series. 

Empirical formulas, however closely they agree with facts, do 
not pretend to represent the true relation between the variables 
under consideration. They do little more than follow, more or 
less closely, the course of the graphic curve representing the re- 
lation between the variables within a more or less restricted range. 
Thus, Regnault employed three interpolation formulae for the vapour 
pressure of water between — 32® F. and 230® F.^ For example, 
from ~ 32® F. to 0® F., he used p ^ a + 6a®, from 0® to 100® F., 


* Raukine was afterwards lucky euougk to find that log^ = a — fid * — yO *, 
represented Regnault’s results for the vapour pressure of water throughout the whole 

range - 82* F. to 230° F. 

X » 
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log p ^ a + hafi 4- cyS® ; from 100® to 230° F., logjp = a + ha? — c^®, 
Kopp required four formulsB to represent his measurements of the 
thermal expansion of water between 0° and 100° O. Bach of Kopp’a 
formulae was only applicable within the limited range of 25° O. 

If all attempts to deduce or guess a satisfactory formula are 
unsuccessful, the results are simply tabulated, or preferably plotted 
on squared papery because then “it is the thing itself that is before 
the mind instead of a numerical symbol of the thing ”. 

§ 108. To EYaluate the Constants in Empirical or 

Theoretical Formnlss. 

Before a formula containing constants can be adapted to any 
particula/r process, the numerical values of the constants must be 
accurately known. For instance, the volume, v, to which unit 
volume of cun/y gas expands when heated to 0°, may be represented 

by 

U =» 1 + aOf 

where a is a constant. The law embodied in this equation can 
only be applied to a particular gas when a assumes the numerical 
value characteristic of that gas. If we are dealing with hydrogen, 
a — 0*00366 ; if carbon dioxide, a = 0*00371 ; and if sulphur 
dioxide a =» 0*00385. 

Again, if we want to apply the law of definite proportions, we 
must know exactly what the definite proportions are before it can 
be decided whether any particular combination is comprised under 
the law. In other words, we must not only know the general law, 
but also particular numbers appropriate to particular elements. 
In mathematical language this means that before a function can be 
used practically, we must know : 

(i) The form of the function ; 

(ii) The numerical values of the constants. 

The determination of the form of the function has been discussed 
in the preceding section, the evaluation of the constants remains 
to be considered. 

Is it legitimate to deduce the numerical values of the constants 
from the experiments themselves? The answer is that the nu- 
merical data are determined from experiments purposely made by 
different methods under different conditions. When all indepen- 
dently furnish the same result it is fair to assume that the 
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experimental numbers includes the values of the constants under 
discussion.^ 

In some determinations of the volume, v, of carbon dioxide 
dissolved in one volume of water at different temperatures, 0, the 
following pairs of values wore obtained : — 

<9-0, 5, 10, 16 ; 

V - 1*80, 1*45, 1*18, 100. 

As Herschel has remarked, in all cases of “direct unimpeded 
action,’* we may expect the two quantities to vary in a simple 
proportion, so as to obey the linear equation, 

y =at Cb + hx ; wfc have, V =» U + h0t . • (1) 

which, be it observed, is obtained from Maolauriu's series by the 
rejection of all but the first two terms. 

It is required to find from these observations the values of the 
constants, a and 6, which will represent the experimental data in 
the best possible manner. The above results can be written, 

(i) 1*80 - a, 

(ii) 1*46 — a + 56, 

(iii) 1-18 - a + 106, 

^iv) 1*00 - an- 156, 

which is called a set of observation equations. We infer, from 

(i) and (U) a - 1*80, 6 - - 0 07, 

(ii) and (iii) a - 1*62, 6 - - 0*054, 

(iii) and (iv) a — 1*54, 6 — — 0*036, etc. 

The want of agreement between the values of the ‘Constants 
obtained from different sets of equations is due to errors of 
observation, and, of course, to the fact that the particular form of 
the function chosen does not fit the experimental results. It 
nearly always occuirs when the attempt is made to calculate the 
constants in this manner. 

The numerical values of the constants deduced from any arbi- 
trary set of observation equations can only be absolutely correct 
when the measurements are perfectly accurate. The problem here 
presented is to pick the best representative values of the constants 
from the experimental numbers. Several methods are available. 


» J. F. W. HerscbeVs A Praiminory Discourse on the Study of Natural Phil- 
osqphy, XiOxxdoQ, 18S1, is worth reading in this connexion. 
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I. Solving the equations hy aXgebraio methods. 

Pick out as many observation equations as there are unknowns 
and solve for a, &, c by ordinary algebraic methods. The different 
values of the unknown corresponding VTith the different sets of 
observation arbitrarily selected are thus ignored. 

ExampiiB. — O orresponding values of the variables x and y are known, say, 
Vi* 1/9 i ••• Oaloulate the constants a, b, c, in the interpolation 

formula 

bx 

y^a.l6^ + ^. 

When a;i=sO, y^sssa. Thus b and e remain to be determined. Take logarithms 
of the two equations in 1/a ^ 3 > Vs show that, 



This method may be used with any of the above formulae when 
an exact determination of the constants is of no particular interest, 
or when the errors of observation are relatively small. V. H. Reg- 
nault used it in his celebrated ** M4moire sur les forces ^lastiques 
de la vapeur d*eau ” {Ann. Ghim. Phys.^ [3], 11, 273, 1844) to 
evaluate the constants mentioned in the formula, page 323 ; so did 
G. O. Schmidt {Zeit. phys. Ghem., 7, 433, 1891) ; and A. Horst- 
mann {Liebig's Ann, Brghd.^ 8, 112, 1872). 

II. Method of Least Square. 

The constants must satisfy the following criterion : The differ- 
ences between the observed and the calculated results must be the 
smallest possible with small positive and negative differences. 
One of the best ways of fixing the numerical values of the con- 
stants in any formula is to use what is known as the method of 
least squares. This rule proceeds from the assumption that the 
most probable values of ttie constants are those for which the 
sum of the squares of the differences between the observed and the 
calculated results are the smallest possible. W^e employ the rule 
for computing the maximum or minimum values of a function. 

In this work we usually pass from the special to the general. 
Here we can reverse this procedure and take the general case first. 
Let the observed magnitude y depend on x in such a way that 

y ^ a+bx (3) 

It is required to determine the most probable values of a and h. For 
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perfect accuracy, we should have the following observation equations ; 

a + da?! - 2/1 = 0 ; a + hx^ - 2^2 = 0 ; . . . a + 6a;„ - = 0. 

In practice this is unattainable. Eet V 2 t •• • denote the actual 
deviations so that 

a + 6aJi - * Vj ; a + 6a?2 - = Vg ; . . . a + &a?,. - y« = 

It is required to determine the constants so that, 

+ . • • + is a minimtim. 

With observations aifected with errors the smallest value of -w® 
will generally differ from zero ; and the sum of the squares will 
therefore always be a positive number. We must therefore choose 
such values of a and b as will make 


the smallest possible. This condition is fulfilled, page 156, by 
equating the partial derivatives of with respect to a and b 

to zero. In this way, we obtain, 

+ bx — yY = 0 ; hence, 'St{a + 5® — y) “ 0 ; 


+ 6® — y)2 = 0 ; hence, ^x{a + 6® — y) = 0. 

If there are n observation equations, there are n a*B and = na, 
therefore, 

na + b'^{x) — S(y) = 0; a'S,(x) + b%(x^) - S(®y) = 0. 

Now solve these two simultaneous equations for a and 6, 

:S(aj) . :s,ixy) - . S(y) . ^ - ^s(®y) 

[5(ai)P - nS{aY) ' ® ” [S(®)J* - nSiaY) ’ 
which determines the values of the constants. 

Returning to the special case at the commencement of this 
section, to find the best representative value of the constants a and 
b in formula (1). Previous to substitution in (4), it is best to 
arrange the data according to the following scheme : — 


a 




e. 



ew. 

0 

1*80 

0 

0 

5 

1*46 

25 

7'26 

10 

1-18 

100 

11*80 

16 

1-00 

226 

15*00 

0 

CO 

II 

S 

2(v) = 6*43 

= 860 

= 84*05 
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Substitute these values in equation (4), w, the number of 
observations, — 4, hence we get 

a = 1-758; b 0 0534. 

The amount of gas dissolved at ^ is therefore obtained from the 
interpolation formula, 

= 1-758 - 0-0534(9. 

To show that this is the best possible formula to employ, in 
spite of 1-768 volumes obtained at 0% proceed in the following 
manner : — 


Temp, s 0 . 

Volume of gas » v* 

Difference between 
Calculated and 
Observed. 

Square of Difference 
between Calculated 
and Observed. 

Calculated. 

Observed. 

0 

1*758 

1*80 

- 0*042 

0*00176 

5 

1*491 

1*46 

+ 0*041 

0-00168 

10 

1*224 

1*18 

+ 0*044 

0*00194 

15 

0*967 

1*00 

- 0*043 

0*00185 


0*00723 


The number 0*00723, the sum of the squares of the differences 
between the observed and the calculated results, is a minimum. 
Any alteration in the value of either a or b will cause this term to 
increase. This can easily be verified. For example, if we try the 
very natural a = 1*80, 5 = - 0 065, we get 0*039 ; if a = 1*772, 
5 = — 0*056 we get 0*0082, etc. 

Exampms. — ( 1) Eind the law connecting the length, I, of a rod -with 
temperature, when the length of a metre bar at 0® elongates with rise of 
tempeiatuxe according to the following scheme : — 

«= 20“, 48®, 60®, 60® O.; 

I = 1000*22, 1000*65, 1000*90, 1001*06 mm. 

(P. Kohlransoh’s Leitfaden der praTctischen JPhysik^ Leipzig, 12, 1896.) During 
the calculation, for the sake of brevity, use I = *22. *66, *9 and 1*06. Assume 
Z a + and show that a = 999*804, 6 = 0*0212, or Z =» 999*804 + 0-012120. 

(2) According to G. J. W. Bremer’s measurements {Zeit. phys. CJiem., S, 
423, 1889), aqueous solutions of sodium carbonate containing p ®y^ of the salt 

expand by an amount v as indicated in the following table : 

2>=s 3*2420 4*8122 7*4587 10*1400; 

10« X o = 1*766, 2*046, 2*342, 2*732. 

Hence show that v = 0*0001354 + 0*00001360p. 

Suppose that instead of the general formula (3), we had 
started with 

(5’i 


y => a + bx + cx^ 
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where a, h and c are constants to be determined. The resulting 
formnlsB for h and c (omitting a), analogous to (4), are, 

® %ix^) . - [:S(a^)? ' . S<®*) - [:S(ic®)P 

These two formnlss have been deduced by a similar method to 
that employed in the preceding case, a is a constant to be 
determined separately by arranging the experiment so that when 

a? = 0, a = yo- 

ExAMPiiBS. — (1) The following series of xneasurementa of the tempera* 
ture, at different depths, a:, in an artesian well, were made at Grenelle 
(France) ; — 

28, 66, 178, 248, 298, 400, 505, 548; 

11*71, 12*90, 16*40, 20*00, 22*20, 23*75, 26*45, 27*70. 

The mean temperature at the surface, where a; ax 0, was 10*6**. Hence show 
that at a depth of x metres, 6 = 10*6 + 0*042096a; — 0*000020558a^. 

(2) If, when a; = 0, ^ = 1 and when 
ajax 8*97, 20*56, 36*10, 49*96, 62*88, 88*73; 

y= 1*0078, 1*0184, 1*0317, 1*0443, 1*0563, 1*0759. 

Hence show that y ao 1 + 0*000840 + 0‘0000009a^. 

Thomson (Wied. Ann., 44, 653, 1891) employed the general 
formulBB for a, 6, c, when still another correction term is included, 
namely, 

y s=. ax + hx^ + ca?®. . . (7) 

Illustrations will be found in the onginal paper. 

If three variables are to be investigated, we may use the 
general formula 

z = ax by (8) 

The reader may be able to prove, on the above lines, that 
^ S(a;2) . '2,{xz) - %{xy) . %(yz ) , ^ . %{yz) - 'Z(xy ') . %(xz) 

5(®‘) . SOT - [5(a:y)]=> 2(a!»). s6r*)-[S(»y)f ' ^ ’ 

M. Gentnerszwer {Zeit. phys. Ghem,^ 26, 1, 1896) referred his ob- 
servations on the partial pressure of oxygen during the oxidation 
of phosphorus in the presence of different gases and vapotirs to the 
empirical formula 

P* == Po - log (1 4* bx ) ; or to jpo - p* — alog (1 + 6a?), 

where denotes the pressure of pure oxygen, p, the partial pres- 
sxure of oxygen mixed with x ®/« of foreign gas or vapour. Show 
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with Centnerszwer, that if y jp, — 

„ S(a?y) . S(a;*) - . %(a^) . x. S(a;y) ■ S(a?«) - :S(rcgy) . %(jx^) ,-,nx 

5(fl?2).:S(a:*)-[3(«3)]a S(a;2) . S(£b*) - [3Ca;«)J* ^ 

EsjLMPrjt. — Show, 'vri.lili Oeii1ii].ersz\rer, tliat a = 184, h a 118 for oUor- 
benzene when it is known tbat wben 

p» = 661, 549, 536, 523, 509, 485 ; 

as =s O, 0*054, 0*108, 0*215, 0*480, 0*868. 

The method of least squares asswmes that the observations are 
all equally reliable. The reader will notice that we have assumed 
that one variable is quite free from error, and very often we can 
do so with safety, especially when the one variable can be 
measured with a much greater degree of accuracy than the other. 
We shall see later on what to do when this is not the case. 

JJJ. Chraphio methods. 

Returning to the solubility determinations at the beginning of 
this section, prick points corresponding to pairs of values of v and 
B on squared paper. The points lie approximately on a straight 
line. Stretch a black thread so as to get the straight line which 
lies most evenly among the points. Two points lying on the 
black thread are v =» 1*0, 6 «■ 14*5, and v = 1*7, ^ 1*6. 

.*. a + 14;*66 1 ; a + 1*66 »» 1*7. 

By subtraction, b = — 0*54, a ^ 1*78. It is here assumed that 
the curve which goes most evenly among the points represents the 
correct law, see page 148. But the number of observations is, 
perhaps, too small to show the method to advantage. Try 
these : 

- 2, 4, 6, 8, 10, 20, 25, 30, 35, 40, 

s - 1*02, 1*03, 1*06, 1*07, 1*09, 1*18, 1*23, 1*29, 1*34, 1*40, 

where a denotes the density of aqueous solutions containing p 
of calcium chloride at 15® O. The selection of the best ‘ * black 
thread ” line is, in general, more uncertain the greater the mag- 
nitude of the errors of observation affecting the measurements. 
The values deduced for the constants will differ slightly with 
different workers or even with the same worker at different times. 
With care, and accurately ruled paper, the results are suflBoiently 
exact for most practical requirements. 
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When the best ” curve has to be drawn freehand, the 
results are still more uncertain. For example, the amount of 
‘‘active” oxygen, y, contained in a solution of hydrogen dioxide 
in dilute sulphuric acid was found, after the lapse of t days, 
to be : 

i = 6 , 9, 10, 14, 18, 27, 34, 38, 41, 64, 87, 

y = 3*4, 3*1, 31, 2*6, 2*2, 1*3, 0*9, 0*7, 0*6, 0*4, 0*2, 

where y = 3*9 when i — 0 . We leave these measurements with 
the reader as an exercise. 

In J. Perry’s PractiGcul Mathematics, London, 1899, a trial 
plotting on “logarithmic paper *’ is recommended in certain cases. 
On squared paper, the distances between the horizontal and vertical 
lines are in fractions of a metre or of a foot. On logarithmic 
paper (Fig. 132), the distances between the lines, like the divisions 
on the slide rule, are proportional to the ^ 
logarithms of the numbers. If, therefore, 30 
the experimental numbers follow a law 
like logipo; + alog^o^ = constant, the func- 
tion can be plotted as easily as on squared 20 
paper. If the resulting graph is a 
straight line, we may be sure that we lo 
are dealing with some such law as 

= constant ; or, (a? + a) (y + 6)* =* Paper, 

constant. 



ExAMPiiB. — The pressure, p, of saturated steam in pounds per square 


inch when the volume is v cubic feet per pound is 
p « 10, 20, 30, 40, 60, 60. 

V = 37*80, 19-72, 13-48, 10*29, 8-34, 6*62. 

Mence, by plotting corresponding values of p and v 
on logarithmic paper, we get the straight line : 

logioP + 7logioV = logio^ '» teuce, = 382, 

since log^gd =» 2*5811, .*. b — 382 and y = 1-066. The 
graph is shown on log paper in Fig. 132, and on 
ordinary squared paper in Fig. 184. 

A semi-loga/rithmic paper (Fig. 133) may 
*be made with distances between say the hori- 



zontal columns in fractions of a metre, while Fi®* 
the distances between the vertical columns 


are proportional to the logarithms of the numbers. Functions 
obeying the compound interest law will plot, on such paper, as a 
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straiglat line. One advantage of logaritbimic paper is that the 

sMU required for drawing an accurate free- 
hand curve is not required. The stretched 
black thread will be found sufB.cient. With 
semi-logarithmic paper, either x + logi^y = 
constant ; or, y + logjoa; =* constant will give 
a straight line. 

According to O. Bunge and Paschen’s law, 
if the logarithms of the atomic weights are 
plotted as ordinates with the distances be- 
tween the brightest spectral lines in the 
magnetic field as abscissse, chemically allied elements lie on the 
same straight line. This, for example, is the case with magnesium, 
calcium, strontium, and barium. Radium, too, lies on the same 
line, hence O. Bunge and J. Precht (JBer. deut. phys. Q-es., 313, 
1903) infer the atomic weight of radium to be 257'8. Obviously 
we can plot atomic weights and the other data directly on the 
logarithmic paper. Another example will be found in W. N. 
Hartley and B. P. Hedley’s study (Journ. Chem. Soc., 91, 1010, 
1907), of the absorption spectra solutions of certain organic com- 
pounds where the oscillation frequencies were plotted against the 
logarithms of the thicknesses of the solutions. 

ExAMVXiEis. (1) Plot on. semi-logarithmio paper Harcouxt and Esson’s 
numbers (Z.c.) : 

5, 8, 11, 14, 17, 27, 31, 36, 44, 

y. — 94-8, 87-9, 81-3, 74-9, 68-7, 640, 49*3, 44*0, 391, 31-6, 

for the amoxmt of substance y remaining in a reacting system after the elapse 
of an interval of time t. Hence determine values for the constants a and b in 

y = ae-f*; i.a, in logmy + 6Z =» logjoa, 

a straight line on “ semi-log ” paper. The graph is shown in Pig. 183 on 
** semi-log paper and in. Pig. 134 on ordinary paper. 

(2) What “ law " can you find in J. Perry’s numbers (JProo. Bey. Soc., 23. 

472, 1876), ' ^ ’ ’ 

fl=i68, 86, 148. 166, 188. 202, 210, 

0 = 0, *004, *018, 029, -051, -073, -090, 

for the electrical conductivity O of glass at a temperature of P. ? 

(3) Evaluate the constant a in S. Arrhenius’ formula, r, = a*, for the vis- 

cosity „ of an aqueous solution of sodium benzoate of concentration », given 

n = 1'6498, 1-2780, 1-1303, 10623, 

® if if J. 

Several other methods have been proposed. Gauss’ method, 
for example, will be takeu up later on. See also Hopkiuson* 
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Messenger of Mathematios, 2, 65, 1872 ; or S. liupton's Notes on 
Observations, Liondon, 104, 1898. 


§ 109. Substitutes for Integration. 


It may not always be convenient, or even possible, to integrate 
the differential equation ; in that case a less exact method of 
verifying the theory embodied in the equation must be adopted. 
For the sake of illustration, take the equation 

^ - a;) ; . . . . (1) 


used to represent the velocity of a chemical reaction, x denotes the 
amount of substance transformed at the time t ; and a denotes the 
Initial concentration. Let dt denote unit interval of time, and let 
Arc denote the difference between the initial and final quantity of 
substance transformed in unit interval of time, then j^Ax denotes 
the average amoimt of substance transformed during the same 
interval of time. Hence, for the first interval, we write 


Aa? k^(a ~ ^Aa?), 

which, by algebraic transformation, becomes 

k^a 


Ax 


( 2 ) 


1 + 

For the next interval, 

Ax =» kj{a — a? — ^Ax), etc. 

These expressions may be used in place of the integral of (1), 
namely 

^ a - x' ... (3) 

for the verification of (1). 

With equations of the second order 

k^{p> — a;)®, • • 

we get, in the same way, 

1 + Ka : ^ - 1 + - Sf 


Ax 


(4) 


(5) 


by putting, as before, Ax in place of dx, dt *= 1, a? — ^Aa;, and 
remembering that the second power of Aa? is negligibly small. 
The regular integral of (4) is 


k. = -T. 


X 


at a — x' 


( 6 ) 
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NtrMBSRioAii I]::.titTSTBAa?iON. — ^Let ua suppose that fcj and Te^ are both equal 
to 0*1, and that a =» 100. Prom (2) 

0-1 X 100 

A* = — — » 9-62 ; a - « * 100 - 9-52 «= 90-48 ; 

0*1 X 90-48 

* i-05 " » .•.«-* = 90-48 - 8-62 = 81-87. 

Again from (5), for reactions of the second order 

0-1 X 10,000 

” 1 ~ + 0 ~ rx^ ' * a - » = 100 - 90-09 =» 9 09 ; 

(9-09)® X 0*1 , . «o . r,/. 

^ “ l ~+' 0^ ~ x 9 ^ a - 05 s= 9-09 - 4-33 = 4-76. 

The following table shows that the results obtained by this method of 
approximation compare very favourably with those obtained from the regular 
integrals (3) and (6). There is, of course, a slight error, but that is usually 
within the limits of experimental error. 


First Order. 

Second Order. 

U 

a - 


t. 

a — 

x* 






by (ZV 

by (S). 


by (6). 

by (6). 

0 

100 

100 

0 

100 

100 

1 

90-48 

90-48 

1 

9-09 

9-09 

2 

81-86 

81-86 

2 

4-76 

4-76 

3 

74-08 

74.-06 

3 

3-23 

3-23 

4 

67-03 

67-01 

4 

2-44 

2-44 

5 

60-66 

60-63 

6 

1-96 

1-96 

6 

54-88 

64-86 

6 

1-64 

1-64 

7 

49-66 

49-64 

7 

1-41 

1-41 

3 

44-93 

44-91 

8 

1-23 

1-24 


This method of integration was used by W. Federlin {Zeit. 
phys. Chem., 41, 566, 1902) in his study of the reaction between 
phosphorous acid, potassium iodide, and potassium persulphate ; 
and by R. Wegscheider (Zeit. phys. Ghem.^ 41, 62, 1902) for the 
saponification of the sulphonic esters. 

The student should always be on the lookout for short cuts 
and simplifications. Thus, it may be possible to transform the 
integral into a simpler form before eyaluating by the methods of 
approximation. For example, let 

« Jy . da? 

he the mtegral. In one investigation (E. A. Lshfeldt, Phil. Mag., 
[6], 46, 42, 1898; [6], 1, 377, 403, 1901), y represented the con- 
centration, X the electromotive force, and u the osmotic pressure 
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of a solution, y was a known function, hence, dy could be readily 
calculated. Integrate by parts, and we get 

u ^ asy — /a? . 

which can be evaluated by the planimeter, or any other means. 
Again, to calculate the vapour pressure, in the expression 

(1 - - 0 . 


<) log Pi 

X V * + 


<>aj 


where pj and Pa denote the vapour pressure of two components of 
a mixture ; x is the fractional composition of the mixture. Sup- 
pose that Pi and x are known, it is required to calculate p^. Here 
also, on integration by parts, 


, f aj « log Pi . r log 

log^), - - Jr^ • +J(r^ 


xy 


The second setting is much better adapted for numerical com- 
putation. 


§ 110. Approximate Integration. 

We have seen that the area enclosed by a curve can be 
estimatied by finding the value of a definite integral. This may 
be reversed. The numerical value of a definite integral can be 
determined from measurements of the area enclosed by the curve. 
For instance, if the integral J/(®) • dx is unknown, the value of 

J fix') , dx can be found by plotting the curve y =» fi^i) ; erecting 

ordinates to the curve on the points a? «* a and a? ■« 5 ; and then 
measuring the surface bounded by the £c-axis, the two ordinates 
just drawn and the curve itself. 

This area may be measured by means of the planimeter, an 
instrument which automatically registers the area of any plane 
figure when a tracer is passed roimd the boundary lines. A good 
description of these instruments by O. Henrioi will be found in the 
British Association* s Reports, 496, 1894. 

Another way is to out the figure out of a sheet of paper, or 
other uniform material. Let w-^ be the weight of a known area a^ 
and w the weight of the piece out out. The desired area x can 
then be obtained by simple proportion, 

^1 : a = tc : a?. 

Other methods may be used for the finding the approximate 
value of an integral between certain limits. First plot the curve. 
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Ilivide thi© ourv® into w portions bounded by + 1 equidistant 
ordinates • • *1 Vnt wbose magnitude and common distance 

apart is known* it is required to j&nd an approximate expression for 
the area so divided, that is to say, to evaluate the integral 

J^/(a;) . doj. 

Assuming Newton’s interpolation formula 

/(a?) = yo + ^ ~ - ( 1 ) 

we may write, 

/(») . dan — ^ ■” + • * •» ( 2 ) 

which is known as the Newton-Cotes integration formula. We 
may now apply this to special oases, such as calculating the value 
of a definite integral from a set of experimental measurements, etc. 

X Paraholic FormmlcB, 

Take three ordinates. There are two intervals. Reject all 
terms after A* 0 . Remember that »= y^ — y^ and A\ — y% — ^Vx + y©* 
Let the common difference be unity, 

/(») , da? « 2 yo + SA^o + ^A*o *= ^(yo + ^Vx + y^)* (^) 


n- 


If h represents the common distance of the ordinates apart, we 
have the familiar resifit known as Simpson’s one-third rule, thus. 


f. 


/(a?) . da? = lh{yQ + 4yi + y^. 


( 4 ) 



A graphic representation will perhaps make the assumptions in- 
volved in this formula more apparent. Make 
the construction shown in Tig. 135. We 
seek the area of the portion ANN* A' cor- 
responding to the integral /(a?) . da? between 
the limits a? = a?^ and a? =* a?„, where /(a?) 
represents the equation of the curve APGDN. 
Assume that each strip is bounded on one 
side by a parabolic curve. The area of the 

portion 

AJBOC'A* Area ’traperium AOG*A' + Area paxabolic segment ABOAf 
Trom well-known mensuration formulae (16), page 604, the area 
of the portion 

ABCO'A' = + C'C) + %{JB'B - ^{A'A + O'O)}] ; 

* 2h{^A'A + %B'B + iC'C) » yi^A'A + 4B'R + C'C). (6) 


-Fza. 185 . 



337 


110. INFINITE SERIES AND THEIR USES. 


Extend this discussion to include the whole figure, 

Area ^ISflST A.' = + 4 + 2 + 4:+. ..+2 + 4: + 1), 

where the successive coefficients of the perpendiculars AA\ JBJB\ . . . 
alone are stated ; h represents the distance of the strips apart. The 
greater the number of equal parts into which the area is divided, 
the more closely will the calculated correspond with true area. 

Put OA' = Xq ; ON = ; A'N = £c„ — and divide the area 

into n parts ; h = (a?„ - x^fn. Let . . . y« denote the 

successive ordinates erected upon Ox^ then eouation (6) may be 
written in the form, 

'n 

f(x).dx « iM(yo + y«) + ^(^1 + ^8 +•••+ y~~i) 

*0 

4- 2(^2 + 3^4 + • • • + yn - s)- 
In practical work a great deal of trouble is avoided by making 
the measurements at equal intervals x-^ - x^, x^ — . . ., x^ — x^„-^. 

R. Wegseheider (Zeit. phys. Chem., 41, 52, 1902) employed Simps* 
son’s rule for integrating the velocity equations for the speed of 
hydrolysis of sulphonic esters ; and G. Bredig and F. Epstein 
{Zeit. anorg. Chem., 42, 341, 1904) in their study of the velocity of 
adiabatic reactions. 



E 3 ELA.MP£i 3 B:s. — (1) Evaluate the integral . dx between the limits 1 and 11 
by the aid of formula ( 6 ), given « 1 and 3 / 1 , 3 / 3 , .. . ye* 2 / 8 * Vxa re- 

spectively 1, 8, 27 , 64, , . . 1000, 1881. Oompare the result with the absolutely 
correct value. From ( 6 ), 

\ se».dx = ^(10980) =» 3660 ; and / x.dx = i(ll)* - i(l)^ = 3660, 

•r 1 J X 

Is the perfect result obtained by actual integration. 

(2) In measuring the magnitude of an electric current by means of the 
nydrogen voltameter, let Oq, Oj, . . . denote the currents passing through 
the galvanometer at the times < 0 , tj., . . . minutes. The volume of hydrogen 
liberated, v, will be equal to the product of the “intensity ” of the current, O 
amperes, the time, t, and the electrochemical equivalent of the hydrogen, x ; 
.'. V — xOt. Arrange the observations so that the galvanometer is read after 
the elapse of equal intervals of time. Hence — — 

Prom (7), 


^ 'b ^n) + 4(C7i -I- O 3 + . . . + Cn — 1 ) + 2(C72 + C 4 + . • . 4- On — 2 )}. 


In an experiment, v =» 0*22 when t = B, and 

t *» 10, 1*5, 2 0, 2-6, 8 0, . . . ; 

C = 1*58, 1*03, 0*90, 0*84, 0*57, . . . 

- 0*5 

C.dt= -g-{(l*63 + 0*67) + 4(1*03 + 0 84) + 2 x 0'90} = 1-897. 

n.oo 

® “ 1*897 “ 

Y 
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This example also illustrates how the value of an integral can be obtained 
from a table of numerical measurements. The result 0*1159, is better than if 
we had simply proceeded by what appears, at first sight, the more correct 
method, namely, 

t + ...=- 1*91, 

0*22 

for then x == as 0-1162. The correct value is 0*116 nearly. 

(3) If Jds = — af) ~ ^dx, where b is the end value of x, then, in the 

interval show that the integrals will assume the form 

/ ± \ 
aJa - Xif «*i . ei(*i + *a) c *8 \ 

~\F^+ + ajj) 

between the limits a^ and Hint. Use (4) ; h = + x^)- 


If we take four ordinates and three intervals, (4) assumes the form 


[ /(a?) . dx = §h(yQ + B(y^ + y^) + I • • (®) 

where h denotes the distance of the ordinates apart, yi, • • • the 
ordinates of the successive perpendiculars, in the preceding diagram. 
This formula is known as Simpson’s three-eighths rule. If we 
take seven ordinates and neglect certain small differences, we get 

J^/(aj) . dx =* + ^yi + Vi + 6^8 + 2^4 + + J^e) (9) 

which is known as Weddle’s rule {Math. Jov/rn.^ 11, 79, 1854). 
J. E. H. Gordon {Proc. Roy. Soo.^ 25, 144, 1876 ; or Phil. Trans. , 
167, i., 1, 1877) employed Weddle’s rule to find the intensity of 
the magnetic field in the axis of a helix of wire through which an 
electric current was flowing. The intensity of the field was 
measured at seven equidistant points along the axis by means of 
a dynamometer, and the total force was computed from (9). 


ExamfIiXS. — ( 1 ) Gomp&xe Simpson's one>third rule and the tluree-eighths 
rule when A ■■ 1 , with the result of the integration of 

Anar. ^(+ 8)“ - (- 8)*} =» 97*2, 

by actual integration ; for Simpson's one-third rule, 

K(+ 3)* + ( - 8 )‘ + 4{(+ 2)* -I- 0‘ + (- 2)*} + 2 (1 + 1)] - 98. 

The three-eighths rule gives 

J(x)dx = fh(s/o -h 8 yi -I- + 2y^ + 8^4 + S^o + y«). 


fC(+ 3)* -b (- 3)* + 8{(+ 2)* + !* + {- 1)4 + (_ 2)4} + 2 X 0] - 99. 

The errors ajre thus as 8 : 18, or as 4 : 9. A great number of cases has been 
tried and it is generaJly agreed that the parabolic rule vjith aia odd number of 
ordAnates a. 'c , > 'jl/oes a better arithmetical result tha/n if oTte more ordinate is 
employed. Thus, Simpson’s rule with five ordinates gives a better result than 
if six ordinates are used. 
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.1 


Fiq. 136. 


(2) On plotting/(a5) in J/(js)<ia;, it is found that the lengths of the ordinates 
8 ona. apart were: 14*2, 14*9, 15*3, 15*1, 14'5, 14*1, 13*7 oxn. Find the 
numerical value of the integral. Ansr. 263*9 sq. cm. by Simpson’s ono- third 
rule. Sint. From (7), 

J*y{x)dx = (14*2 + 13*7) + 4(14*9 + 15*1 + 14*1) + 2(15*3 + 14*5). 

An objection to these rules is that more weight is attached to 
some of the measurements than to others. JS,g., more weight is 
attached to and y^ than to and 3^4 in applying Weddle’s rule. 

II. Trapezoidal Formula. 

Instead of assuming each strip to be the sum of a trapezium 
and a parabolic seginent, we may suppose 
that eobch strip is a complete trapezium. In 
Fig. 136, let AN be a curve whose equation 
i® y = f{^) ; * • * perpendiculars 

drawn from the a:-axis. The area of the 
portion ANNA' is to be determined. Let 
OB' - OA' = OG' ~ OB' ^ = h. It fol- 

lows from known mensuration formulae, ( 11 ), 
page 604, 

A.rea ANNA' = j^h(^AA' + BB') + ^h{B' B + O'O) + . . . j 

= i?i(AA' + 2BB' -I- 2C0' + 2MM' + NN) ; 

^ hi^ + 1 + 1 + ... +1 + 1 + ^), . . ( 10 ) 

where the coefficients of the successive ordinates alone are written. 
The result is known as the trapezoidal rule. 

Let Xq, x^ x„y be the values of the abscissae correspond- 
ing with the ordinates yo* yi, Vn* then, 

1 f{^) .dx’=^{xi- xq) (yo ^ yi) + • * * + i(^« - - 1 ) (y« - 1 + y«)* (H) 

) *0 

It x^ - Xq x^ — Xy ^ . . . = we get, by multiplying out, 

f{x) . dx = + yn) + y 2 + ys + • * * + yn-i}* (^ 2 ) 

*0 

The trapezoidal rule, though more easily manipulated, is not 
quite so accurate as those rules based on the parabolic formula of 
Newton and Cotes. 

The expression, 

Area ANNA' - + if + 1 + 1 + . * • + 1 1 -1- ff + t^). (13) 

or, 

1 f{x) . dx = h{0A(yQ + 3 /„) + I'l^y^ + y^-x) + y 2 + ya + • * * + y«- 2 }» ( 1 ^) 
J*0 


a. 
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is saioL to combine th.e accuracy of the parabolic rule "with the 
simplicity of the trapezoidaL It is called Duraind’s rule. 

p-^d<3a 

ExampiiBS. — ( 1) Evaluate the integral / by the approximation form- 

nice (7), (10) and (13), assuming == 1, a 8. Eind the absolute value of the 
result and show that these approximation formulae give more accurate 
results when the interval Ji is made smaller. Ansr. (7) gives 1*611, (10) 
gives 1*629, (13) gives 1*616. The correct result is 1*610. 

(2) Now try what the trapezoidal formula would give for the integration 
of Ex. (2), page 339. Ansr. 263*55. Hint. From (12) 

3{i(14*2 + 18*7) + 14*9 + 16*8 + 16*1 + 14*6 + 14*1}. 

G. Liemoine (Ann. Ghim. JPhys., [4], 27, 289, 1872) encountered 
some non-integrable equations during his study of the action of 
heat on red phosphorus. In consequence, ho adopted these 
methods of approximation. The resulting tables ** calculated ” 
and “observed*’ were very satisfactory. 

Double integrals for the calculation of volumes can be evaluated 
by a double application of the formula. !Por illustrations, see C. W. 
Merrifield’s report “ On the present state of our knowledge of the 
application of quadratures and interpolation to actual calculation,’* 
B. A. JEieportSf 321, 1880. 

III. Mid-section Formula. 

A shorter method is sometimes used. Suppose the indicator 



diagram (I7g. 187) to be under investigation. Drop perpendiculars 
PM and QN on to the “Atmospheric line** AfJV; divide MN iaUi 
n equal parts. In the diagram n = 6. Then measure the middle 
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length cd, ef, ... of each strip ; add, and divide by n. Alge- 
braically, if the length of ah — od — Vh* • • • 

Total area == “(yj +^3 + ^5 + • • •) .MN. . (15) 

§ 111. Integration by Infinite Series. 

Some integrations tax, and even baffle, the resources of the 
most expert. It is, indeed, a common thing to find expressions 
which cannot be integrated by the methods at our disposal. We 
may then resort to the methods of the two preceding sections, or, 
if the integral can be expanded in the form of a converging series 
of ascending or descending powers of a?, we can integrate each 
term of the expanded series separately and thus obtain any desired 
degree of accuracy by summing up a finite number of these terms. 

If /(as) can be developed in a converging series of ascending 
powers of as, that is to say, if 

/(as) ao + a^x -h - 1 - -I- . . . . . ( 1 ) 

By integration, it follows that 

if{x)dx = /(^o '+ OjX + + . . .)dx ; 

= la^dx + JUjasda; + ^a^^dx + . . . ; 

= a^x + ^Ojas* + -H . . . ; 

= x{aQ + ^ajX 4 - ^^ 2 ^^ -H . . .) + C. . (2) 

Again, if /(as) is a converging series, //(a?) . dx is also convergent. 
Thus, if 

/(as) — 1 -I- as + as® + as® + . . . + as**"^ ■+■ as** + . . . , (3) 

j/(as) . das = a; -H |as® + |as® + . , . + ^as^* + ^ + . . . (4) 

Series (3) is convergent when as is less than unity, for all values of 
n. Series (4) is convergent when ^r^as, and therefore when as is 
less than unity. The convergency of the two series thus depends 
on the same condition, as>-l. If the one is convergent, the other 
must be the same. 

If the reader is able to develop a function in terms of Taylor’s 
series, this method of integration will require but few words of 
explanation. One illustration will suffice. By division, or by 
Taylor’s theorem, 

(1 + a;®) “ 1 = 1 - as® + as* - as® + .. . 

Consequently. 
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*• • dx + .dx — 


afi .dx + ...; 
tan ~^x + C, 


/(I + x'^)-^dx ^ X - -Ire* + ^oj® - 
from (6), page 284. 

abo^f-^ - » + ^ + ^ + . . . - sto-.a.+0 

(3) Show fe-^dx « as _ . . O 

J 1.3^1. 2. 5 1.2.3.7^’*-^^* 

The two following integrals wUl be required later on. ft* is less than unity. 




dtp 




0 Vl - Aj^sinV , , , , , ^ 

(») /> - -i{i - i(|.)v ^ . . .}. 

(6) How would you propose to integrate /(I - «)-* log x . dx in series ? 

Hint. Develop (1 - x)-^ in series. Multiply through with log x . dx. Then 
integrate term by term. The quickest plan for the latter operation will be 
to first integrate J«»»logx . dx by parts, and show that 

/*"*“«“• *• = - S-H) 

- (p + i + p + ^ + • • - ) 

(7) Show that 2 1 X U/x Y 

sin^x x^Sl 2 61^2/ +••• 

Then, remembering that 2 sin^x = 1 — oos x, (35) page 612, show that 

f X. dx 1 . 7x® \ _ 

J “ s/2\^ ^ 14,400 + • • • J + 

(8) Show Tsin^dx - n* ? - ids'- + * 

Jo 2 L2 3 6^27 7^120^2^11 

-c 0*5286 - 0*0875 + 0*0069 ^ 0*0003 + . . . » 0*446. 

We often integrate a function in series when it is a compara- 
tively simple matter to express the integral in a finite form. The 

finite integral may be unfitted for ntimerioal computations. Thus 
instead of 

^0(0+ «); _ l[log (6) 

S. Arrhenius phys. Chem., 1, 110, 1887) used 

Jet ^ — ^ 

0„ Oj 2V0„2 ^ C^J • • (6) 

because x being small in comparison with O, (6) would not give 
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accurate results in numerical work, on account of the factor a? “ 
and in (6) the higher terms are negligibly small. Again, the 
ordinary integral of 

.0,$^}. 

from (9), page 221, does not give accurate results when d is nearly 
equal to &, for the factor {a 6)“'2 then becomes very great. ^V^e 
can get rid of the dijQ&culty by integration in series. Add and sub- 
tract (6 — a?)-® dx to the denominator of 


dx 


(a - a;) (6 - a?)® [(6 ~ xf “*■ (a - oj) (6 - a;)^ (6 - £c) * 

““ l^(b — xf ^ h - aj{(a ~ aj) (6 — * 

r 1 a-2>r 1 a-h 1 

^Ub^xy b--x\(b-xy b^x' ^'^xXb - aj)2/J^® ' 


r 1 ct^b 
L(b - xy (b - xy 


(a^by ja-by 

"• . NK y7 ” 


.(b - xy (b - xy (6 - xy (6 - a?)® 

This is a geometrical series with a quotient (a — b)/(b — a?) and 
convergent when (a — h) < (6 — a?) ; that is wlxen a < &, or when 
a is only a little greater than b. Now integrate term by term ; 
evaluate the constant when x — 0 and t >» 0; we get 

The first term is independent of a — b, and it will be sufficiently 
exact for practical work. 

Integrals of the form 


f ; or, f e~‘^dx 

Jo Jo 


( 7 ) 


are extensively employed in the solution of physical problems. 
JBj.g., in the investigation of the path of a ray of light through 
the atmosphere (Kramp) ; the conduction of heat (Fourier) ; the 
secular cooling of the earth (Kelvin), etc. One solution of the 
important differential equation 

7>V ^ 

bt “ ‘'bx^* 


is represented by this integral. Errors of observation may also be 
represented by similar integrals. Glaisher calls the first of equa- 
tions (7) the error function complement, and writes it, “ erfc x ** ; 
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and the second, he calls the error function, and writes it, erf a; **. 
J. W. Xj, Glaisher (Phil. Mag. [4], 42, 294, 421, 1871) and B. 
Pendlebury (id., p. 437) have given a list of integrals expressible 
in terms of the error function. The numerical value of any in- 
tegral which can be reduced to the error function, may then be 
read off directly from known tables. See also J. Burgess, Trans. 
Boy. Soo. JEdin., 39, 257, 1898. 

We have deduced the fact, on page 240, that functions of the 
same form, when integrated between the same limits, have the same 
value. Hence, we may write 

Now put 


y ==vx; dy « xdv. 


Our integral becomes 


+ ^)dxdo. . 

0 


It is a common device when integrating exponential functions to 
first differentiate a similar one. Thus, to integrate Xxe first 

differentiate 0 “*^, and we have d(e~^**^) =» — 2axe~ “^dx. Erom 
this we infer that 


«*) = — 2a^ice ” ^dx ; or, jxe “ ^dx = - + O. 

Applying this result to the “ dx ** integration of (9), we get 

Jo L~2fl + ®S) Jo 2(1 + ’ 

since the function vanishes when x is 00 . Again, from (13), 
page 193, the ** dv ” integration becomes 

Jo 2(1 + ®s)°[j ” r 

Consequently, by combining the two last results with (8) and (9), 
it follows that 




s/tt 


( 10 ) 


This fact seems to have been discovered by Buler about 1730. 
There is another ingenious method of integration, due to Gauss, 
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in which the penultimate integral of equations (8) is transformed 
into polar coordinates and the limits are made so as to just cover 
one quadrant. 

This important result enables us to solve integrals of the 
form Je “ for by successive reduction 

e . (Jas - ~ ‘ -*“ai . dm, . (11) 

when n is odd ; and, when n is even 


i:- 




£C” . dx = 


_ (n — l)(n - 3) . . . 1 


2nJ2 


J . 


( 12 ) 


All these integrals are of considerable importance in the kinetic 
theory of gases, and in the theory of probability. In the former 
we shall meet integrals like 

2Nma^r ,o . , 2iVar“ ^ , 

7 =r-| . dx ; and, — 7=^1 e-^afl.dx. . (13) 

Jo V^Jo 

From (12), the first one may be written %Nma?\ the latter 2A7a/ s/tt. 

If the limits are finite, as, for instance, in the probability in- 
tegral, 

P= P = 

\/ TTj 0 V TtJ 0 

by putting hx = t. Develop e”*® into a series by Maclaurin's 
theorem, as just done in Ex. (3) above. The result is that 


2 \ 

~ JwV “ 1.8 1.2.5 ) • 


(14) 


may be used for small values of ^ For large values, integrate by 
parts, 


\e-^dt = _ - y 

—^e'~*^dt ■■ 


^(2 




■dt 


1 ^.2 1 

“ 23) 




1 _ J_ 
4^« ■*" 


15 


\2t 4^« 8t5 16t7 

By the decomposition of the limits, (4), page 241, we get 

r e-^^dt = Ce-^^dt - r 6-^dt 

Jo Jo Jt 

The first integral on the right-hand side = J kJv. Integrating the 
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second between the limits oo and t 


1 - 


'fi-i 

/Y*a 


1.3 1.3.5 


m • m 


(15) 


t a:* (2<T (2i*)» 

This series converges rapidly for large values of From this ex- 
pression the value of P can be found with any desired degree of 
accuracy. These results are required later on. 


§ 112. The Hyperbolic Funotions. 

I shall now explain the origin of a new class of functions, and 
show how they are ^to be used as tools in mathematical reasoning. 
We all know that every point on the perimeter of a circle is equi- 
distant from the centre ; and that the radius of any given circle 
has a constant magnitude, whatever portion of the arc be taken. 
In plane trigonometry, an angle is conveniently measured as a 
function of the arc of a circle. Thus, if 1' denotes the length of 
an arc of a circle subtending an angle 0 at the centre, r* the radius 
of the circle, then 

^ Length of aro 1* 

liongth of radins r' 

This is called the circular measure of an angle and, for this reason, 
trigonometrical functions are sometimes called circular functionB. 
This property is possessed by no plane curve other than the circle. 
For instance, the hyperbola, though symmetrically placed with 
respect to its centre, is not at aU points equidistant from it. The 
same thing is true of the ellipse. The parabola has no centre. 

If I denotes the length of the arc of any hyperbola which cuts 
the os-axis at a distance r horn the centre, the ratio 



is called an hyperbolic function of u, just as the ratio Vfr' is a 
circular function of 0. If the reader will refer to Ex. (5), page 247, 
it will be found that i£ I denotes the length of the arc of the rect- 
angular hyperbola 

‘ . . . . ( 1 ) 

between the ordinates having abscissas a and 

I - + e““). 

But this relation is practically that developed for cos a?, on 
page 286, toj, of course, being written for tt. The ratio sc/a is 
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defined as the hyperbolic cosine of u. It is nsuaHy written 
cosh -M, or hycos and pronounced “coshw,’* or “ h- cosine 14 
Hence, 

coshu = + «-*♦) = 1 + ^ + ^ + . . . . (2) 


In the same way, proceeding from (1), it can be shown that 



-V- 


+ 2 H- 0 




- 1 = 



which reduces to 


2 + 6 -^ , 
"i ' 


I =. i(«“ - «-*). 

a relation previously developed for i sin x. The ratio y[a is called 
the hyperbolic sine of Uy written sinh u, or hysin u. As before 


14 * 14 * 

sinh 14 = iC®** "" ^ 3 ] fil + . • « 


( 3 ) 


The remaining four hyperbolic functions, analogous to the 
remaining four trigonometrical functions, are tanh 14 , cosech i4, 
sech 14 and 00 th 14. Values for each of these functions may be 
deduced from their relations with sinh u and cosh 14. Thus, 


tanh 14 = 
coth 14 = 


sinh 14 

_ • 

cosh 14 ' 
1 

' tanh 14 


sech 14 = 


cosh 14 * 
1 


cosech 14 = -? 


sinh 14 j 


( 4 ) 


Unlike the circular functions, the ratios xjay yjay when referred 
to the hyperbola, do not represent 
angles. An hyperbolic function eX‘ 
presses a certain relation between the 
coordinates of a given portion on the 
arc of a rectam^ular hyperbola. 

Let O (Fig. 138) be the centre of 
the hyperbola APB, described about 
the coordinate axes Oxy Oy. From 
any point P(x, y) drop a perpen- 
dicular PM on to the a;-axis. Liet OM = a?, MP = y, OA = a. 

.*. cosh 14 = xfa-y sinh 14 = yja. 

For the rectangular hyperbola, £C* — 1 /* = a*. Consequently, 
a‘^co3h‘'^i4 — u'^sinh'-^w = a* ; or, oosh*i4 — sinh*^i4 == 1. 
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The last formula thus resembles the well-known trigonometrical 
relation ; oos% -f sin^a? = 1. Draw P'M a tangent to the circle 
AP" at Pr Drop a perpendicular P'M on to the a;-axis. Let the 
angle MOP* — 0. 

xfa, » seo^ » ooshw; yfa = tan^ = sinhw. . (6) 

I. GonveTsion FomvUflcB . — Corresponding with the trigonometri- 
cal formulas there are a great number of relations among the 
hyperbolic functions, such as (5) above, also 

cosh 2a? = 1 + 2 sinh^a? = 2 cosh^a; + 1. . (7) 

sinh a? — sinh y =* 2 cosh J(a? + y) . sinh |r(aj — y\ . (8) 

and so on. These have been summarized in the Appendix, ** Col- 
lection of Beference Eormulss **. 

II. Gra^hio representation of hyperbolic functions , — We have 

seen that the trigonometrical sine, 
cosine, etc., are periodic functions. 
The hyperbolic functions are ex- 
ponential, not periodic. This will 
be evident if the student plots 
the six hyperbolic functions on 
squared paper, using the nu- 
merical values of a? and y given 
in Tables IV. and V. I have 
done this for y =* cosh a?, and 

y = secha? in Fig. 139. The 
grapJi of y » cosh a?, is known in statics as the “ catenary 

III. Differentiation of the hyperbolic functions. — ^It is easy to 
see that 

d(sinha?) 

da? **. da “ i (e* + «■”*) «= cosh a?. 

We ootdd get the same result by treating sinh u exactly as wo 
treated sin® on page 48, using the reference formulae of page 611. 
For the inverse hyperbolic functions, let 

y = sinh -la?; dasf&y ^ ooshy. 

From (6) above, it follows that 

ooshy aat N/sinh^y + 1 ; coshy = -I- 1 ; 

and, from the original function, it follows that 

^ . 1 



Eiq. 139. — Graplas of cosh, a? and 
seoh X. 
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IV. Integration of the hyperbolic functions . — A standard col- 
lection of results of the differentiation and integration of hyperbolic 
functions, is set forth in the following table ; — 

TABHiBs III. — Standard iNTaaRADS. 


Function. 


Differential Calculus. 


Integral Calculus. 


y = sinb oa. 
y 8= cosh a;. 
y = tanh x. 
y as coth X. 
y as seoh x. 
y aa cosech x. 
y a= sinh - ^x. 

y aa cosh ~ 'x. 


^ = coshx. 


^ aa Sinhx. 


^ =a sech®x. 

^ ss — cosech^. 

dy sinh x 

lx ~~ oosh'-^ X* 

df! cosh X 

~~ sinh-* X* 

dx “ ^^/a;2 + 1 * 
dy 1 


y cosh X dx 
J sinh X dx 
Jseoh^x dx 
J ooseoh^x < 

J cosh- X 
r ooshx ^ 

J sinh® X 

/• dx 
J /s/x*'* + 1 


sinh X. 


sinh X cZx as cosh x. 


a: tanhx. 


cosech^xdxa: — cothx . 




y a= coth — ^x. 
y aas sech ~ ^x. 

y sa: coseoh ~ *x. 


X® — 1 


, x>l. 


X Ay/ X'-'-hl 


/• sinhx 
J cosh“ X 

<fa 

J Sinh® X 

/• dx 

J /s/x® + 1 

/ dx 

Xs/x® — 1 

/ dx 

f dx 
j X® - 1 
f dx 

Jxjx - a?® 

<2x 

a^x® + 1 


a= -* seoh X. . 


das = — cosech x. 


as sinh ~ ^x. . 


as cosh - *x. . 


tanh “ ^x. . 


coth “ ^x. . 


sechx. . 


as — cosech X. 


Exampdrs. — W hen integrating algebraic expressions involving the square 
root of a quadratic, hyperbolic functions may frequently be substituted in 
place of the independent variable. Such equations are very common in 
electro technics. It is convenient to remember that xasatanht*, or x=tanh^4 
may be put in place of a® - x®, or 1 - x® ; similar ly, x *= a cosh u may be tried 

in, place of fJ x® — tt® ; x = n smh for n/x® + ft®. ^ ^ 

(1) Evaluate J n/x® -l- ft® . dx. Substitute x = ft sinh w for n/x® + ft®, dx= 
ft cosh u . du. From (6). above ; and ( 22 ) and ( 24 ), page 613 , 

f »s/x® + ft® . dx = J As/ft®(l + sinh®^t) . ft cosh . dw = ft®Jcosh®M . d«i 
ss Jo®j(cosh2t* + 1) , <£■« ; 

ss Jft®sinh2z* + ^aHt = Jft sinhw . ft cosht* + ift*«*. 

= + "*) + 4®* s inh — % /ft. 

And since we are given sinh — = log( y + ^/^'^ + o n pO'gQ (®^)* 

/• a , x j a® + x® j_ + n/x® + ft^ ^ c. 

.*. / n/x® + ft®. dx= 2 ^ ^ ft 
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(2) Now tiy and show that J — a® . daa furnishes the result 

— a® — ^^log (a? + — a^ja + O, when treated in a similar manner 

bj substituting a; = a cosh u. 

(3) Find the area of the segment OJPA (Fig. 138) of the rectangular 
hyperbola as® — ^ * 1. Put x = oosh u\ y ss sinhu. From (6), 

Area AJPM y .dx J** sinh®it . du = J y* (cosh 2u — 1) . du. 

Area APMsss^ sinh 2u — .*. Area OP A *= J Area PAf . OM — Area APM = Jti. 

Note the area of the circular sector OPA (same figure) = ^6, where 9 is the 
angle AOP". 

(4) Rectify the catenary curve y=^e cosh xJg measured from its lowest point 
Ansr. Zsscsinh (x/c). Note Z=0 when ®==0, .*. C = 0. Hint. (26), page 618. 

(5) Rectify the curve y"^ ^ 4aa; (see Fx. (1), page 246). The expression 
ij{l'ir<^lx)dx has to be integrated. Hint. Substitute x^a sinh®t«. 2aJcoBh.Hc.du 
remains. Ansr. — aj(l + cosh 2««)d‘t^, or a{u + ^ sinh 2 m). At vertex, where 
X 0, sinhM ssO, C = 0. Show that the portion bounded by an ordinate 
passing through Ihe focus has I = 2*296a. Hint. Diagrams are a great help 
in fixing limits. Note x — a, sinhM = 1, cosh u ~ n/ 2, from (5). From 

(31), page 613, sinh - ^1 = m *= log(l + n/ 2). From (20), page 613, sinh 2u «■ 
2 sinh u . cosh u. 

Z = o 4* i sinh =a{u + sinh u . cosh m) = a Q log(l + n/2) + n/ 2j. 

Use Table of Natural Xiogarithms, Appendix II. Ansr. 2'296a. 

(6) Show that y = A cosh man + JB sinh mx, satisfies the equation of 
d^yjdx^ — m®y, where m, A and B are undetermined constants. Hint. Dif- 
ferentiate twice, etc. Note the resemblance of this result with y — A cos n.x + 
B sin «aj, which furnishes ^yfdx^ = — when treated in the same way. 

(7) In studying the rate of formation of carbon monoxide in gas producers, 
J. F. Clement and O. N. Haskins (1909), obtained the equation 

with the initial condition that x = 0 when t » O. Integrating, and 

log = 2at. 

0-x 

Solving for x, we get 

V. Numerical Values of hyperbolic functions . — Table IV. 
(pages 616, 617, and 618) contains numerical values of the hyper- 
bolic sines and cosines for values of x from 0 to 6, at intervals of 
0*01. They have been checked by comparison with T>es Ingenieurs 
Taschenhuchf edited by the BCiitte Academy, Berlin, 1877. The 
tables are used exactly like ordinary logarithm tables. Numerical 
values of the other functions can be easily deduced from those of 
sinh a; and cosh a? by the aid of equations (4). 
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ExampIiB. — T he equation I x{e*f^ — a-*/®*), represents the relation be- 
tween the length 2 of the string hanging from, two points at a distance s apart 
when the horizontal tension of the string is equal to a length x of the string. 
Show that the equation may be written in the form Xlu - 10 sinhu -a o b j 
writing u = lOJx and solved by the aid of Table IV., page 616. Q-iven 2 = 22, 
s S8 20. a; » 13*16. Hint. Substitute s a 20, 2 cm 22, =» lOJx, and we get 

22tt — 10(e“ — «■*“) =0; .*. llu — 10 x - e-**) sa 0; etc. u is found by 
the method described in a later chapter ; the result is u « 0*76. But 
a; aa lOJu, etc. 

VL Demoivre* s theorem . — We have seen that 

ooso; =» -i- tsina; « 

as cos a? -1- tsina?; and e"** =a cos a? - t sin a?. 

If we STibstitute nx for a?, where n is any real quantity, positive or 
negative, integral or fractional, 

008 wa? + e “ t sin ?M?a» 

By addition and subtraction and a comparison with the preceding 
expressions ; we get 

coswa? -H tsinwa? =» aa (cos a? + tsina?)" 
cosTta; — tsinna? css e-tn* sa, (cosa? — tsina?)” 

which is known as Demoivpe’s theorem. The theorem is useful 
when we want to express an imaginary exponential in the form of 
a trigonometrical series, in certain integrations, and in solving 
certain equations. 

ExAiupiiBS. — (1) V erify the following result and compare it with Demoivre's 
theorem : (cos a; -f t sin a?)* « (oos%b — sin^) + 2i sin x . cos x s* cos 2a? + i sin 2a?. 
(2) Show e«- + iP sss =* e^(cos/B + tsinjS). 

(8) Show j'e«*(oo8 px + i sin fix)dx « ea»(oos j6a? + csini3a?)/(a + i/3) » 

+ i sin j3a?) (a ~ tfi) . 

_ jSa? •+• 8 Binfix) + »( - jS cos jSa? + a sin /3a?) ^ 

“■« + 

by separating the real and imaginary parts. 

For a fuller discussion on the properties and uses of hyperbolic 
functions, consult G. ChrystaFs Algebra^ Part ii., London, 1890; 

and A. G. Greenhill’s A Chapter in the Integral OalculuSf London, 

1888. 




CHAPTBE VI. 


HOW TO SOLVE NUMEBIOAL EQUATIONS. 

“The object of all arithmetical operations is to save direct enumeration. 
Having done a sum once, “we seek to preserve the answer for 
future use ; so too the purpose of algebra, which, by substituting 
relations for values, symbolizes and definitely fixes all numerical 
operations which follow the same rule.” — E. Mach. 

§ 113. Some General Properties of the Roots of Equations. 

This mathematical processes culminating in the integral calculus 
furnish us with a relation between the quantities under investiga- 
tion. For example, in g 20, we found a relation between the 
temperature of a body and the time the body has been cooling. 
This relation was represented symbolically : 0 ~ where a and 

b are constants. I have also shown how to find values for the 
constants which invariably affect formulae representing natural 
phenomena. It now remains to compute one variable when the 
numerical values of the other variable and of the constants are 
known. Given b, a, and 0 to find t, or given b, a, and t to find 
The operation of finding the numerical value of the unknown 
quantity is called solving the equation. The object of solving 
an equation is to find what value or values of the unknown will 
satisfy the equation, or will make one side of the equation equal 
to the other. Such values of the unknown are called roots, or 
solutions of the equation. 

The reader must distinguish between identioal equations like 

(a? + 1)2 =* a;2 + 2® + 1, 

which are true for all values of a;, and conditional equations like 

aj + l«8; i»2 + 2aj + l = 0, 

which are only true when a? has some particular value or values, 
in the former case, when a; « 7, and in the latter when a? — - 1. 

852 
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An equation like 

-j- 205 + 2 « 0, 

has no real roots because no real values of x -will satisfy the equa- 
tion. By solving as if the equation had real roots, the imaginary 
again forces itself on our attention. The imaginary roots of this 
equation are — 1 ± n/ i- 1, or — 1 ± t. Imaginary roots in an 
equation -with real coefficients occur in pairs. if a + yS >/ — 1 

is one root of the equation, a — >/ — 1 is another. 

The general equation of the ntli degree is 

05** + 005* ” ^ + 2>fl5** ~2 + ... + ga5 + jB=»0. • (1) 

The term JR is called the absolute term. 11 n 2, the equation is 
a quadratiOi 05^ + ao5 + i2>->0; ifn»>3, the equation is said to be 
a cubic ; if n « 4 , a biqtiadratic, etc. If 05 ** has any coefficient, we 
can divide through by this quantity, and so reduce the equation to 
the above form. When the coefficients o, 5, . . ., instead of being 
literal, are real numbers, the given relation is said to be a nmnei*- 
ical equation. Every equation of the nth degree has n equal or 
unequal roots and no more — Gauss* law. fl5* + 05* + fl5 4*l»“0, 

has five roots and no more. 

General methods for the solution of algebraic equations of the 
first, second and third degree are treated in regular algebraic text- 
books ; it is, therefore, unnecessary to give more than a brief 
r&sum& of their most salient features. We nearly always resort to 
the approximation methods for finding the roots of the numerical 
equations found in practical calculations. 

After suitable reduction, every quadratic may be written in the 
form : 

b c 

acc^ 4- bx 4- o 0 ; or, 4- —a/ 4- 0. . (2) 

a a 


If a and yS represent the roots of this equation, x must be equal to 

a or yS, where 

— & + s/ft* — iao . , „ -6 - Vs* — iae 

25 : SS 


The sum and product of the roots in (3) are therefore so related 
that a 4- y3 “ — 6/a ; aj3 — of a. Hence - (a 4- ^)a5 4- = 0 ; 

or, a 5 * - (sum of roots) x 4- product of roots — 0 ; (4:) if one of the 
roots is known, the other can be deduced directly. Erom the 
second of equations (2), and (4) wo see that the sum of the roots 
is equal to the coefficient of the second term with its sign changed, 

Z 
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the product of the roots is equal to the absolute term. If a is a 
root of the given equation, the equation can be divided by a? ~ a 
'mthout remainder. If /3, y, are roots of the equation, the 
equation can be divided by (® — /S) (a? — y) . . . without remainder. 
Erom Gauss' law, therefore, (2) may be written 

(a! - a) (jj - ) 8 ) = 0 . . . . ( 6 ) 

Erom (3), and (4), we can deduce many important particulars re- 
peotiug the nature of the roots ^ of the quadratic. These are : 


Bar.A>i?ioH8 BMawasiar thk OorwiozBErrs or Equ^tioxts and thbib Roots. 


Relation between the Coefficients. 

The Nature of the Boots. 

/positive, ... 

zero, .... 
0 * — 4ac is . negative, 

perfect square, 

Vnot a perfect square, . 
<», o, c, have the same sign, 
a, b, differ in sign from c, , 

a, c, differ in sign from 6, . 

« 0 , 

^ ^ Of . . , , , , 

c = 0 , 

c = 0, 6 = 0 , • . , , , 

real and unequal. . , ( 6 ) 

real and equh,!. ... (7) 

imaginary and unequal. . ( 8 ) 

retional and unequal. . . ( 9 ) 

irrational and unequal. • ( 10 ) 

negative ( 11 ) 

opposite sign. . . . ( 12 ) 

positive ( 13 ) 

one root infinite. . . . (14) 

equal and opposite in sign. . (15) 

one root zero. . . . (16) 

both roots zero. . . , ( 17 ) 


On account of the important Tdle played by the expression 
6^ — 4<xc, ,in fixing the character of the roots, “h® — 4ac," is 
called the disoriminant of the equation. 


Rxampudb. ( 1 ) Xn tlis familiair equation of Onldberg and ^V^aago 

S!{ct — x) (t — sb) = (c 4* *) (d 4- ®) 
found in most text-books of theoretical chemistry, show that 

nt — ■^(<t 4- b) 4- d 4- c j_ ^ / r -2’(a 4-6)4-d+c'^“ cd + Kah 
2(K - 1 ) - 2{K - 1) J ' IfrT" * 

Hint. Expand the given equation ; rearrange terms in descending powers of 
®; and substitute in the above equations (2) and (S). 

(2) If u* — 616’17u 4- 1852’6 = 0, find v. This equation arises in Ex. ( 4 ), 
page 362. On reference to equations ( 2 ) and (3), a ~ 1 ;b= - 516*17 ; c *= 1852*6. 
Hence show that v = ^(616*17 ± 608*94). 

(3) The thermal value, g, of the reaction between hydrogen and carbon 
dioxide is represented by g = - 10232 4 - 0*1686T + O OOIOIT^, where JT denotes 
the absolute temperature. Show T^SIOO® when g= 0 . Hint. You will have to 
reject the negative root. To assist the calculation, note (0* 1686)*^ = 0*02839; 
4 X 10232 X 0*00101 = 41*33728; -s/4i*86567 = 6*432. 


1 In the table, the words “equal” and “unequal” refer to the numerical 
vidues of the roots. 
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§ Hi. Graphic Methods for the Approximate Solution of 

Numerical Equations. 


In practical work, it is generally most convenient to get ap- 
proximate values for the real roots of equations of higher degree 
than the second. Cardan’s general method — ^found in the regular 
text-books — ^for equations of the third degree, is generally so un- 
wieldy as to be almost useless. Trigonometrical methods are 
better. Eor the numerical equations pertaining to practical work, 
one of the most instructive methods for locating the real roots, is 
to trace the graph of the given function. Every point of inter- 
section of the curve with the a;-axis, represents a root of the 
equation. The location of the roots of the equation thus reduces 
itself to the determination of the points of intersection of the graph 
of the equation with the ir-axis. The accuracy of the graphic method 
depends on the scale of the diagram and the skill of the draughts- 
man. The larger the ** scale ” the more accurate the results. 



EixAMPUffis. — (1) Find the root of the equation as + 2 =* 0. At sight, of 
course, ■we know that the root is — 2. But plot the. curve y =* a: + 2, for 
values of y when — 3, — 2, — 1, 0, 1, 2, 8, are suc- 
cessively assigned to fic. The curve (Fig. 140) outs 
the sB-axis when as ■= — 2. Hence, os = — 2, is a root 
of the equation. 

(2) Locate the roots of a:* — 8<c -t- 9 « 0. Pro- 
ceed ae before by assigning successive values to c. 

Roots occur between 6 and 7 and 1 and 2. 

(3) Show that or* - 6®** + llx - 6 — 0 has roots 
in the neighbourhood of 1, 2, and 3. 

(4) Show, by plotting, that an equation of an odd degree with real co- 
efdcients, has either one or an odd number of real roots. For large values of 
x, the graph must lie on the posi'tive side of the x-axis, and on the opposite 
side for large negative values of x. Therefore the gpraph must out the x-axis 
at least once ; if twice, then it must cut the axis 
a third time, etc. 

(6) Prove by plotting if the results obtained 
by substituting two numbers are of opposite signs, 
at least one root lies between the numbers sub- 
stituted. 

(6) Solve ac^ + X — 2 «= O. Here — x+2. 

Put y =s ac® and y «■ — x + 2. Plot the graph of each 
of these equations, using a Table of Cubes, 

The absoissa of the point of intersection of 
these two curves is one root of the given equa- 
tion. x^OM (Pig. 141) is the root required. 

2 * 
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(8) Plot as® — 2as + 1 = O. 

ly 


(7) Show, by plotting, that an equation o£ an even degree with real 
coefficients, has either 2, 4, . • • or an even number of roots, or else no real 
roots at all. 

The curve touches but does not out the aj-axis. 
This means that the point of contact of 
the ousrve with the fl;-a.xis, corresponds to 
two points infinitely close together. That 
is to say, that there are at least two equal 
roots. 

(9) Solve ffa+ya-sl ; »« - 4® = y* - 3y. 
Plot the two curves as shown in Pig. 
142 hence as = OM or OM' are the roots re- 
quired. 

The graphic method can also bo em- 
ployed for transcendental equations. 

(10) If as + cos as = 0, we may locate 
the roots by fiTitli'ng the point of inter- 
section of the two curves y a* — as and 
]/ ax cos as. 

aa and y — as. Table IV., page 616, 





Pio. 142. 


(11) If 
for e*. 


* + «*=» 0, plot y 


In his Die Thermodynaniih in der Ghemie (Ijeipzig, 61, 1893), 
J. J. van Laar tabulates the values of h oaloulated from the express 
sion 


log 





- 2 


1-82 
- V 


for corresponding values of and Here is part of the 

table : 




h. 

7764 

1-0169 

0-804 

1688 

1-0482 

0-776 

196-6 

1-1268 

0-700 


Operations like this are very tedious. There are no general 
methods for solving equations containing logarithms, sines, 
cosines, etc. There is nothing for it but to educe the required 
value by successive approximations. Thus, substitute for -Vg and 
so as to get 

log (196-5 - 6) - log (1-1268 - 6) - 2 = 


196-5 - b' 


( 1 ) 
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Now set up the following table containing values of b computed 
on the right and on the left sides of equation (1) : — 


b. 

Kight Side. 

Left Side. 

1-0 

14*6 

6*3 

0*8 

6*6 

4*1 

0-6 

8*4 

8*9 

0*4 

2*6 

3*6 


In the first pair, b is greater on the right side than on the left ; 
in the second pair, b is greater on the left side than on the right. 
Hence, we see that the desired value of b lies between 0*8 and 0*6. 
Having thus located the root, further progress depends upon the 
patience of the computer. Closer approximations are got by pro- 
ceeding in the same way for values of ■u- between 0*8 and 0*6. By 
plotting the assigned values of b, as ordinates, with the computed 
values on the right and left sides of (1), as abscissae, it is possible 
to abbreviate the work very considerably. Very often the physical 
conditions of the problem furnish us with an approximate idea of 
the magnitude of the desired root. 

BxampxiBis. — ( 1) M. Planck {Wied. Ann., 40, 661, 1890) in his study of the 
potential diSerenoe between two dilute solutions of binary electrolytes, de- 
veloped the equation 

xTJ^ - Ui _ log ft - log a; xOfx - Or 
Fa - sbFi ” log -I- log 05 * O 3 - xG{ 

3 y plotting x as abscissa and y sts ordinate in the two equations 

xUa - C7i . _ log A; - log 05 xC, - 

^ “ Fa - scFi ’ log & + log 05 * O 3 - 

the point of intersection of the two curves will be found to give the desired 
value of 05 . In one experiment the constants assumed the following values 
UV = 6-2 ; Ua = 272 ; Fj = 6*4 ; F* = 64 ; = 0*1 ; C* = 10. It is required 

to find the corresponding value of x. The alternative method just described 
furnishes x — 0-1189. 

(2) W. Heoht, M. Conrad and O. Bruckner {Zeit.phys. Ohem., 4,273,1889) 
In their study of ** afi&uity constants ** solved the equations 

OK 25 25 1 26 

0*3637 - log - log ^ ; 0-8537 = log go - y ~ 25 - y’ 

** with, an accuracy up to 0*01 of the units employed Ansrs. x »= 36 78, 
y « 8-217. 
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§ 115. Hewton’s Method for the Approximate Solution of 

Numerical Equations. 

According to the above method, the equation 

f{x) = 2 ^ iB* - 7® + 7, . . . (1) 

has a root lying somewhere between — 3 and — 4. We can heep 
on assigning intermediate values to x until we get as near to the 
exact value of the root as our patience will allow. Thus, M x ^ — 8, 
y — +l, ific»- — 3*2, y ■» — 3*3. The desired root thus lies some- 
where between — 3 and — 3*2. Assume that the actual value of 
the root is —3*1. To get a close approximation to the root by 
plotting Is a somewhat laborious operation. Newton’s method 
based on Taylor’s theorem, allows the process to be shortened. 

Liet a be the desired root, then 

/(a) =. a» - 7a + 7. . . . (2) 

As a first approximation, assume that a — 3*1 + h, is the required 

root. Erom (1), by difierentiation, 

0.4 7. ^ fU-- ^ R CO-k 

^-8**- 7. ^ -6®, j^-6. . . (3) 

All suodeeding derivatives are zero. Hy Taylor’s theorem 

/(® + fc) - y + + 2j » ^ ^ 

Put V » - 3-1 and a ^ v + h. 


dx^ 3 1 ’ da^' 


/(“) =/(^ + -/(v) + + 21 * dx^ ^ 31 * da^' 


m + 


( 4 ) 


Neglecting the higher powers of in the first approximation, 

d/o ^ _ /(v) 

O; or, A =■ — 

where f'(v) = dvjdx. The value of f(v) is found by substituting 
— 3*1, in (2), and the value of f\v) by substituting — 3*1, in the 
first of equations (3), thus, from (4), 

" f{v) 21*83 

Hence the first approximation to the root is — 3*05. 

As a second approximation, assume that 


As before. 


Jiy I 


/(^i) ^ 

“ /K) " + 


— 3*05 + Aj “ 
0022625 


20*9081 


Vi + A,. 


+ 0*001082. 
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The seoond approximation, therefore, is — 3*048918. We can, in 
this way, obtain third and higher degrees of approximation. The 
first approximation usually gives all that is required for practical 
work. 


ExA.MFiiSS. — (1) In the same way show that the first approximation to 
one of the roots of a:* — — 2a; + 4>«0, is 4*2491 ... and the seoond 

a » 4*2491405.... 

(2) If ^ ^ _ 50 . 0 . ^ ^ 2*9022884. . . . 

( 8 ) The method can sometimes be advantageously varied as follows. 
Solve 

( 0*795 V 

i-r;} “ 0-898 (B) 

Put « BB 1 , and the left side becomes 0*8975 — a number very nearly 0*898. If« 
therefore, we put 1 + a for a;, a will be a very small magnitude. 


By Maclauzin’s theorem, 


/ 0*795 y + « 

V2 + aj 


/(«). 


( 6 ) 


/(«) = /(O) + «/'(0) + remaining terms. • • (7) 

As a first approximation, omit the remaining terms since they include higher 
powers of a small quantity a. If /(O) » 0*8975, by differentiation of the left 
side of ( 6 ), f{0) » - 0-5655. Hence, 

/(«) . 0*3975 - 0*56550. 

But by hypothesis, /(a) <» 0*398, 

.*. 0*398 =» 0*8976 - 0*6666o; or, o =» - 0*0008842. 


Since, a? = 1 + o, it follows that x =» 0*9991158. By substituting this value of 
X in tlie left side of (5), the expression reduces to 0*39801 which is sufficiently 
close to 0*398 for all practical requirements. But, if not, a more exact result 
will be furnished by treating 0*9991158 + p — « exactly as we have done 
1 + o = 5 = as. 


§ 116. How to Separate Equal Roots from an Equation. 

This is a preliminary operation to the determination of the 
roots by a process, perl^ps simpler than the above. From (6), 
page 354, we see that if a, jSt yt •• • are the roots of an equation 
of the Tith degree, 

xT + aar-^ + + 50 ? + R — 0, 

becomes 

(05 — a) (fl? — / 8 ) . . . (as — 17 ) =* 0 . 

If two of the roots are equal, two factors, say 0 ? — a and x — P, 
will be identical and the equation will be divisible by (a? - a)® ; if 
there are three equal roots, the equation will be divisible by (x — 
etc. If there are n equal roots, the equation will contain a factor 



360 


HIGHEB MATHEMATICS. 


§ iir. 


(a? — a)**, and the first derivative will contain a factor n{x — 
or aj — a will occur n — 1 times. The higl^est common factor of 
the original equation and its first derivative must, therefore, contain 
a; — a, repeated once less than in the original equation. If there 
is no common fiiotor, there are no equal roots. 

ExamfIiBS. — (1) cb’ - 6a^ - So: + 48 0 has a first derivative — 10a; — 8. 

IDhe oommon factor is a; >< 4. This shows that the equation has two roots 
equal to a; = 4. 

(2) 4 * — 3d;^ » 55a: + 50 O has two roots eaoh equal to a; — 5. 

§ 117. Storm’s Method of Locating the Real and Unequal 

Roots of a Numerioal Equation. 

Newton's method of approximation does not give satisfactory 
results when the two roots have nearly eqiial values. Ror instance, 
the curve 

y — oj® - 7x + 7 

has two nearly equal roots between 1 and 2, which do not appear 
if we draw the graph for the corresponding values of x and y, viz,: 

X ^ 0, 1, 2, 3, . . . ; 

y “ 7, 1, 1, 13, ... 

The problem of separating the real roots of a numerical equa- 
tion is, however, completely solved by what is known as Sturm's 
theorem. It is clear that if x assumes every possible value in 
succession from + oo to - oo, every change of sign will indicate 
the proximity of a real root. The total number of roots is known 
from the degree of the equation, therefore the number of Imaginary 
roots can be determined by difference. 

Number of real roots + Number of imaginary roots « Total number of roots. 

Sturm's theorem enables these changes of sign to be readily 
detected. The process is as follows : — 

First remove the real equal roots, as indicated in the preceding 
section, let 

y — X* - 7x + 7, . . . (1) 

remain. Find the first differential ooeficlent, 

y - 3x2 - 7 (2) 

Divide the primitive (1) by the first derivative (2), thus, 

x® - 7® + 7 
~ 7 ’ 

and we get with the remainder - i(14x — 21). Change the 
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sign of the reniaiiider and multiply by -f-, the result 

R =« — 3, . . . , ^3) 

is now to be divided into (2). Change the sign of the remainder 
and we obtain, 

-B - 1 (4) 

The right-hand sides of equations (1), (2), (3), (4), 

- 7» + 7; 3®* - 7; 2a? - 3; 1, 
are known as Sturm’s functions. 

Substitute — oo for (c in (1), tiie sign is negative ; - 
»» M (2), „ positive ; 

» $9 (3), „ negative ; 

»> ff (4), „ positive. 

Note that the last result is independent of a?. The changes of 
sign may, therefore, be written 

In the same way, 


Value of z. 

Corresponding Signs 
of Sturm’s Functions. 

Number of Changes 
of Sign. 

— OO 

— + — + 

3 

- 4 

- + - + 

8 

- 3 

+ + - + 

2 

- 2 

+ + ~ + 

1 2 

- 1 

+ + 

2 


+ + 

2 

+ 1 

+ + 

2 

+ 2 

+ + + + 

0 

+ <X» 

+ + + + 

0 


There is, therefore, no change of sign caused by the substitution 
of any value of a? less than - 4, or greater than + 2 ; on passing 
from — 4 to - 3, there is one change of sign ; on passing from 
1 to 2, there are two changes of sign. The equation has, there- 
fore, one real root between - 4 and — 3, and two between 1 and 2. 

It now remains to determine a sufficient number of digits, to 
distinguish between the two roots lying between 1 and 2. First 
reduce the value of a? in the given equation by 1, This is done by 
substituting 1 in place of a?, and then Sturm’s functions 

for the resulting equation. These are, 

+ 1 ; 3t«^ + 6tt - 4 ; 2« - 1 ; 1. 
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Value of X. 

Corresponding Signs 
of Storm’s Functions. 

Number of Changes 
of Sign. 

1-1 

+ h 

2 

1-2 

+ + 

2 

1-3 

+ - - + 

2 

1*4 

+ 

1 

1*6 

+ + 

1 

1*6 

- + + + 

1 

1*7 

+ + + + 

0 


The second digits of the roots between 1 and 2 are, therefore, 
3 and 6, and three real roots of the given equation are approxl< 
mately - 3, 1*3, 1*6. 

ExamfiiBS. — liocate the roots in the following equations : 

(1) a®— 8aj^ — 4fl5+18. Ansx. Between —3 and —2; 2 and 2*6; 2*5 and 8 

(2) sc* — — 6a? + 8. Ansr. Between 0 and 1 ; 6 and 6 ; — 1 and — 2. 

(8) 0 ?^ + 0 ?® - a:® — 2a? + 4. We have five Sturm’s functions for this equa* 

tion. OaJl the original equation (1), the first derivative, 4a:®+3a;® — 2x — 2, (2) ; 
divide (1) by (2) and a?® + 2a? — 6 (3) remains ; divide (2) by (3) and — a? + 1 (4) 
remains ; divide (3) by (4) and change the sign of the result for + 1 (6). Now 
let 0 ? » + 00 and — oo, we get 

4* + H H (2 vaziatioxus of sign) ; + — + + + (2 variations). 

This means that there are no real roots. All the roots are imaginary. 

(4) Oalcalate the volume, «, of one gram of carbon dioxide at 0** O. and 
one megadyne pressure per sq. om., given van der Waals* equacion 

( 1862-6\ 

p + -J (« - 0-9666) » l*8824r. 

O^C. 273*7'’!r; p >■ 1. Expand the equation and arrange terms in descend- 
ing powers of v. Substitute the numerical values of the constants and reduce 
to 

t>» - 616-17f>* + 1862*60 - 1772*0 =« 0. 

The only admissible root of this cubic is 612*5. The labour of solving this 
equation can sometimes be reduced by neglecting a/v* when it is small. 

(5) The equation, a?® — 8ra$® + 4r®p a 0, is obtained in problems referring 
to the depth to which a floating sphere of radius r and density p sinks in 
water. Solve this equation for the case of a wooden ball of unit radius and 
specific gravity 0*65. Hence, afi — 2*6 s 0. The three roots, by Sturm’s 

theorem, are— a negative root, a positive root between 1 and 2, and one over 2. 
The depth of the sphere in the water cannot be greater than its diameter 2. 
A negative root does not represent a physical reality. The two negative roots 
must, therefore, be excluded from the solution. The other root, by Newton’s 
method of approximation, is a « 1*204. . . . 
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In this last example we haye rejected two roots because they 
were inconsistent with the physical conditions 6£ the problem under 
consideration. This is a very common thing to do. Not all the 
solutions to which an equation may lead are solutions of the prob- 
lem. Of course, every solution has some meaning, but this may 
be quite outside the requirements of the problem. A mathematical 
equation often expresses more than Nature allows. In the physical 
world only changes of a certain kind take place. If the velocity 
of a falling body is represented by the expression 64:S, then, 

if we want to calculate the velocity when s is 4, we get *■ 266, 
or, V ■± 16, In other words, the velocity is either positive or 
negative. We must therefore limit the generality of the mathe- 
matical statement by rejecting those changes which are physically 
inadmissible. Thus we may have to reject imaginary roots when 
the problem requires real numbers; and negative or fractional 
roots, when the problem requires positive or whole numbers. 
Sometimes, indeed, none of the solutions will satisfy the condi*' 
tions imposed by the problem, in this case the problem is inde- 
terminate, The restrictions which may be imposed by the 
application of mathematical equations to specific problems, intro- 
duces us to the idea of limiting conditions, which is of great 
importance in higher mathematics. The ultimate test of every 
solution is that it shall satisfy the equation when substituted in 
place of the variable. If not it is no solution. 

BxAMpnasa. — (1) A is 40 years, B 20 years old. In how many years will 
4 be throe times as old as JB ? Let x denote the required number of years. 

40 + « =* 3(20 + a;J ; or a? «*• — 10. 

But the problem requires a positive number. The answer, therefore, is that 
4 will never be three times as old as B, (The negative sign means that A 

three times as old as JB, 10 years ago.) 

(2) A number x is squared ; subtract 7 ; extract the square root of the 
result ; add twice the number, 6 remains. What was the number x 7 

Solve in the usual way, namely, square 5 — 2a; '*«/»*“ 7 ; rearrange terms 
and use (2), § 113. Hence a; — 4 or |. On trial both solutions, a; 4 and 
a; = 2|, fail to satisfy the test. These extrcmeotis solutions have been intro- 
duced during rationalization (by squaring). 

§ 118. Horner’s Method for Approximating to the Real 
Roots of Numerical Equations. 

When the first significant digit or digits of a root have been 
obtained, by, say, Sturm’s theorem, so that one root may be 
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distinguished from all the other roots nearly equal to it, Homer’s 
method is one of the simplest and best ways of carrying the 
approximation as far as may be necessary. So far as practical 
requirements are concerned, Homer’s process is perfection. The 
arithmetical meihods for the extraction of square and cube roots 
are special cases of Homer’s method, because to extract 4^9, or 
4^9, is equivalent to finding the roots of the equation — 9 0, 

or ic* - 9 — 0. 

** Considering the remarkable elegance, generality, and simplicity of the 
method, it is not a little surprising that it has not taken a more prominent place 
in current mathematical text-books. Although it has been well expounded 
by several English writers, ... it has scarcely as yet found a place in English 
curricula. Out of five standard Continental text-books where one would have 
expected to fmd it we found it mentioned in only one, and there it was ex- 
pounded in a way which showed little insight into its true character. This 
probably arises from the mistaken notion that there is in the method some 
algebraic profundity. As a matter of fact, its spirit is purely arithmetical ; 
and its beauty, which can only be appreciated after one has used it in 
particular cases, is of that indescribably simple Mnd which distinguishes 
the use of position in the decimal notation and the arrangement of the simple 
rules of arithmetic. It is, in short, one of those things whose invention was 
the creation of a commonplace.’* — G. Ohiystal, Te«t-book of Algebra (London, 
846, 1898). 

lu outline, the method is as follows : Fiud by means of Sturm’s 
theorem, or otherwise, the integral part of a root, and transform 
the equation into another whose roots are less than those of the 
original equation by the number so found. Suppose we start 
with the equation 

- 70? + 7 = 0, . . . . (1) 

which has one real root whose first significant figures we have 

found to be 1*3. Transform the equation into another whose 
roots are less by 1*3 than the roots of (1). This is done by 
substituting + 1*3 for a?. In this way we obtain, 

u + 3*90^2 — l*93w® + *097 -=» 0. . • (2) 

The first significant figure of the root of this equation is 0*05. Iliower 
the roots of (2) by the substitution of t? + 0*05 for u in (2). Thus, 

+ 4*05t?2 - 1-6325V + *010375 = 0. . . (3) 

The next significant figure of the root, deduced from (3), is *006. 
We could have continued in this way until the root had been 
obtained of any desired degree of accuracy. 

Practically, the work is not so tedious as just outlined. Ijet a, b, o, 
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be the coefficients of the given equation, i2 the absolute term, 

aa? + 6a3®+ca5 + jB«-0. 


1. Multiply a by the first significant digits of the root and add 
the product to h. Write the result under h. 

2. Multiply this sum by the first figure of the root, add the 
product to c. Write the result under o. 

3. Multiply this sum by the first figure of the root, add the 
product to jB, and call the result the first dividend. 

4. Again multiply a by the root, add the product to the last 
number under h. 

fi. Multiply this sum by the root and add the product to the 
last number under c, call the result the first trial divisor. 

6. Multiply a by the root once more, and add the product to the 
last number under h. 


7. Divide the first dividend by the first trial divisor, and the 
first significant figure in the quotient vnll be the second significant 
of the root. Thus starting from the old equation (1), whose root 
we know to be about 1. 


ah c 

1 +0 - 7 

1 1 


B (Soot 

+ 7 (1-8 

- 6 


1 — 6 1 First dividend 

1 2 


2 — 4 First trial divisor. 

1 


8 

8. Proceed exactly as before for the second trial divisor, using 
the second digit of the root, viz., *3. 

9. Proceed as before for the second dividend. We finally ob- 
tain the result shown in the next scheme. Note that the black 
figures in the preceding scheme are the coefficients of the second of 


the equations reduced 

on the supposition that x 

— 1*3 is a root of 

the equation. 





a' 

b' 

tf 


(JRoo^ 

1 

8 

> 4 

1 

(1*36 


0-8 

0*99 

- 0*908 



8-8 

- 801 

0*097 Second dividend. 


0*8 

1-08 




8*6 

— 1*93 Second trial divisor. 



0*8 
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Once more repeating the whole operation, we get, 


a'' 

b" 

c" 

R" 

1 

8*9 

- 1*98 

0*097 


0*06 

0*1976 

- 0*086626 


8-95 

0*06 

- 1*7326 
0*2000 

0*010875 Third 


4*00 

0*05 

— 1*5825 Third trial divisor. 


{Root 

( 1*866 


4*0S 

Having found about five or seven decimal places of the root in 
this way, several more may be added by dividing, say the fifth 
trial dividend by the fifth trial divisor. Thus, we pass from 
1*366895, to 1*366895867 .. ..a degree of accuracy more than 
sufQcient for any practical purpose. 

Knowing one root, we can divide out the factor x — 1*3569 from 
equation (1), and solve the remainder like an ordinary quadratic. 

If any root is finite, the dividend becomes zero, as in one of 
the following examples. If the trial divisor gives a result too large 
to be subtracted from the preceding dividend, try a smaller digit. 

To get the other root whose significant digits are 1*6, proceed 
as above, using 6 instead of 3 as the quotient from the first dividend 
and trial divisor. Thus we get 1*692 . , . Several ingenious short 
cuts have been devised for lessening the labour in the application 
of Homer’s method, but nothing much is gained, when the method 
has only to bo used occasionally, beyond increasing the probability 
of error. It is usual to write down the successive steps as indicated 
in the following example. 


ExampijSS. — ( 1) Eind tlxe root between 6 and 7 in 

- 18a* - 31« — 276. 

4 - 18 - 31 _ 275 (5.25 

24 66 210 



fil*4 
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The steps maivk the end of each transformation. The digits in. blaok 
letters sbte the coefOLcients of the successive equations. 

(2) There is a positive root between 4 and 6ina;*Hhfl^4-a; — 100. J^rtar, 
4-2644 . . . 

(3) Eind the positive and negative roots in {B* 4* So:* + 16a w 440. Ansr. 
*+ 8'976 .... — 4*3504. To find the negative roots, proceed as before, but first 
transform the equation into one with an opposite sign by chan ging the sign 
of the absolute term. 

(4) Show that the root between — 3 and — 4, in equation (1), is 
— 8*0489178396 . . . Work from a»l, bsi-O, e>»~7, Ras-7. 

§ 119. Van der Waals’ Eqaation. 

Tbe relations between the roots of equations, disoussed in this 
chapter, are interesting in many ways ; for the sake of illustration, 
let us take the van der Waals* relation between the pressure, p, 
volume, V, and temperature, T, of a gas. 

(p + ^) - &) “ ^3^; W 

This equation of the third degree in v, must have three roots, 
A equal or unequal, real or imaginary. In any case, 

(V - a)(v - fi)(v - y)- 0. . . (3) 

Imaginary roots have no physical meaning ; we may therefore 
oonfiine our attention to the real roots. Of these, we have seen 
that there must be one, and there may be three. This means that 
there may be one or three (different) volumes, corresponding with 
every value of the pressure, p, and temperature, T. There are 
three interesting cases : 

I. There is only one real root present. This implies that there 
is one definite volume, v, corres- 
ponding to every assigned value of 
pressure, p, and temperature, T. 

This is realized in the pu-curve, of 
all gases under certain physical 
conditions ; for instance, the graph 
of carbon dioxide at 91** has only 
one value of p corresponding with 
each value of v. See curve OM, 

Fig. 143. 

II. There are three real tmequal 
roots present. The pw-curve of 
carbon dioxide at temperatures be** 
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low 32®, has a wavy curve BG (Fig. 143). This means that at this 
temperature and a pressure of Op, carbon dioxide ought to have 
three different volumes corresponding respectively with the abscissae 
Oc, Oh, Oa. Only two of these three volumes have yet been 
observed, namely for gaseous OO 2 at a and for liquid GO^ at y, 
the third, corresponding to the point is unknown. The curve 
AyfiaD, has been realized experimentally. The abscissa of the 
point a represents the volume of a given mass of gaseous carbon 
dioxide, the abscissa of the point y represents the volume occupied 
by the same mass of liquid carbon dioxide at the same pressure. 

Under special conditions, parts of the sinuous curve yB^Oa. 
have been realized experimentally. Ay has been carried a little 
below the line ya, and JDa has been extended a little above the line 
ya. This means that a liquid may exist at a pressure less than 
that of its own vapour, and a vapour may exist at a pressure higher 
than the “ vapour pressure ** of its own liquid. 

JZr. There are three real equal roots present. At and above 
the point where a ^8 — y, there can only be one value of v for any 
assigned value of p. This point AT (Fig. 143) is no other than the 
well-known cntioal point of a gas. W^rite p„ T^, for the critical 
pressure, volume, and temperature of a gas. From (2), 

(« - a)3 - 0; or, - a; ... (3) 

let Vg denote the value of v at the ciitioal point when a = v = v^,. 
Therefore, if p^ denotes the pressure corresponding wiih v » 
from (1), and the expansion of (3), 


^ ^ ^ + 3v\v - (4) 

This equation is an identity, therefore, from page 213, 

3u^e -» bp^ -f BT ^ ; 3u*ep, = a ; i^„p„ =• ah, . (5) 

are obtained by equating the coefficients of like powers of the 
unknown v. From the last two of equations (6), 

„ “ ( 6 ) 

From (6) and the second of equations (5), 

i. ^ 

" 27 * 5** 

From (6), (7), and the first of equations (6), 

rwj S a 


( 7 ) 
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From these results, (6), (7), (8), Tan der Waals has calculated the 
values of the constants ft and b for different gases. Let p » fif, 
Y^xIvJmTIl ta(l), (6), (7) and (8), we obtain 

(p + J (3r - 1) . Sr, . . , (9) 

which appears to be van der Waals' equation freed from arMtrary 
constants. This result has led van der Waals to the belief that 
all substances can exist in states or conditions where the oorre* 
spending pressures, volumes and temperatures are equivalent. 
These he calls coffispnUng sto— uebereinstimmende Eustande. 
The deduction has only been verified in the case of ether, sulphur 
dioxide and some of the benzene haEdes. 



CHAPTEE Vn. 


HOW TO SOLVE DIFFERENTIAL EQUATIONS. 

** Theory always tends to beooine more abstract as it emerges success- 
fully from the chaos of facts by processes of differentiation and 
elimination, whereby the essentials and their connections be- 
come recognized, while minor effects are seen to be secondary 
or unessential, and. are ignored temporarily, to be explained by 
additional means.”-— 0. Hbi.yisidb. 

§ 120. The Solution of a Differential Equation by the 

Separation of the Variables. 

This chapter may be looked upon as a sequel to that on the 
integral calculus, but of a more adyanoed character. The 
** methods of integration ** already described will be found ample 
for most physico-chemical processes, but more powerful methods 
are now frequently required. 

I have previously pointed out that in the effort to find the 
relations between phenomena, the attempt is made to prove that 
if a limited number of hypotheses are prevised, the observed facts 
are a necessary consequence of these assumptions. The mod/u>s 
operandi is as follows: — 

1. To ** anticipate Nature " by means of a ** working hypoth- 
esist" which is possibly nothing more than a ** convenient fiction 

**Froxa the practical point of view,” said A. W. Biloker (Presidential 
Address to the B. A. meeting at Glasgow, September, 1901), **it is a matter of 
seoondaiy importance whether our theories and assumptions are correct, if 
only they guide us to results in accord with facts. ... By their aid we can 
foresee the results of combinations of causes which would otherwise elude us.” 

2. Thence to deduce an equation representing the momentary 
rate of change of the two variables under investigation. 

3. Then to integrate the equation so obtained in order to 
reproduce the ^'working hypothesis*’ in a mathematioal form 
suitable for experimental verification. 
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So far as we are concerned this is the ultimate object of our 
integration. By the process of integration we are said to solve 
the equation. For the sake of convenience, any equation contain- 
ing differentials or differential coefficients wiU, after this, be called 
a differential equation. 


j. — Th& vcvriables can be separated directly. 

The different equations hitherto considered have required but 
little preliminary arrangement before integration. For example, 
the equations representing the velocity of chemical reactions have 
the general type : 

% - fc/C®) (1) 

We have invariably collected all the x*s on one side, the t*s, on 
the other, before proceeding to the integration. This separation of 
fcVift variables is nearly always attempted before resorting to other 
artifices for the solution of the differential equation, because the 
integration is then comparatively simple. 


Exampubs. — ( 1) Integrate the equation, y . dx as . dy 
the terms so that 


0. Rearrange 


X y J OB J y 


by multiplying through with X/xy, Ansr. log x •+ log y » G, Two or more 
apparently different answers may mean the same thing. Thus, the solution 
of the preceding equation may also be written, logc^j/ ** logs®'? xy = e®'; 
or log xy = log C * ; i.c., xyrx^C*. O and log O' are, of course, the arbitrary 

constants of integration. 

(2) P. A. H. Sohreinemaker {JZeit, phys. Chem., 36, 413, 1901) in his 
study of the distillation of ternary mixtures, employed the equation dy/dx = 
ay/x. Hence show that y Oa*. He calls the graph of this equation the 

“ distillation curve 

(3) The equation for the rectilinear motion of a particle under the in- 
fluence of an attractive force from a fixed point is v . du/da? + ■■ 0 ; 

« ajx + O. 

(4) In consequence of imperfect insulation, the charge on an electrified 
body is dissipated at a rate proportional to the magnitude JE of the charge. 
Hence show that if o is a constant depending on the nature of the body, and 
Eq represents the magnitude of the charge when t (time) = 0, E *^0® 
Hint, Compound interest law. Integrate by the separation of the vanables. 

Interpret your result in words. 

(5) Solve (1 + x^dy » Jy . dx. Ansr. 2 - tan - »« = C. 

(6) Solve y-x. dyidx = a{y + dyidx). Ansr. y - C(a -l- x) d-*). 

(7) Abegg’s formula for the relation between the dielectric constant, D, of 

AA * 
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a fluid and temperature is — dDfdO = Hence sh.ow that D = Oe TTnr, 

where O is a oonstant whose value is to be determined from the conditions of 
the ei^eriment. Put the answer into words. 

(8) What curves have a slope — yjx to the a;-axls ? Ansr. The rectangular 
hypexbolaa qsy » G. Hint. Set up the proper difierential equation and solve. 

(9) The relation between small changes of pressure and volume of a gas 
wTi^ftT adiabatic conditions, is <ypdn+ndp=0. Hence show that puy— constant. 

(10) A lecturer discussing the physical propejrties of substances at very low 
temperatures, remarked ** it appears that the speoiflo heat, «r, of a substance 
decreases with decreasing temperatures, 9, at a rate proportional to the 
speoiflo heat of t he substance itself”. Set up the diflerential equation to 
represent this “ law ” and put your result in a form suitable for experimental 
v«dfication. Ansr. (logov, — log<r)/^ ** const. 

(11) Helmholtz’s equation for the strength of an electric current, C, at the 
time is C » JEl/B — (L(B)dOldtt where JS representa the electromotive force 
in a circuit of resistance 22 and self-induction L. If 227, 22, L, are constants, 
show that 220 ■■ JZ7(1 — e~-**^^) provided O “ 0, when 1 O. 

(12) The distance x from the axis of a thick cylindrical tube of metal is re- 
lated to the internal pressure p as indicated in the equation {2p^a)d!c+xdip=^0, 
where a is a oonstant. Hence show that p an ^ + Cx — 

(18) A substitution will often enable an equation to be treated by this 
simple method of solution. Solve (x — y^)dx + Stxydy = 0. Ansr. ®e *'*/*“ 
Hint. Put y® » u, divide by jc*, dxfx + d{ylx) — 0, etc. 

(14) Solve Dulong and Petit’s equation : defdt » h{c^ — 1), page 60. Put 

— 1 s« n and diflerentiate for do and dx. Hence dx sa cfi log c . <20, 
do SB dxfcO log c ;* and page 218, Oase 1. 

/a»^ “ /»(« +?) log ••• “ irfri + Os e‘ 0 . 

(16) Solve Stefan’s equation ; dOfdt = a{(273 -h 0)* — 278*), page 60. Put 
a =* 278 + 0 and e aa 278. Hence the given equation can be written dxfdt 
— a(»* - c*) »= a{x + c) (» — e) (a^ + c^) which can be solved by Oase 8, page 

216. Thus, at =a -i- -flos ^ — 2 tan”* — ^ + <?. 

4c* I ® as + c eJ 

(16) Solve dujdr — ufr — Oi/v* - Jar®. Substitute v =» -u/r; .*. rdv/dr a, 
dujdr - ujr. dvjdr =» GJr^ — Jar; ujr = Or, ~ iOJr^ — Jar®. 

(17) According to the Glasgoto Herald the speed of H.M.S. Sapphire was 
V when the engines indicated the horse-power P. When 

P -= 5012, 7281, 10200, 12660 ; 

18*47, 20-60, 22-48, 28-63. 

Do these numbers agree with the law dPfdY ^ where a is oonstant? 
Ansr. Yes. Hint. On integration, remembering that Y — 0 when P = 0, we 
get logi^P — logjgC aa aY, where O is oonstant. Evaluate the constants as 
indicated on page 824, we get G 181, a as 0*07795, etc. 

XT. — The equation is homogeneous vn x and y. 

If the equation be homogeneous in x and y, that is to say, if 
the sum of the exponents of the variables in each term is of the 
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same degree, a preliminary substitution ot x ^ or y ^ tx, ac- 
cording to convenience, will always enable variables to be separated. 
The role for the substitution is to treat the difierential which in- 
volves the smallest number of terms. 


BacA.MPr.iBss. — (1) Solve as + y . dy/da? - 2y 0. Subsiitute y =» «» ; or 
<2y =a xd» + ados, and rearrange terms. We get (1 — 2« a^)dx + xedss 0 ; or 
(1 — z)^daD + xadz « 0 ; and 

/ (1 / It “ *’* ^ - «) + log® = O'. (« - O. 

(2) F. A. H. Sohreinemaker {Zeit.phya. Ohem,, 36, ^13, 1901) in studying 
the vapour pressure of. ternary mixtures used the equation d^z/dos s= myfx •+ n 
Tbis becomes homogeneous when a? ^ is substitute A Hence show that 
Oaj"* — nxf^vn — 1) = y, where O is the integration constant. 


(8) Show that if (y - x)dy +• yda =^ 0; y =■ Oe-*/z» 

(4) Show that if as^dy — y**d» — aydsB =» 0 ; » = e •“ **' 4* O. 

(5) Show that if (as*-^ -f y^)dx = 2xydy ; as® - y* = Cx. 

III. — The equation is non^hoinogeiteoViS in x and y. 

Non-homogeneous equations in x and y can be converted into 
the homogeneous form by a suitable substitution. The most 
general type of a non-homogeneous equation of the first degree is, 

{aao + by +- c)dx + {clx + h’y + *■ 0, • (^) 

where ® and y are of the first degree. To convert this into an 
homogeneous equation, assume that x => v -i- h; and y = w -I- A, 
and substitute in the given equation (2). Thus, we obtain 

{av -hbw-h {ah +bk + c)}dv + {a'v + b'w + ia/h + b'Je + o')}du) = 0. (8) 
Find h and A so that ah + bk +• o — 0 ; a'h + h'k c = 0. 

h'e - bo\ T. ^ ^ ( 4 \ 

••• ^ ^ VA ^ a'b- ah- • * ^ ^ 

Substitute these values of h and k in (8). The resulting equation 

(av -H bw)dv + (a'v b'w)dw — 0, . . (5> 

is homogeneous and, therefore, may be solved as Just indicated. 

BxAMPrjBS. — (1) Solve (Sy — 7» — T)dx + (7y — Sa? — 8)dy » O* 

(y - s® - l)®(y « -h 1)* - C. Hints. From (2), a - - 7, b -8, c - v . 

a' = — 3, ft' = 7, o' = - 3. From (4), fc » - 1, A * 0. Hence, from (8), we 
get Btodv - 7vdv + 7wdw - 3vdw - 0. To solve this homogeneous equation, 
substitute zv — vt, as above, and separate the variables. 

.do . n f^+ fJ^+ ‘’-O. 
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7 log V + 2 log(< - 1) + 61og(i + 1) « O ; or. v'’(t - l)^(t + 1)® =. C. 

But « V +• fc, i; a* « + 1 ; y *» w + &, .*. y s» < =a «>/« = y/(a? + 1), etc. 

(2) BE (2y - (B l)dj/ + {2x - y + l)<fee «*0;a^-ajy + y“ + a?-yasC. 


IV, — Nonrhomogeneous equations in which the constcmts ha/oe the 

special relation ah* =» a*h. 


JI a lb ^ a' : b* ^ li m (say), then h and h are indeterminate, 
sinoe (2) then becomes 

{ax + &y + c)dx + {m{ax + by) + o*)dy = 0. 

The denominators in equations (4) also vanish. In this case put 
9 ^ ax + byt and elimimte thus, we obtain, 


a 


^ 9 ^ c dz 
mz + o’ dx 


( 6 ) 


an equation which allows the variables to be separated. 

TC TTA-vrp r.TBH. — (i) Solve (2£c + 8y — 6)dy + (2aj + Sy — l)dsB = 0. 

Anar, a? + y — 4 log(2a; + Sy + 7) =s O. 

(2) Solve (3y + 2x + 4)4£c — (4® + 6y + b)dy 0, 

Ansx. 9 log{(21y + 14® + 22)}21(2y - ®) = O. 

When the variables cannot be separated in a satisfactory manner, 
special artifices must be adopted. We shall find it the simplest 
plan to adopt the routine method of referring each artifice to the 
particular class of equation which it is best calculated to solve. 
These speciai devices are sometimes far neater and quicker pro- 
cesses of solution than the method just described. We shall follow 
the conventional x and y rather more closely than in the earlier 
part of this work. The reader will know, by this time, that his 
X and y's, his p and i^'s and his s and t's are not to be kept in 
water-tight compartments’*. It is perhaps necessary to make a 
few general remarks on the nomenclature. 


§ 121. What is a Differential Equation? 


We have seen that the straight line, 

y — mx -h b, . . . . (1) 

fulfils two special conditions : (i) It cuts one of the coordinate axes 
at a distance h from the origin ; (ii) It makes an angle tan a » m, 
with the fc-azis. By difierentiation. 




( 2 ) 


This equation has nothing at all to say about the constant b» 
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That oondition has been eliminated. Equation (2), therefore, 
represents a straight line fnlfilling one condition, namely, that 
it makes an angle tan~^m with the a>azis. Now substitute (2) 
in (1), the resulting equation, 

^ ^ • • • • 


in virtue of the constant 6, satisfies only one definite oondition, 
(3), therefore, is the equation of any straight line passing through 
h. Nothing is said about the magnitude of the angle tan ~~ hn. 
Differentiate (2). The resulting equation, 


O, 


( 4 ) 


represents any straight line whatever. The special conditions 
imposed hy the constants m and b in (1), have been entirely 
eliminated. Equation (4) is the most general equation of a 
straight line possible, for it may be applied to any straight line 
that can be drawn in a plane. 

Let us now find a physical meaning for the differential equation. 
In § 7, we have seen that the third differential coefficient, d^sfdt^ 
represents ** the rate of change of acceleration from moment to 
moment Suppose that the acceleration d^sjdt^, of a moving 
body does not change or vary in any way. It is apparent that the 
rate of change of a constant or uniform acceleration must be zero. 
In mathematical language, this is written, 

d^s/dt^ =» 0. . . . . (5) 

By integration we obtain, 

d^s/dt^ = Constant — • • . (6) 

Equation (6) tells us not only that the acceleration is constant, but 
it fixes that value to the definite magnitude g ft. per sec. per sec. 
Bemembering that acceleration measures the rate of change of 
velocity, and integrating (6), we get, 

dsfdt gt + Oj. .... (7) 

IBVom § 71, we have learnt how to find the meaning of Oi* Put 
t — 0, then ds/dt = Oj. This means that when we begin to reckon 
the velocity, the body may have been moving with a definite velocity 
Oj. Let Cl = Vq ft. per second. Of course if the body started from 
a position of rest, =« 0. Now integrate (7) and find the value of 
Co in the result, 

S = • • • (8) 
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by putting f «— 0. It is thus apparent that represents the space 
which the body had traversed when we began to study its modon. 
Let Os 8^ ft. The resulting equation 

8 = + Vot + «o» • • • (9) 

tells us three different things about the moving body at the instant 
we began to take its motion into consideration. 

1. It had traversed a distance of 8^ ft. To use a sporting phrase, 
if the body is starting from scratch/* >«0. 

2. The body was moving with a velocity of ft. per second. 

3. The velocity was increasing at the uniform rate of g ft. per 
second per second. 

Equation (7) tells us the two latter facts about the moving body ; 
equation (6) only tells us the third fact ; equation (5) tells us no- 
thing more than that the acceleration is constant. (5), therefore, is 
true of the motion of any body moving witii a uniform acceleration. 

ExAMPiiBss. — (1) A body laJls from rest. Show that it travels 400 ft. in 
5 see. Hint. Use g » 82. 

(2) A body starting with a velocity of 20 ft. per seo. falls in accord with 
equation (7) ; what is its velocity after 6 seconds ? Ansr. 212 ft. 

(8) A body dropped brom a balloon hits the ground with a velocity of 
384 ft. per seo. How long was it falling ? Ansr. 12 seconds. 

(4) A particle is projected vertioedly upwards with a velocity of 100 ft. 
per seo. Eind the height to which it ascends and the time of its ascent. 
Here cPsJdt^ . g ; multiply by 2ds/(2t, and Integrate 

ds /d8\* 

“ “ \^t) - V - 2p5, 

when the particle has reached its maximum height dsjdt O ; and, therefore, 
s »= JWoVfl' “ (7)f since Oj = 100 — v®, f — vjg 

(5) If a body falls in the air, experiment shows that the retarding effect 
of the resisting air is proportional to the square of the velocity of the moving 
body. Instead of g, therefore, we must write g — bv\ where 5 is the variation 
constant of page 22. For the sake of simplicity, put 5 = gja^ and show that 

since u » O, when t a O, and ««0 when t^O. Hint. The equation of motion 
is dv/dt Bm g — bo®. 

Similar reasoning holds good from whatever sources we may 
draw our illustrations. We are, therefore, able to say that a 
differential equation, jEreed from constants, is the most 
general way of expressing a natural law. 

Any equation can be freed from its constants by combining it 


JLs dPs 


fgl 
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with the various equations obtained by differentiation of the given 
equation as many times as there are constants. The operation is 
called eliminattion. Elimination enables us to discard " feba ao- 
oidental features associated with any natural phenomenon A r ud to 
retain the essential or general characteristics. It is, therefore, 
possible to study a theory by itself without the attention being 
distracted by experimental minutiae. In a great theoretical work 
like ** !M!axwell ** or “ Heaviside,** the differential equation is 
ubiquitous, experiment a rarity. And this not because experi- 
ments are unimportant, but becautse, as Heaviside puts it, they 
are fundamental, the foundations being always bidden from view 
in well-constructed buildings. 

Examfi/ess. — ( 1) Eliminate the arbitrary oonstants a and 2>, from the 
relation y « aac + hx"^. Di£Eerentiate twice ; evaluate a and h j and substitute 
the results in the original equation. The result, 

+ 2y — O, 

is quite free from the arbitrary restrictions imposed in virtue of the presence 
of the constants a and b in the original equation. 

(2) Eliminate m from j/* =» imx. Ansr. y « 2x . dyjdx. 

(3) Eliminate a aud h from y ■« a cos * + 6 sin x. Ansr. dPyfdaS^ + y » 0. 

We always obss^jume that every differential equation has been 
obtained by the elimination of constants from a given equation 
called the primitive. In practical work we are not so much 
concerned with the building up of a differential equation by the 
elimination of constants from the primitive, as with the reverse 
operation of finding the primitive from which the differential 
equation has been derived. In other words, we have to find 
some relation between the variables which will satisfy the differ- 
ential equation. Given an expression involving a;, y, d^cjdy, 
d^xfdy ^, . . ., to find an equation containing only a?, y and oon- 
stants which can be reconverted into the original equation by the 
elimination of the oonstants. 

This relation between the variables and constants which satisfies 
the given differential equation is called a general solution, or a 
complete solution, or a complete integral of the differential 
equation. A solution obtained by giving particular values to the 
arbitrary constants of the complete solution is a particular solu- 
tion. Thus y =* ?7wc is a complete solution of y ^ x . dyfdx ; 
y = X tan 45**, is a particular solution. 
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A differential equation is ordinary or partial, according as 
there is one or more than one independent variables present. 
Ordinary differential equations will be treated first. Equations 
like (2) and (3) above are said to be of the first order, because 
the highest derivative present is of the first order. Eor a similar 
reason (4) and (6) are of the second order, (5) of the third order. 
The order of a differential equation, therefore, is fixed by that 
of the highest differential coef&oient it contains. The degree of a 
differential equation is the highest power of the highest order of 
of differential coef&cient it contains. This equation is of the second 
order and first degree : 

It is not difficult to show that the complete integral of a differ- 
ential equation of the nth order, contains n, and no more than n, 
arhitrary constants. As the reader acquires experience in the 
representation of natural processes by means of differential equa- 
tions, he will find that the integration mu^t provide a sufficient 
number of undetermined constants to define the initial conditions 
of the natural process symbolized by the differential equation. The 
complete solution must provide so many particular solutions (con- 
taining no undetermined constants) as there are definite conditions 
involved in the problem. For instance, equation (5), page 375, is 
of the third order, and the complete solution, equation (9), requires 
three initial conditions, g, Sq, Vq to be determined. Similarly, the 
solution of equation (4), page 375, requires two initial conditions, 
m and b, in order to fix the line. 

§ 122. Exact Differential Equations of the First Order. 

The reason many differential equations are so difi&cult to solve 
is due to the fact that they have been formed by the elimination 
of constants as well as by the elision of some common factor from 
the primitive. Such an equation, therefore, does not actually re- 
present the complete or total differential of the original equation 
or primitive. The equation is then said to be inexact. On the 
other hand, an exact differential equation is one that has been 
obtained by the differentiation of a function of x and y and per- 
forming no other operation involving x and y. 

Easy tests have been described, on page 77, to determine 
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whether any given differential equation is exact or inexact. It 
was pointed out that the differential equation, 

AT. dx + N . % a- 0, . . . (1) 

is the direct result of the differentiation of any function provided, 

Tiy 7>x ' 

This last result was called “ the criterion of integrability,” because, 
if an equation satisfies the test, the integration can be readily per- 
formed by a direct process. This is not meant to imply that only 
such equations can be integrated as satisfy the test, for many equa- 
tions which do not satisfy the test can be solved in other ways. 

ExAMmiss. — (1) Apply the test to the equations, ydas + ocdy » 0, and 
ydic — acdy 0. In the former, M ^ y, N ^ x\ "dMf^y = 1, 'dNfdoc »= l; 

'dMfdy = 'dNj'dx. The test is, therefore, satisfied and the equation is exact. 
In the other equation, = y, N «= - «, .*. BAf/By » 1, BN/B® = — 1. This 
does not satisfy the test. In consequence, the equation cannot be solved by 
the method for exact differential equations. 

(2) Show that (<r*y + x^)dx + (i>® + a^x)dy =: 0, is exact. 

(3) Is the equation, {x + 2y)xdx + («* — y^)dy = 0, exact ? M— x{x + 2y), 
27 = a;® - y® ; 'dMJ'dy == 2a5, BN/B® »» 2®. The condition is satisfied, the 
equation is exact. 

(4) Show that (siny + y oos®)<2a; -h (sin® + ®coBy)ic2y =« 0, is exact. 



I, Equations which satisfy the criterion of integrability. 

We must remember that M is the differential coefficient of v. 
with respect to £C, y being constant, and N is the differential co- 
efficient of u with respect to y, x being constant. Hence we may 
integrate Mdx on the supposition that y is constant and then treat 
Ndy as if were a constant. The complete solution of the whole 
equation is obtained by equating the sum of these two integrals to 
an undetermined constant. The complete integral is 

u^ C (3) 

ExAMPiiB. — Integrate ®(® + '2y)dx + (®* — y'^)dy =» 0, from the preceding 
set of examples. Since the equation is exact, M = «(a + 2y) ; N « ®® -• y*; 
.*. jAfd® — J®(® + ^y)dx = + ®®y = F, where T is the integration constant 

which may, or may not, contain y, because y has here been regarded as a con- 
stant. Now the result of differentiating -I®® + ®®y = F, should bo the original 
equation. On trial, tx^dx + 2,xydx -i- x^dy = dF. On comparison with the 
original equation, it is apparent that dY = y^dy ; F *= iy® + C. Sub- 
stitute this in the preceding result. The complete solution is, therefore, 
^®® + ®®y — iy* = O. The method detailed in this example can be put into a 
more practical shape. 
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To integrate an exact differential equation of the type 

M .dx N ,dy ^ 0, 

first find /iff. dx on the assumption that y is constant and substi* 
tute the result in 

Jiffdte + -—jiffdaj^dy = C. . . (4) 

jE.g,^ in x{x + 2y)dx + (a?* — y'^)d/y =» 0, it is obvious that Jiffda; is 
+ x^y, and we may write down at once 

+ a;2y + - y* - + x^^y^d/y — C. 

+ x'^ + /(a;* — y* - x^dy — O; or, ^a;® + x^y - \y^ =» O. 

If we had wished we could have used 

- c, 

in place of (4), and integrated /j^ . dy on the assumption that x is 
constant. 

In practice it is often convenient to modify this procedure. If 
the equation satisfies the criterion of Integra bility, we can easily 
pick out terms which make Mdx + Kdy =» 0, and get 

Mdx + Y ; and Nd/y 4- X, 

where Y cannot contain x and X. cannot contain y. Hence if we 
can find Mdy and Ndx, the functions X and Y will be determined. 
In the above equation, the only terms containing x and y are 
^xydx 4- x^dyt which obviously have been derived from x^. Hence 
integration of these and the omitted terms gives the above result. 

ExA.MPLBsa. — ( 1 ) Solve («“ - 4atiy - 2y®)d» 4* (y® — 4a?y - ^aP)dy ■■ 0. Pick 
out terms in x and y, we get - (4rcj/ 4- - {4xy + 2cD^dy =0. Integrate. 

.*. — 2a;^ — s constant. Pick out the omitted terms and integrate for 
the complete solution. We get, 

- 2a:y® = O ; .*.«*- 6aj*y - Say® 4- «» constant. 

(2) Show that the solution of 4" x^)dx 4* (2>® 4- cfix)d/y = O, furnishes 
the relation a^oay 4* 4 ia^ C. Use (4). 

(8) Solve (as® - y®)<ZsB ~ 2xydy ■■ 0. Ansr. ^as® - y® «» C/x. Use (4). 

IJ, Equations which do not satisfy the OTitetion of integrability. 

As just pointed out, the reason any differential equation does 
not satisfy the criterion of exactness, is because the “integrating 
factor’* has been cancelled out during the genesis of the equation 
from its primitive. If, therefore, the equation 

Mdae 4 - Ndy — 0, 
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does not satisfy the criterion of integrability, it will do so when 
the factor, previously divided out, is restored. Thus, the pre- 
ceding equation is made exact by multiplying through with the 
integrating factor ft. Hence, 

lx{Mdx + Ndy) = 0, 

satisfies the criterion of exactness, and the solution can be obtained 
as described above. 


§ 123. How to find Integrating Factors. 


Sometimes integrating factors are so simple that they can be 
detected by simple inspection. 


RxAMPriBis. — (1) ydx — xdy 0 is inexact. It becomes exact by multipli- 
cation with either »*“•, •y^\ or 

(2) In - x)dy + ydx — 0, the term containing ydx — xdy is not exact, 
but becomes so when multiplied as in the preceding example. 


dy _ xdy — ydx 
V 


0; or, logy - ? 

y 


c. 


We have already established, in § 26, that an integrating factor 
always exists which VTill make the equation 

Mdx + Ndy — 0, 

an exact differential. Moreover, there is also an infinite number 
of such factors, for if the equation is made exact when multiplied 
by fi, it will remain exact when multiplied by any function of /*. 
The different integrating factors correspond to the various forms 
in wliich the solution of the equation may present itself. For 
instance, the integrating factor of ydx + xdy ^ 0, corre- 

sponds vnth the solution log a? + logy — 0. The factor y~a corre- 
sponds with the solution — O'. Unfortunately, it is of no 
assistance to know that every differential equation has an in fi nit e 
number of integrating factors. No general practical method is 
knovm for finding them ; and the reader must consult some special 
treatise for the general theorems concerning the properties of in- 
tegrating factors. Here are foiur elementary rules applicable to 
special cases. 

Rule 1. Since 

d(a;"y) — nosdy), 

an expression of the type mydas 4- nxdy — 0, has an integrating 
factor ; or, the expression 

x»y^ipiydx + nxdy) = 0, . . . (1) 
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has an integrating factor 
or more generally stUl, 

i-P, ... (2) 

where h may have any value whatever. 

ExA^pxiis. — Find an integrating factor of ydx — xd/y =■ 0. Hare, a » O, 
/3 ss 0, m ss 1, tt ss >- 1 j/-* is an integrating factor of the given equation. 

If the expression oan be written 

x^P{m^dac + nasdy) + x^'y^'{m!ydx + n'xdy) = 0, . (3) 

the integrating factor oan be readily obtained, for 

- 1 - - 1 - iS ; and a^**' “ ^ “ 1 - 

are integrating factors of the first and second members respectively. 
In order that these factors may be identical, 

km — 1 — a = k'ml — 1 — a'; kn — X — ^8=. k'n' — 1 — 

Values of k and k' oan be obtained to satisfy these two conditions 
by solving these two equations. Thus, 

fc == - g ) - -■ ^ n{a. - a) ~ m{^ - 

mn! — m!n ' mri — m'n ' ^ 

Exi^HPiiSS. — (1) Solve y^iydx — ^aody) + as*(2^da; + xdy) =» 0. Hints. Show 
that a = 0, i3 s: 3, m =* 1, » » — 2 ; a' a d, 3' ss 0, m' ■■ 2, n' » 1 ; 

— is an integrating factor of the first, aja*' — — i ©f the second 

member. Hence, from (4), fc a* — 2, = 1, ® ® is an integrating factor of 

the whole expression. Multiply through and integrate for 2a:^ — S/* «» Cx\ 
(2) Solve (j^ — 2yxP)dx + (2a5y® — a^dy = 0. Ansr. — ac*) =« C. In- 

tegrating factor deduced after rearranging the equation is xy. 

Rule II. If the equation is homogeneous and of the form : 
Mdx + Ndy «= 0, then {Mx + Ny) is an integrating factor. 

Let the expression 

Mdx + Ndy 0 

be of the mth degree and y. an integrating factor of the nth degree, 

yMdx + yNd/y = dn, . . . (6) 

is of the (m + n)th degree, and the integral u is of the (nt + n + l)th 
degree. By Euler’s theorem, § 23, 

yMx + gNy =» (w + n 4- l)n. . . (6) 

Divide (5) by (6), 

Mdx + Ndy 1 du 

Mx + Ny ^ m + n + 1 ‘ IT' 

The right side of this equation is a complete differential, oonse- 
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quently, the left side is also a complete dififerential. Therefore, 
the factor {Mx + Ny) ~ ^ has made Mdx + Ndy » 0 an exact 
differential equation. 

EXAHPX.SS. — (1) Show that is an integrating factor of 

{aPy + — Stxy^dy =0. 

(2) Show that l/(a^ — wyx + y®) is an integrating faotor of ydy + (a; — ny)da6 =*■ 0. 
The method, of course, cannot be used if Mai + Ny is equal to zero. In 
this case, we may write y « C», a solution. 

Rule 111. If the equation is homogeneous and of the form , 

f\^^> y)y^ +/ 2 (®» y)^dy =- o, 

then {Mx — Ny) ^ ts an integrating faotor. 

EacAMPLBJ. — Solve (1 4- ayy)ydx + (1 - asy)a:dy « 0. Hint. Show that the 
integrating faotor is l/2£B®y®. Divide out JiWdac = — 1/scy + log a;. Ansr. 

^ fiB 

K^Cye - - 


If Mx — Ny = O, the method fails and xy ^ G ie then a solu- 
tion of the equation. JS7.p., (1 4- xy^ydx + (1 + xy)xdy =» 0. 

Rule lY, If ”■ ® function of x only^ ej-^*'*** is an 

integrating faotor. Or, if “ /(y)» is an 

integrating factor. These are important results. 


ExAMPnns. — (1) Solve (as* + y*)daj - 2xydy =■ 0. Ansr. as® — y* =. Cx. 
Hint. Show f{x) =- - 2a:-i. The integrating faotor is 
ss Prove that this is an integrating faotor, and solve as in the preoed- 

Ing seotion. 

(2) Solve (y* +• 2y)dx + (a;y* + 2y* — ^x)dy =■ O. Ansr. xy^+ y* + 2® = C7y®. 


We may now illustrate this rule for a special case, as we shall 
want the result later on. The steps will serve to recall some of the 
principles established in some earlier chapters. Let 

^ + Py - a . . . . (7) 


where P and Q are either constants or fnnotions of x. Let fx bo an 
integrating faotor which makes 

dy + {Py - Q)dx — 0, . , . (8) 


an exact differential. 

.*. fjudy + /*(Py ~ Q)dx^Nd/y + Mdx, 


• • 7>X 


'** *** ~~ -^Z**^* 
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= «i/» - Pijdx. -P - ^ ^5 •■■ /-P*® - log/^; 

and since log^ =* 1, (jPdx) log e =* log /u, ; consequently 

fj, ( 9 ) 

is the integrating factor of the given equation (7). 

§ 124. Physical Meaning of Exact Differentials. 

Let AP (Tig. 144) be the path of a particle under the influence 
of a force F making an angle 6 with the tangent 
PT of the curve at the point P(a;, y). Let W 
denote the work done by the particle in passing 
from the fixed point A (a, b) to its present position 
P(Xf y). Let the length AP be s. The work, 
dW, done by the particle in travelling a distance 
ds will now be 

dW F . 003 $ . d$. . . . (1) 

Let PT and PF respectively make angles a and /? with the rr-axis. 
Hence, as on page 126, dxfds =» cos a ; dyjds = sin a ; ^ = a — yS. 

Pcos 9 = Poos (a — yS) = Poos a . cos y8 + Psin a . sinyff, 
by a well-known trigonometrical transformation (24) page 612. 

••• P-oos - JPoos + -P sin . (2) 

where X is put for PcosyS, and Y for PsinyS; X and Y are ob- 
viously the two components of the force parallel with the coordinate 
axes. From (1), 

... (3) 

J. Let !Kdx + Ydy be a complete differential. 

Let us assume that Xdx + Ydy is a complete differential of the 
function u = /(a;, y). Hence 



by partial differentiation. In order to fix our ideas, let 
u == tan “ ^(y/£c) Fig. 144. Hence, Ex. (5), page 49, 

d/u = ^dy - 

where is put in place of + y®. From (4), 

dw _ ^ ^ y. ^ 

ds ~ \r* ' ds r® ds) ~ ds ’ 
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The rate dWJds at which the work is performed by the particle 
changes as it moves along the curve and is equal to the rate, duJdSf 
at which the function /(a:, y) changes. Any change in W is accom- 
panied by a corresponding change in the value of u. Hence, as 
the paiTtiole passes from A to P, the work performed will be 

sc 

and by integration, 

W ssc 24 -h constant. 

This means that the work done by the particle in passing from a 
fixed point A to another point JP(Xt y) depends only upon the value 
of t 4 , and 24 is a function of the coordinates, x and y, of the point P. 

It will be obvious that if the particle moves along a closed 
curve the work done will be zero. If the origin O lies within the 
closed curve, u will increase by Srr when P has travelled round the 
curve. In that case the work done is not zero. The function u is 
then a multi-valued function. 

ExAMPiiB. — A" » 2/» and y = aj, dW » {xdcc + ydy) = d{xy) ; or, by in- 
tegration W oay + O. We do not need to kno\7 tbe equation of tlie path. 
The work done is simply a function of the coordinates of the end state. The 
constant C serves to define the initial position of the point A (a, b). 

The first law of thermodynamics states that when a quantity of 
heat, dQf is added to a substance, one part of the heat is spent in 
changing the internal energy, dU, of the substance and another 
part, dW, is spent in doing work against external forces. In 
symbols, 

d(^ ■■ dXJ H- d~W m 

In the special case, when that work is expansion against atmospheric 
pressure, d'W — jp • dv* Now let the substance pass frona any state 
A to another state B (Fig. 146). The internal energy of the sub- 
stance in the state B is completely deter- 
mined by the coordinates of that point, 
because XJ is quite independent of the 
nature of the transformation from the 
state A to the state B, It makes no 
difference to the magnitude of XJ whether 
that path has been vid APB or AQB. 

In this case U is completely defined by 
the coordinates of the point corresponding 
to any given state. In other words dU is a complete differential. 

BB 



Fig. 146. 
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On the other hand, the external work done during the trans- 
formation from the one state to another^ depends not only on the 
initial and final states of the substance, but also on the nature of 
the path described in passing from the state A to the state B. 
For example, the substance may perform the work represented by 
the area AQBBA' or by the area APBB'A', in its passage from the 
state A to the state B. In fact the total work done in the passage 
from A to B and back again, is represented by the area APBQ, 
In order to know the work done during the passage from the state 
A to the state it is not only necessary to know the initial and 
final states of the substance as defined by the coordinates of the 
points A and but we must know the nature of the path from 
the one state to the other. 

Similarly, the quantity of heat supplied to the body in passing 
from one state to the other, not only depends on the initial and final 
states of the substance, but also on the nature of the transforma- 
tion. All this is implied when it is said that “ dW and dQ are not 
perfect differentials dW and dQ can be made into complete differ- 
entials by multiplying through with the integrating factor fi. The 
integrating factor is proved in thermodynamics to be equivalent to 
the so-called Carnot's ftmction. To indicate that dW and dQ are 
not perfect differentials, some writers superscribe a comma to the 
top right-hand corner of the differential sign. The above equation 
would then be written, 

d^Q^dU+d^W. 

II. Bet ICdx -I- Y'd/y he am, incom/plete differential. 

Now suppose that JIdx + Ydy is not a complete differential. 
In that case, we cannot write X = 'bufhx and Y = Hu/hy as in (3) 
and (4). But from equation (3), by a rearrangement of the terms, 
we get 

dW = (x + 7^)dx. ... (5) 

And now, to find the work done by the particle in passing from A 
to P, we must be able to express y in terms of x by using the 
equation of the path. Let X = — y, and Y — x; let the equation 
of the path be y = .*. dyfdx — 2ax. From (5) 

dW = ( — y -j- 2ax^)dx =» ( — -h ^ax^')dx — ^ax^ -i- G. 

It is now quite clear that the value of Ydy Jdx will be different 
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for different paths. For example, if y = 

dW — {aac^ -H Zaa^)dx = a>x^. 

So that the work done depends upon the coordinates of the point 
P as well as upon the equation of the path. 

ExA-HFrin. — If dU ^ dQ — pdv^ And. dU is a oomplete difEerential, show 
that fZQ is not a complete difierential. Hint. We know, page 80, that 


<207+ ( 


(6) 


. 'dp 

(7) 


+ Qijri. 


If U is a complete differential, 

S /"^Q \ 3 f^Q\ ^ c>p 

^TV^v -P) ^ ’^\dT) ’ Ba7d« “ '*■ ZT' • 

From (6), if dQ is a complete differential, 

“ 3T^* 

Hence (6) and (7) cannot both be true. 

The question is discussed from another point of view in Technics, 

1, 615, 1904. 


§ 125. Linear Differential Equations of the First Order. 

A linear differential equation of the first order involves only 
the first power of the dependent variable and of its first differ- 
ential coefficients. The general type, sometimes called Leibnitz’ 
equation, is 

^ + Pt/ = Q, . . . . (1) 

where P and Q may be functions of x and explicitly independent 
of y, or constants. We have just proved that is an integrat- 
ing factor of (1), therefore 

e^^^idy + Pydx) » e'^*‘Qdx, 

is an exact differential equation. Consequently, the general solu- 
tion is. 


_ -b C; or, y 


( 2 ) 


The linear equation is one of the most important in applied mathe- 
matics. In particular cases the integrating factbr may assume a 
very simple form. 

Exampms. — ( 1) Solve (1 + x'‘)dy = (m + xy)dx. Reduce to the form (1) 
and we obtain 

dy 

^ ” 1 + SB**' “ 1 + x«' 
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... jjPdx = - 1 - - J log (1 + e“) - - log V(1 + »«). 
Remembering log 1 0, log « *= 1, the integrating factor is evidently, 

log = log 1 - log^yi + a;* ; or = ^/(i +x^ ’ 

Multiply the original equation with this integrating factor, and solve the 
resulting exact equation as § 122, (4), or, better still, by (2) above. The 
solution : y = ‘nix + O + ®*) follows at once. 

(2) Ohm’s law for a variable current flowing in a circuit with a coefficient 
of self-induction L (henries), a iresistance JR (ohms), and a current of G 
(amperes) and an electromotive force E (volts), is given by the equation, 
E = BO + JLdCfdt. This equation has the standard linear form (1). If E 
is constant, show that the solution is, C = E/B -l- JBe ~ where J3 is the 
arbitrary constant of integration (page 198). Show that C approximates to 
EfB after the current has been flowing some time, t. Hint for solution. 
Integrating factor is 

(8) The equation of motion of a particle subject to a resistance varying 
directly as the velocity and as some force which is a given function of the 
time, is dvidt + ho =/(0- Show that o = If the force 

is gravitational, say Ce ~ gfh. 

(4) Solve xdy^-ydx = a^dx. Integrating factor = a;. Ansr. y=ia:®+C/«. 

(6) We shall want the integral of dyfdt + k^y = A: 2 rt(l - very shortly. 

The solution follows thus : 


y » - k^(X - e-H*)}dt\ 

ss (7e-*a* -I- 0-*^{k.jafe*^ — ; 

= Ce-*2* -I- a - 4 

(6) We shall also want to solve 


Here 


f JCOx 
a — a: 


dy Ey ^ Kx , 
dx a — X a — ® ' 


^ — JT log (a » x) ^ 0~log{a^ xy 


(a - x)^' 


* • (a - x)^ 


^ 


on integrating by parts. Finally, if a; = 0, when y = 0^ 

io/ \ E{a — x) ^ 1 

y-o(a-x)^ + a- i ; o - 1 - 

Many equations may be transformed into the linear type of 
equation, by a change in the variable. Thus, in the so-called 

Bernoulli’s equation, 


^ + py - or. 


( 3 ) 


Divide by 2 /", multiply by (1 - ‘n) and substitute yi-** = v, in the 
result. Thus, 
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y' 


a - n)Q, 


dv 
* 

• *"3 — 

dx 


+ (1 - n)Pv — Q(1 — n), 


which is linear in v. Hence, the solution follows at sight, 

=. (1 - + O. 

2/1 — (1 - n)lQd^-^^^^dx -i- G. 


ExAMPiiKs. — (1) Solve dyjdx + yfx = y\ Substitute -w = 1/y. Integration 
factor is «-/<**/* sse-~ >««* » a; Ansr. Oxy — xy logo; = l. 

(2) Solve dyjdx + x sin 2y = £c*cos* 3 /. Divide by cos^. Put tan y ^v. 

The integration factor is s^'^***, i.s,, s*®. Ansr. 6 *®(tan 3 / — ^35®+ i) = C. 
Hint. The steps are sec''^ dyjdx + 2a: tan y ss x^ ; dvjdx +■ 2xu as a:^ ; to solve 

ve* = Ja;^e* dx + O. Put a® ass s, .•. 2a;dx ** dzy and this integral becomes 
\^z&dz ; or, - 1), (4) page 206, etc. 

(8) Here is an instructive difierential equation, which Harcourt and Esson 
encountered during their work on chemical dynamics in 1866. 

y^ dx y X 


I shall give a method of solution in full, so as to revise some preceding work. 
The equation has the same form as Bernoulli’s. Therefore, substitute 

1 . , du \ dy 


V 


- ; %.e., s- sBs - — 5 

** dx 


y' 




dv „ K 
dx dx X 


0. 


an equation linear in v. The integrating factor is or, 

(2), = - Kjx'y therefore, from (2), 

r 

^0- Ax es — / — e~ ^dx + G. 

J * 

From the method of § 111, page 841, 

- r/|{i - (ia,) + + . . . + o. 


— Mx 


... a= - - Kdx + 


JB^xdx E?x^dx 


1.2 1.2.3 

But V SB ijy. Multiply through with y6^*% and integrate. 


-} 


+ G. 




Q, in 


We shall require this result on page 487. Other substitutions may convert 
an equation into the linear form, for instance : 

(4) I came across the equation dxjdt — lcifl, -x) {x — y), where y s=a(l -e-»"^), 
in studying some chemical reactions. Put z s l/7c{a — x) ; dx ax — dzfkz ^ , 


dzfdt — 'kze“‘^ = 1. 

This equation is linear. For the integrating factor note that "kzdt » — Xrs/m 
'asa —Uy say. Consequently, 


s 


we 


&*du 


u 



1 Iff 

^ 8 * ^1 
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z SB 0 -when t ss 0; u Tcjm when t — 0. liet S denote the sum of the 
series when hjm is substituted in place of u, and $ the sum as it stands above. 
When s « 0, i = 0, O = - iS. 

— a) <S — s 

a jH f Of 

m. me?* 7e{S — s) 

if 44 is less than unity the series is convergent. 

(5) J. W. Mellor and Xj. Bradshaw (JZeit. phys. Ohem.f 48, 353, 1904) have 
for the hydrolysis of cane sugar 

dufdt + bu = A&(1 - e-«) ; .♦. ue^ =» Ae^ - *«(» ~»)/(6 - k). + C. 

(6) The law of cooling of the sun has been represented by the equation 

dTfdt = aiZ® — 6r. To solve, divide by T* ; put. T “ ® = «, and hence 
T ~ ^dT = — ^dz ; hence dzfdi — 26« = — 2a. This is an ordinary linear 
equation with the solution z afb + Bestore the value of z. The 

constant O can be evaluated in the usual manner. 


§ 126. Differential Equations of the First Order and of the 
First or Higher Degree. — Solution hy Differentiation. 

Case i. The eqicaUon can he iip into factors. If the 

dijQferential equation can be resolved into n factors of the first 
degree, equate each factor to zero and solve each of the n equa- 
tions separately. The n solutions may be left either distinct, or 
combined into one, 

E xam piiBS. — ( 1) Solve aj(dy/<2a:)® assy. Besolve into factors of the first degree, 
dyfdae= ± s/yjx. Separate the variables and integrate, ^x~'idx+^y~id/y sss + ,JOt 
where is the integration constant. Hence ± ^Jy a= + which, on 
rationalization, becomes (x — y)* — 2C{x -f y) -4- C® «= 0. Geometrically this 
equation represents a system of parabolic curves each of which touches the 
axis at a distance C from the origin. The separate equations of the above 
solution merely represent difierent branches of the same parabola. 

(2) Solve xy(dy/dx)^-{a^-y^)dyJ^-xy=0. Ansr. xy—C, or x^-y^=C. 
Hint. Factors (op + y) (yp - a?), where p = dyjdx. Either + y =s; 0. or 
yp - a = 0, etc. 

(3) Solve {dyjdx)* — Idyldx + 12 » 0. Ansr. y = 4fls -4- C, or 3a; C. 

Case ii. The equation cannot be resolved into factors^ but it can 
he solved for x, y, dy/dx, or y/x. An equation which cannot be 
resolved into factors, can often be expressed in terms of a;, y, dyfdx^ 
or yjx, according to circumstances. The differential coefficient of 
the one variable with respect to the other may be then obtained 
by solving for d/yjdx and using the result to eliminate d/yjdx from 
the given equation. 

ExAMPiiBS. — (1) Solve dyldx + 2xy = jc® + ys. Since (x - y)® = — 2a:y + y® 
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y = a; + s/dyidx. Put i? in place of dy/cUa. DiflEerentiate, and we get 

dy ^ 1 dp 

QJp'dx' 

Separate tlie variables x and p, solve for dyfdx^ and integrate by tbe metLod of 
partial fractions. 

- 1)5 •*•*“'5^“® 

On eliminating p by means of the relation y = x + sfp^ we get the answer 
y a? + (O + e’^)/(0 - e^). 

(2) Solve x(dyldx)^ — 2y{dyldx) + aaj = 0. Ansr. y =? ^(Oaj® + a/e). Hint. 
Substitute for p. Solve for y and differentiate. Substitute pdx for dy, and 
clear of fractions. The variables p and x can be separated. Integrate 
p xO, Substitute in the given equation for the answer. 

(3) Solve yidyjdx)^ + 2x{clyldx) — y = 0. Ansr. y® »» C{2x + O). Hint. 
Solve for x. Differentiate and substitute dyfp for da?, and proceed as in 
example (2). yp » C, etc. 

Case iii. The eqtcation cannot be resolved into factors^ x or y is 
absent. If x is absent solve for d/yjdx or y according to conveni- 
ence ; if y is absent, solve for dxjdy or x. Differentiate the result 
with respect to the absent letter if necessary and solve in the 
regular way. 

ExaupijBis. — ( 1) Solve (dy/daj)®+a3(dy/da/) + l*s0. For the sake of greater 
ease, substitute p for dyjdx. The given equation thus reduces to 

— X ^ p + lip. .... • (1) 

Differentiate with regard to the absent letter y, thus. 

Combining (1) and (2), we get the required solution. 

(2) Solve dyidx -= y + 1/y. Ansr. y* = Ce^ - 1. 

(3) Solve dyjdx — os + 1/®. Ansr. y = + log x + O. 


+ log O ; 



O + e®* 
G - 


( 1 ) 


§ 127. Clairaut’s Equation* 

The general type of this equation is 

dy ^ . 

or, writing dyfdx ■= jp, for the sake of convenience, 

y = p® + /(p). ... (2) 

Many equations of the first degree in x and y can be reduced 
to this form by a more or less obvious transformation of the vari- 
ables, and solved in the following way: Differentiate (2) with 
respoct to x, and equate the result to zero 


j» = i> + 


+ /'(p)^ ;«.{»+ /'(P)}^ = 0- 
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Hence, either d'pjdx = 0 ; or, x + /'(2^) = 0. 


^-0 



If the former. 


where G is an arbitrary constant. Hence, d/y = Cdx, and the 
solution of the given equation is 

y^Cx-^f{G). 

Again, pin x +f'{p) may be a solution of the given equation. 
To find p, eliminate p between 

y ^ px + f{p), and X + f{p) « 0. 

The resulting equation between x and y also satisfies the given 
equation. There are thus two classes of solutions to Clairaut’s 
equation. 


Examples. — (1) Find both solutions in y ■» px + Ansr. Cx -{■ C^—y', 
and a,*® + 4:y s« 0. 

(2) If (y - px) (p - 1) c^p; show (y - Ox) (O - 1) = C ; v'y + sjx « 1. 

(3) In the velocity equation. Ex. (6), page 388, if X «= 2, put dyfdx = p^ 
solve for y, and differentiate the resulting equation, 

a — X dy ^ p a X dp dx dp 

+ 2 — 2--^: 

Integrate, and - log(a — x) = - logQ) — 2); .*. a — a *= p — 2, and we obtain 
ysss2aj— a — (a~ aj)®, which is the equation of a parabola y^ = ajj®, if we 
substitute ®*eo + l+fl5i; y«=a4-l — yj. 

After working out the above examples, read over § 67, page 182. 


§ 128 . Singular Solutions. 

Clairaut’s equation introduces a new idea. Hitherto we have 
assumed that whenever a function of x and y satisfies an equation, 
that function, plus an arbitrary constant, represents the complete 
or general solution. We now find that a function of x and y can 
sometimes be found to satisfy the given equation, which, unlike 
the particular solution, is not included in the general solution. 
This function must be considered a solution, because it satisfies 
the given equation. But the existence of such a solution is quite 
an accidental property confined to special equations, hence their 
cognomen, singular solutions. Take the equation 

dy a a 

2^ = as® + S' ” + p- • • (1) 

dx 

Remembering that jo has been written in place of dyjdx, differentiate 
with respect to rr, we get, on rearranging terms. 
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where either x — -» 0 ; or, dpjd>x ■■ 0. If the latter, 

jp = O j or, y w Qx + clJ Q I . . (2) 

and if the former, p ■■ nja/x, which, when substituted in (1), gives 
the solution, 

»= 4ax. .... (3) 

This is not included in the general solution, but yet it satisfies 
the given equation. Hence, (3) is the singular solution of (1). 
Equation (2), the complete solution of (1), has been shown to 
represent a system of straight lines which differ only in the value 
of the arbitrary constant C ; equation (3), containing no arbitrary 
constant, is an equation to the common parabola. A point moving 
on this parabola has, at any instant, the same value of dyjdx as if 
it were moving on the tangent of the parabola, or on one of the 
straight lines of equation (2). The sing‘ula/r solution of a oUfferential 
equation is geometrioally equivalent to the envelope of the family of 
curves representedi hy the general solution. The singular solution 
is distinguished from the particular solution, in that the latter is 
contained in the general solution, the former is not. 

Again referring to Fig. 96, it will be noticed that for any point 
on the envelope, there are two equal values of p or dyjdx, one for 
the parabola, one for the straight line. 

In order that the quadratic 

ax^ + 6® + c — 0, 

may have equal roots, it is necessary (page 354) that 

4ac ; or, — 4ac •» 0. . . . (4) 

This relation is called the discriminant. From (1), since 

y ^ px x^ -- yp -\r a^O, . . (5) 

Jr 

In order that equation (5) may have equal roots, 

y* SB 4aa;, 

as in (4). This relation is the locus of all points for which two 
values of p become equal, hence it is called the p-discriminant 

of (1). 

In the same way if C be regarded as variable in the general 
solution (2), 

y = Cx + ^ j = 0. 
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Tlie condition for equal roots, is that 

which is the locus of all points for which the value of G is the 
same. It is called the C-discriminant. 

Hefore applying these ideas to special oases, we may note that 
the envelope locus may be a single curve (Eig- 96) or several 
(Eig, 97). For an exhaustive discussion of the properties of these 
discriminant relations, I must refer the reader to the text-books 
on the subject, or to M. J. M. Hill, “ On the Locus of Singular 
Points and Lines,” Tram., -1892. To summarize : 

1. The envelope locus satisfies the original equation but is 
not included in the general solution (see xaf f Fig. 146)* 



2. The tao locus is- the locus passing through the several 
points where two non-consecutive members of a family of curves 
touch. Such a locus is represented by the lines AB (Fig. 97), PQ 
(Fig. 146). The tac locus does not satisfy the original equation, 
it appears in the p-discriminant, but not in the (7-discriminant. 

3. The node locus is the locus passing through the different 
points where each curve of a given family crosses itself (the point 
of intersection — node — may be double, triple, etc.). The node 
locus does not satisfy the original equation, it appears in the 

<7-disoriminant but not in 
the p-discriminant. JRS 
(Fig. 146) is a nodal locus 
passing through the nodes 
. 4 , . . ., . . ., * * *, ... 

4. The cusp locus 
passes through all the 
cusps (page 169) formed 



Fig. 147. — Cusp Xjoous. 
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by the members of a family of corves. The cusp locos does not 
satisfy the original equation, it appears in thep- and in the C- 
discriminants. It is the line Ox in Fig. 147. Sometimes the 
nodal or cusp loci coincide with the envelope loons. 

UrsAMPiiBs. — (1) Find the singular solutions and the nature of the other 
loci in the following equations : (1) asp® — 2yp + aa = 0. For equal roots 
ps =s ax^. This satisfies the original equation and is not included in the general 
solution : 05* — 2Cy + C* = O. p* = aas* is thus the singular solution. 

(2) 4a5p® sss (3a5 — a)*. General solution : (y + O)® = x{ao — o)®. For equal 
roots in p, 4a5(8a; - a)® = O, or as(3as ~ a)* =0 (p-discrixninant). For equal 
roots in O, differentiate the general solution with respect to G. Therefore 
{x + C)dxJdC = 0, or C == — as. .*. a:(aj — a)® = 0 (C-disciiminant) is the con- 
dition to be fulfilled when the C-discriminant has e qual roots, as » 0 is 
common to the two discriminants and satisfies the original equation (singular 
solution) ; X — a satisfies the G-disoriminant but not the p-discriminant and, 
since it is not a solution of the original equation, m ^ a represents the node, 
locus ; X =• satisfies the p- but not the 0-discriminant nor the original 
equation (tao locus). 

(3) p® + 23cp — y = 0. General solution : (2a5* + 8xy + G)® ** 4(a!® + y)* ; 
p-discriminant : as® + y == 0 ; G-disoriminant ; (a;® + y)® =« 0. The original 
equation is not satisfied by either of these equations and, therefore, there is 
no singular solution. Since (a;® + y) appears in both discriminants, it repre- 
sents a ousp locus. 

(4) Show that the complete solution of the equation y®(p® + 1) = o®, is 
y® + (a; — C)® = a* ; that there are two singular solutions, y = ± a ; that 
there is a tao locus on the a;-axis for y « 0 (Fig. 97, page 183). 

A trajectory is a curve which cuts another system of curves 
at a constant angle. If this angle is 90° the curve is an orthog- 
onal trajectory. 

Exampijbjs. — ( 1) Let asy = C be a system of rectangular hyperbolas, to 
find the orthogonal trajectory, first eliminate C by differentiation with respect 
to 05, thus we obtain, xdyfdx + y = O. If two curves are at right angles 
(^ir = 90°), then from (17), § 32, Jir = (o' - o), where o, o' are the angles 
made by tangents to the curves at the point of intersection with the ic-azis. 
But by the same formula, tan(± = (tan o' - tano)/(l -h tan a. tan o'). 
Now tan ± ^ = oo and 1/ oo =0, .*. tan o = — cot a; or, dyfdx *= — daajdy. 
The differential equation of the one family is obtained from that of the other 
by substituting dyfdx for — dxfdy. Hence the equation to the orthogonal 
trajectory of the system of rectangular hyperbolas is, xdx + ydy = 0, or 
a;2 _ =a a system of rectangular hyperbolas whose axeS’ coincide with 
the asymptotes of the given system. For polar coordinates it would have 
been necessary to substitute — {dr]r)d6 for rdOfdr. 

(2) Show that the orthogonal trajectories of the equipotential curves 
1/r — l/r' <= G, are the magnetic curves cos 9 + cos O' = O. 
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§ 129. Symbols of Operation. 


It has been found convenient, page 68, to represent the 
symbol of the operation ** djdx ” by the letter If we assume 

that the infinitesimal increments of the independent variable dx 
have the same magnitude, whatever be the value of a;, we can 
suppose D to have a constant value. Thus, 




dv d^v 


respectively. The operations denoted by the symbols I>, JO®, . . 
satisfy the elementary rules of algebra except that they are not 
commutative 2 with regard to the variables. For example, we 
cannot write I>{xy) = xD{y), although we can write J0{ay) = aDi^j). 
Hut the index law 


is true when w and n are positive integers. It also follows that if 
Du^v, W = or, or, I> . JD i 1 ; 


that is to say, by operating with D upon D ^ we annul the effect 
of ^the jD ^ operator. In this notation, the equation 

dx^ 




can be written, 

{Da - (a + (8)D + aj8}y - 0 ; or, (D - a) (D - P)y - O. 

Now replace D with the original symbol^ and operate on one 
factor with y, and we get 


- ^)y - 0 - “) - Py) - 

By operating on the second factor with the first, we get the original 
equation back again. 


§ 130. Equations of Osoillatopy Motion. 

By Newton’s second law, if a certain mass, m, of matter is 
subject to the action of an “ elastic force,*’ for a certain time, 
we have, in rational units, 

Fq * Mass X Acceleration of the particle. 

If the motion of the particle is subject to friction, we may regard 
the friction as a force tending to oppose the motion generated by 


> Sea footnote, page 177. 
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the elastic force. Assume that this force is proportional to the 
velocity, V, of the motion of the particle, and equal to the product 
of the velocity and a constant called the coefficient of friction, 
written, say, /t. Let F-j. denote the total force acting on the par* 
tide in the direction of its motion, 

Fq - md^s]dt\ ... ( 1 ) 

If there is no friction, we have, for unit mass, 

F^ =- dHfdt^ (2) 

The motion of a pendulum in a medium which offers no resist* 
ance to its motion, is that of a material particle under the influence 
of a central force, F, attracting with an intensity which is pro- 
portional to the distance of the partide away from the centre of 
attraction. We shall call F the effective force since this is the 
force which is effective in producing motion. Consequently, 

JP — — . (3) 

where gf is to be regarded as a positive constant which tends to 
restore the partide to a position of equilibrium — the so-called co- 
efficient of restitution. It is written in the form of a power to 
avoid a root sign later on. The negative sign shows that the 
attracting force, F, tends to diminish the distance, s, of the particle 
away from the centre of attraction. If s 1, q® represents the 
magnitude of the attracting force unit distance away. From (2), 
therefore. 


dt^ 



(4) 


The integration of this equation will teach us how the particle 
moves under the influence of the force F. VTe cannot solve the 
equation in a direct manner, but if we multiply by ^dsjdt we can 


integrate term by term with regard to a ; thus, 


^ds d^s 




0 ; 




q V + o. 


Let us replace the constant C by the constant qV* ; separate the 
variables, and integrate again ; we get from Table II., page 193, 


J j g *** ± q^dt ; or, sin ” ?< + « J or, 5 *= + r sin {gt + «), 

where « is a new integration constant. Here we have a as an 
explicit function of We have discussed this equation in an 
earlier chapter, pages 66 and 138. It is, in fact, the typical equa- 
tion of an oscillatory motion. The particle moves to and fro on a 
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straight line. The value of the sine function changes with time 
between the limits +• 1 and -- 1, and consequently x changes 
between the limits 4- r and — r. Hence, r is the amplitude of the 
swing ; e is the phase constant or epoch of page 138. The sine of 
an angle always repeats itself when the angle is increased by 27r, 
or some multiple of 2ir. Let the time t be so chosen that after the 
elapse of an interval of time Tq the particle is passing through the 
same position with the same velocity in the same direction, 
hence, 

gTo = 27r ; or, iTo = . . . (5) 

The two undetermined constants r and € serve to adapt the relation 

s = rsin(^^ + «) 

to the initial conditions. This is easily seen if we expand the 
latter as indicated in (23) and (24), page 612 : 

5 =» r sin € . cos qt r cos e . sin qt. 

Let and denote the undetermined constants r sin e, and 
r cos € respectively, such that 

Q 

r J G-^ + ; e tan ” 

as indicated on page 138. Now differentiate 

ds 

5 = Cicos^i + Cgsing^i ; ^ ~ qC-^Binqt + qG^oosqU 

Let So denote the position of the particle at the time ^ = 0 when 
moving with a velocity T^o* function vanishes, and the 

cosine function becomes unity. Hence, = So; G^— 
the constants r and c may be represented in terms of the initial 
conditions : 

»* = a/ V + € ** tan ” 1^. 

In the sine galvanometer, the restitutional force tending to 
restore the needle to a position of equilibrium, is proportional to 
the sine of the angle of deflection of the needle. If J denotes the 
moment of inertia of the magnetic needle and G the directive 
force exerted by the current on the magnet, the equation of motion 
of the magnet, when there is no other retarding force, is 

~ Gain cf>. . . . (6) 

For small angles of displacement, and sin are approximately 
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equal. Hence, 


(t 



From (4), q = fjG-jJ, and, therefore, from (5), 

To=27rVj7^, . . * . . (8) 

a well-known relation showing that the period of oscillaHon of a 
magnet in the magnetic fields when there is no damping obction 
exerted on the magnet, is proportional to the squa/re root of the 
moment of inertia of the magnetic needle, and inversely proportional 
to the square root of the directive force exerted by the current on the 
magnet. 


§ 131. The Linear Equation of the Second Order. 

As a general rule it is more difficult to solve differential equa- 
tions of higher orders than the first. Of these, the linear equation 
is the most important. A linear equation of the nth order is 
one in which the dependent variable and its n derivatives are all 
of the first degree and are not multiplied together. If a higher 
power appears the equation is not linear, and its solution is, in 
general, more difficult to find. The typical form is 




Or, in our new symbolic notation, 

D”y •+ ^ + . . . + 21,^ = 

where P, Q, It are either constant magnitudes, or functions of 
the independent variable x. ’ If the coefficient of the highest 
derivative be other than unity, the other terms of the equation 
can be divided by this coefficient. The equation will thus assume 
the typical form (1). 


I. Linear equations with constant coeffwients. 

Let us first study the typical linear equation of the second 
order with constant coefficients P and Q, 

^ ^ « 0 . . . . ( 1 ) 

The linear equation has some special properties which consider- 
ably shorten the search for the general solution. For example, 
let us substitute for y in (1). By differentiation of e”**, we 

obtain dyfdx — my ; and d^yldx^ — therefore. 
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dx^ 


yjM^rnx 

4. p ~— + = {m^ + Pm + Q)e”“ 



provided 

m^ + Pm + Q «» 0. . . . (2) 

This is called the auxiliary equation. If be one value of m 
v^hioh satisfies ( 2 ), then y = e*"i* is one integral of ( 1 ), and 
y = e*« 2 * is another. But we must go further. 

If we know two or more solutions of a linear equation, each 
can be multiplied by a constant, and their sum is an integral of 
the given equation. For example, if u and v are solutions of the 
equation 

d^x 

.... (3) 


each is called a particular integral, and we can substitute either 
or t; in place of x and so obtain 

d^ . 

■ 3 ^ - - 3 % : or, ^ . . (4) 


Multiply each equation by arbitrary constants, say, Oj and Cg ; add 
the two results together, and + G^ satisfies equation ( 1 ), 


. d\G^u + G^v) 
dt^ 


- - (^{Gt^v, + OgV). 


(5) 


•This is a very valuable property of the linear equation. It means 
that if v, and v are two solutions of ( 3 ), then the sum G-^u + C./o 
is also a solution of the given equation. Since the given equation 
is of the second order, and the solution contains two arbitrary con- 
stants, the equation is completely solved. The principle of the 
superposition of particular integrals here outlined is a mathe- 
matical expression of the well-known physical phenomena discussed 
on page 70, namely, the principle of the coexistence of different 
reactions ; the composition of velocities and forces ; the super- 
position of small impulses, etc. We shall employ this principle 
later on, meanwhile let us return to the auxiliary equation. 

1. When the auxiliary equation has two unequal roots, say 
and mg, the general solution of ( 1 ) may be written down vnthout 
any further trouble. 

y - + C^e^\ ... ( 6 ) 

This result enables us to write down the solution of a linear equa- 
tion at sight when the auxiliary has unequal roots. 
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Examples. — (1) Solve (D® + 14D — 32)y = 0. Assume y *= Oe’”® is a 
solution. The auxiliary becomes, + 14w — 32 = 0. The roots are m =* 2 
or — 16. The required solution is, therefore, y = + 020 

( 2 ) Solve d'^fdx'^ -h 4^dyldx +3^ = 0. Ansr. y = Oje-^ + 

(3) Fourier’s equation for the propagation of heat in a oylindrical bar, is 

d^Vjdx^ — i8‘-*V = 0. Hence show that V = H- 

2. 'When the two roots of the atiaciliary are equal. If = 7^2, 

in (6), it is no good putting (Oj + as the solution, because 

Oj + Og is really one constant. The solution would then contain 
one arbitrary constant less than is required for the general solu- 
tion, We can find the other particular integral by substituting 
TW-g =* + h, in (6), where h is some finite quantity which is to be 

ultimately made equal to ssero. Substitute Wg = in (6) ; 

expand by Maclaurin’s theorem, and, at the limit, when h ^ 0, 
we have 

y ss + Bx). ... (7) 

This enables us to write down the required solution at a glance. 
For equations of a higher order than the second, the preceding 
result must be written, 

y s Oj *4" C/g® + _ giB** » • (8) 

where r denotes the number of equal roots. 

Examples. — (1) Solve d^fda^ — dPyjdx^ - dyjdx 4 - y = 0. Assume 
y — Oe^. The auxiliary equation is w* — wi® — m + 1 » 0. The roots are 
1, 1, -- 1. Hence the general solution can be written down at sight: 

3/ = C?iC-* + (Oa + 03 Cc) 6 *. 

(2) Solve (D3 + 3D2 — 4)3/ = 0. Ansr. + C^a) + CgS*. Hint. 

The roots are obtained from (os — 2) (x — 2) (® — 1) — a:* + — 4. 

3. When the auxiliary equation has imaginary roots ^ all un- 
equal. Remembering that imaginary roots are always found in 
pairs in equations with real coefficients, let the two imaginary 
roots be 

THj a 4- i/3 ; and Wg a — t/3. 

Instead of substituting y »» in (6), we substitute these values 
of m in (6) and get 

y *= -= -I- OgS”*^*); 

where C-^ and Cg are the integration constants. From (13) and 
(15), p. 286, 

y « e“®Ci(cos 4- t sin ySa?) 4- ^''^OgCcos ^x — t sin ^x'). (9) 

Separate the real and imaginary parts, as in Bx. (3), p. 351, 

y 4 - 03)008/30? 4- t( 0 i — Oa)siu^a?}. 

00 
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If we put Cj + Og Af and t(Ci — C^) — JB, .we can write down 
the real form of the solution of a linear equation at sight when its 
auxiliary has unequal imaginary roots. 

y os cos ydic + B sin / 5 a?). . . ( 10 ) 

In order that the constants A and B in (10) may be real, the 
constants and Cg must include the imaginary parts. 

The Tondetermined constants A and B combined with the par- 
ticular integrals u and v may be imaginary. Thus, u and v may 
be united with and and Au + tBv is then an integral of the 
same equation. It is often easier to find a complex solution of 
this character than a real expression. If we can find an integral 
u + Wj of the given equation, u and v can each be separately 
regarded as particular integrals of the given equation. 


Bxamplbs. — (1) Show, from (9), and (2) and (3) of page 347, that we can 
write y = (cosh ax + sinh ax) (Aj cos ^ + B^ sin fix). 

(2) Integrate d^lda^+dyfdx+y^^O. The roots are a= - J and y8=J>/8 
y *^(A cos ^ sfS, X + B sin J *>/B . »). 

(8) The equation of a point vibrating under the influence of a periodic 
force, is, cPxfdt^ + j*aj « 0, the roots are given by (2> + ta) (2) — ta) *=» 0. Prom 
(10), y s! A cos ax -h B sin ax. 

(4) In the theory of electrodynamics (JSncyc. Brit., 28, 61, 1902) and in 
the theory of sound, as well as other branches of physios, we have to solve 
the equation 

d^tp 2 d<p 

r* 

Multiply by r and notice that 


dr<» ^ r ^ 


0 . 


dr ™3r ^ ™ dr ’ dr dr 


dr dd> d^ip 

a?' 3F ’’3^- 


dr^ ^ 

Hence we may write 
cP(ipr) 

= Jc^ir<p) = (D* + k^)tpr = (D + A) (D - A)<pr = 0. 


<pr = Ae^^+Be—**^', .*. ^== - (A cos 7cr + B sin A:r),asin (9) and (10) above. 


4. When some of the imaginary roots of the a/uxiliary eqy^tion 
cure equal. If a pair of the imaginary roots are repeated, we may 
proceed as in Case 2, since, when = Wg, + Oge”*®*^ is 

replaced by (A + Bx)e ”'^^ ; similarly, when m^ = W 4 , C^e”^ + C^e^ 
may be replaced by (C + Dx')e”^. If, therefore, 

m^ ssa mg = a + tyS ; and m^ = m^ = a — 

the solution 

y =* (Cl + C2£c)e<« + *^)* + (Cg + C4a?)e<«~‘^>*, 
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becomes 

y » + Bx) cos ySa; + (O + Dx) sin ^x). . (11) 

Examples. — (1) Solve (D* - 12Z>» + 62D* - 156D + 169)y = 0. Given the 
roots of the auxiliary : 3 + 2t, 3 + 2», 3 - 2*, 3 - 2*. Hence, the solution is 
y ss 4- Og®) sin 2sc + (G 3 + O 4 X) 00 s 2a:}. 

<2) If (D2 + l)“(2)_i)2y = 0, y = (A + J5a:) sina: + (Cf+2>a!)oos«+(JS7+Fa;)e*. 

XL lAnear equations with variable coefficients. 

Linear equations with variable coefficients can be converted 
into linear equations with constant coefficients by means of the 
substitution 

X ^ e* ; or, 2 : = log ic, . . , (12) 

as illustrated in the following example : — 


Example. — Solve the equation 

+ 2y = 0, 

by means of the substitution (12). By differentiation of (12), we obtain 


^ ^ 


Again, 


da 


3x dz 


dx X dz 


d?y __ 1 d?y dx dy ^ ^ _ 1 fcPy 

dx X dz a?' dz' * ’ da? ~ a*\ds'® dz j 


since, from (12), dx = xdz. Introduoing these values of dyjdx and d^yfdx^ in 
the given equation, we get the ordinary linear form 




0 , 


with constant ooefiELcients. Hence, y =» UjC®* + — Ojp? + C^. 

If the equation has the form of the so-called Legendre’s 
equation, say, 

(a 4 - - 5(a -f- x')^ + 62 ^ = 0 ; . (13) 

the substitution z a x will convert it into form (12), and the 
substitution c* for a x will convert it into the linear equation 
-with constant ooeffioients. Hence, dx = {a + x')dti dx^={a-^xfd^^ 
and 

^ - 6^ + 6y =. 0 ; y - 0,e» + 0,e» - 0,(a ^xf-y 0,(a + *)». 

Example. — In the theory of potential we meet with the equation 

d?V . 2 dV_ .^^.2r^=0. 

“ o, . . r-^2 + 

- 1. Hence, + 0./—K 


dr^ 


r' ' 3 ? 


The roots of the auxiliary are wt =» 0, and m 


GO 
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§ 132. Damped Oscillations. 

The equation =■ — q^s takes no account of the resistance to 

which a particle is subjected as it moves through such resisting 
media as air, water, etc. We know from experience that the 
magnitude of the oscillations of all periodic motions gradually 
diminishes asymptotically to a position of rest. This change is 
called the damping of the oscillations. 

When an eleotrio current passes through a galvanometer, the needle is 
deflected and begins to oscillate about a new position of equilibrium. In 
order to make the needle come to rest quickly, so that the observations may 
be made quickly, some resistance is opposed to the free oscillations of the 
needle either by attaching mica or aluminium vanes to the needle so as to 
increase the resistance of the air, or by bringing a mass of copper close to 
the oscillating needle. The currents induced in the copper by the motion of 
the magnetic needle, react on the moving needle, according to Lenz’ law, so 
as to retard its motion. Such a galvanometer is said to be damped. When 
the damping is sufficiently great to prevent the needle oscillating at all, the 
galvanometer is said to be **dead beat” and the motion of the needle is 
aperiodic. In ballistic galvsinometers, there is very much damping. 

It is a matter of observation that the force which exerts the 
damping action is directed against that of the motion ; and it also 
increases as the velocity of the motion increases. The most 
plausible assumption we can make is that the damping force, at 
any instant, is directly proportional to the prevailing velocity, and 
has a negative value. To allow for this, equation (4) must have 
an additional negative term. We thus get the typical equation of 
the second order, 

d^s ds 

where ^ is the coefficient of friction. For greater convenience, we 
may write this 2/, and we get 

d^s ds - 

3 ? + = 0 . . . . ( 1 ) 

Before proceeding further, it will perhaps make things plainer 
to put the meaning of this differential equation into words. The 
manipulation of the equations so far introduced, involves little more 
than an application of common algebraic principles. Dexterity in 
solving comes by practice. Of even greater importance than qnick 
manipulation is the ability to form a clear concept of the physical 
process symbolized by the differential equation. Some of the most 
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important laws of Nature appear in the guise of an “ unassuming 
differential equation The reader should spare no pains to acquire 
famiharity with the art of interpretation ; otherwise a mere system 
of differential equations maybe mistaken for “laws of Nature’*. 
The late Professor Tait has said that “ a mathematical formula, 
however brief and elegant, is merely a step towards knowledge, and . 
an all but useless one until we can thoroughly read its meaning 
Euler once confessed that he often could not get rid of the 
uncomfortable feeling that his science in the person of his pencil 
surpassed him in intelligence. I dare say the beginner will have 
some such feeling as he works out the meaning of the above 
innocent-looking expression. The term page 17, denotes the 

relative change of the velocity of the motion of the particle in unit 
time ; while 2/ . ds/dt shows that this motion is opposed by a force 
which tends to restore the body to a position of rest, the greater 
the velocity of the motion, the greater the retardation ; and re- 
presents another force tending to bring the moving body to rest, 
this force also increases directly as the distance of the body from the 
position of rest. The whole equation represents the mutual action 
of these diflferent eflfects. To investigate this motion further, we 
must find a relation between s and t. In other words, we must 
solve the equations. 

We can write equation (1) in the symbolic form 

(I>2 + 2/JD + q^)s = 0, 

the roots of the auxiliary are, pages 363 and 354, 

a - - / + .//» - 2* ; /3 - - / - -JP - • (2) 

The solution of (1) thus depends on the relative magnitudes of 
f and q. There are two important cases : the roots, a and may 
be real or imaginary. Both have a physical meaning and represeni 
two essentially different types of motion. Suppose that we know 
enough about the moving system to be able to determine the in- 
tegration constant. When ^ = 0, let V Vq and s = 0. 

I. The roots of the wuxilia/ry equation are imaginary, equal 
and of opposite sign. For equal roots of opposite sign, say 
we must have =■ 0, as indicated upon page 401. In this case, as 
in the typical equation for Case 3 of the preceding section, 

s a= Oi sin qt + cos qt. , . • (3) 

To find what this means, let us suppose that t =■ 0, s = 0, Vq — X, 
gr = 2, / = 0. Differentiate (3), 

dsjdt « qC^ cos qt - qC^ sin qt. 
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Hence 1 = 20^ x 1 — 2 x Cg x 0, or Oj « ^ Og == 0. Hence 
the equation, 

s = ^ sin 2t, . . . . (4) 

Curve 1 (Fig. 148) -was obtained, by plotting, from equation (4) by assign- 
ing arbitrary values to t in radians ; converting the radians into degrees ; and 
finding the sine of the corresponding angle from a Table of Natural Sines. 
Suppose we put = 45°, then sine 46° = 0*79 ; t 22*5° ss 0*89 radians from 
Table XIII. ; if 2^ = 630°, sin 630° = sin 45° in the fourth quadrant, it is there- 
fore negative ; t = 320° ;.*.<= (3*1416 + ^ of 8 *1416 -l- 0*39) radians. The 
numbers set out in the first three columns of the following table were calcu- 
lated from equation (4) for the first complete vibration : — 


M ^ i sin 2t, 

, = 4e-o*iesin l*‘J97i 

t 

radians. 

sin 2t. 

s. 

u 

Bml*7«. 


I. 

0 

0 

0 

0 

0 

1*00 

0 

0*89 

-1- 0*79 

0*39 

0*46 

+ 0*79 

0*96 

+ 3*84 

0*78 

+ 1-00 

+ 0*50 

0*92 

+ 1 00 

0*91 

+ 4*55 

1*18 

+ 0*79 

+ 0*39 

1*38 

+ 0*79 

0*87 

+ 3*84 

1*57 

0 

0 

1*80 

0 

0*84 

0 

1*96 

- 0*79 

- 0*39 

2*80 

- 0*79 

0*79 

- 3*84 

, 2*44 

- 1*00 

- 0*50 

2*77 

- 1*00 

0*76 

- 4*55 

2*69 

- 0*79 

- 0*39 

8*20 

- 0*79 

0*73 

- 3*84 

3*14 

0 

0 

3*70 

0 

0*69 

0 


II, The roots of the atixiliary equation are imaginary. For 
imaginary roots, — / ± — 2^), or, say — a + 6t, it is neces- 

sary that f < q (page 354). In this case, 

s = e~“‘(CiSin6i + C^coabt). . . (6) 

Let the coefficient of friction,/ «= O'l, g = 2, ^ = 0, 5 = 0, Fq = 1* 
The roots of the auxiliary are m=: - 0*1 ± VO'Ol — 4 = 0*1± ^ — 3‘99 

= - 0*1 ±(.1*997, where t = a/ ~ 1. Hence a = 0*1, b = 1*997. 
Differentiate (6), 

dsfdt = — ae~°* (O^ sin bt -f- cos bt) -t- be~'^'{Gi cos bt— sin bt) 
From (5), =® 0, and, therefore, Gi — 1/5 = 0*5. Therefore, 

s = 0-5e-® “ sin l*997i, ... (6) 

a result which differs from that which holds for undamped oscilla- 
tions by the introduction of the factor The last four 

columns of the above table has the numbers computed for the 
first complete vibration from equation (6). The graph of the 
equation is curve 2 of Fig. 148. 

The simple harmonic curve, 1, Fig. 148, represents the un- 
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damped oscillations of a particle. The effects of damping are 
brought out, by the diagram, curve 2, in an interesting manner. 
The net result is a damped vibration, whioh dies away at a rate 
depending on the resistance of the medium (2/v) and on the 
magnitude of the oscillations Such is the motion of a 



Pig. 148. 

magnetic or galvanometer needle affected by the viscosity of the 
air and the electromagnetic action of currents induced in neigh< 
bouring masses of metal by virtue of its motion ; it also represents 
the natural oscillations of a pendulum swinging in a medium whose 
resistance varies as the velocity. The effects of damping are two- 
fold : 

1. The period of oscillation is augmented hy damping y from 
Tq to T, From equation (5), we can show, page 138, that 

s = e - sin ht. . . . . (7) 

The amplitude of this vibration corresponds to the value of t for 
which s has a maximum or a minimum value. These values are 
obtained in the usual way, by equating the first differential co- 
efficient to zero, hence 

g- QQg ht — a sin ht') =» 0. . . . (8) 

If we now define the angle such that ht ^ or 

tan<^ = hfa, .... (9) 

lying between 0 and J-nr (i.e., 90®), becomes smaller as a in- 
creases in value. We have just seen that the imaginary roots of 
— f± are — a ± tb, for values of f less than q. Conse- 

quently, 

(-/+ - g»X -/- ^//' - g^) = (o + ci) (.a -lb); + (10) 

The period of oscillation of an undamped oscillation is, by 
(6), page 398, Tq = 27 r/q, and similarly, for a damped oscillation 
T « 27r/6 

T2 a^ + h^ T 

••• n = P ” -W- ” 1 + p: ••• n 


( 11 ) 
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which expresses the relation between the periods of oscillation 
of a damped and of an undamped oscillation. Consequently, 
OT - OTq =. 1*019 (Fig. 148). 

2 The ratio of the am/pUtude of (my vibration to the next, is 
constimt. The amplitudes of the undamped vibrations 
. . . become, on damping easy to show, by 

plotting, that tan <f>, of (9), is a periodic function such that 
tan ^ = tan (<j!> + w) — tan (<f> + 27r) *= . . . 

Hence <(> ; <j> +• rr ; <)!» + 2ir; ... satisfy the above equation. It 
also follows that bt-y ; + ; bt^^ 2^; . . . also satisfy the equation, 

where t^, t^, . . . are the successive values of the time. Hence 

bt^ — bty^ + ■TT J == bt-y^ + 2'jr y . . . j .*. ^2 ** “t" 3 ... 

Substitute these values in (7) and put Sg, Sg, ... for the cor- 
responding displacements, 

.'.Sj = Ac“‘"^sin6ii ; - Sg = sin ; ... 

where the negative sign indicates that the displacement is on the 
negative side. Hence the amplitude of the oscillations diminishes 
according to the compound interest law, 


^ ^ ^ ^ ^ ^ / 22 ) 


This ratio must always be a proper fraction. If a is small, the 
ratio of two consecutive amplitudes is nearly unity. The oscilla- 
tions diminish as the terms of a geometrical series with a common 



ratio 3 y 

ing logarithms of the 
terms of a geometrical 
series the resulting 
arithmetical series has 
every succeeding term 
smaller than the term 
which precedes it by 
a constant difference. 


Fig. 149.— Strongly Damped Oscillations. This difference can be 


found by taking logarithms of equations (12). 

Plotting these successive values of s and t, in (12), we get the 
curve shown in Fig. 149. The ratio of the amplitude of one swing 
to the next is called the damping ratio, by Kohlrausch (‘* Damp- 
fungsverhaltnis '’). It is written k. The natural logarithm of the 
damping ratio, is Gauss’ logarithmic decrement, written k (the 
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ordinary logarithm of k, is written li). Hence 

X = log h = JaTloge = JaT =» airjb, . ( 13 ) 

and from (11), 

^ + •••)• 

Hence, if the damping is small, the period of oscillation is aug- 
mented by a small quantity of the second order. The logarithmic 
decrement allows the damping constant ” or “ frictional co- 
efficient ” (ft of pages 397 and 404) to be determined when the 
constant a and the period of oscillation are known. It is there- 
fore not necessary to wait until the needle has settled down to 
rest before making an observation. The following table contains 
six observations of the amplitudes of a sequence of damped oscilla- 
tions : 


Observed 

Dedeutioii. 


X. 

L. 

G9 

48 

33-5 

23*5 

165 

11-5 

8 

1*438 

0*8633 

0*1578 

1*434 

0*3604 

0*1565 

1*426 

0*3548 

0*1541 

1*425 

0*8542 

0*1538 

1*436 

0*8612 

0*1569 

1*438 

0*3633 

i 

0*1678 


Observations of oscillating pendulums, vibrating needles, etc., 
play an important part in the measurement of the force charac- 
terized by the constant whether that be the action of, say, 
gravity on a pendulum, of a magnetic field on the motion of a 
magnet. The small oscillations of a pendulum in a viscous 
medium furnish numerical values of the magmtude of fluid 
friction or viscosity. 

III. Ths roots of the auxilicLry equation are real OTid u^nequal. 
The condition for real roots — a and -• /3, in (2), is that / be greater 
than q (page 364). In this case, 

s = 4- 

solves equation (1). To find what this means, let us suppose that 
3, g - 2, i = 0, s = 0, Fo « 1. From (2), therefore, 
m — - 3±n/9-4:~“-3± 2*24 = - *76 and - 6*24. 
Substitute these values in (15) and differentiate for the velocity v 
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or d&ldt. Thus 

s = dsjdt =. - - 0-76C2e-“^® 

/. - 6-2401 - -7602 = 1 . 

From (15), when i = 0, s = 0 ; and Oi + = 0 ; or — C?i — + Og == 0*225, 

s = 0*225(«-‘7«‘ ^ g-6-24*)^ ^ , ( 16 ) 

Assign particular values to ty and plot the corresponding values 
of s by means of Table IV., page 616. Curve 3 (Fig. 160) was 



obtained by plotting corresponding values of s and t obtained in 
this way. The curves have lost the sinuous character, Fig. 148. 

IF. The roots of the ausdliary eq%Mtion are real and eqttak 
The condition for real and equal roots is that f q. 

s = (Oi+ . . . (17) 

As before, let / *» 2, g *= 2, ^ = 0, s = 0, Fq =» 1. The roots of the 

auxiliary are -• 2 and — 2. Hence, to evaluate the constants, 
s«(Oi+O 2 O 0 '*'^; dsldt^G.;,e-^ C2-2C1-I; 

Oj =8 0 and Cg = 1 ; 

(18) 

Plot (18) in the usual manner. Curve 4 (Fig. 160) was so ob- 
tained. 

Compare curves 3 and 4 (Fig. 148) with curves 1 and 2 
(Fig, 150). Curves 3 and 4 (Fig. 150) represent the motion when 
the retarding forces are so great that the vibration cannot take 
place. The needle, when removed from its position of equilibrium, 
returns to its position of rest asymptotically, i.e., after the lapse of 
an infinite time. What does this statement mean ? E. du Bois 
Raymond calls a movement of this character an aperiodic motion. 

§ 133. Some Degenerates. 

There are some equations derived from the general equation 
by the omission of one or more terms. The dependent or the 
independent variable may be absent. I have already shown, 
pages 249 and 401, how to solve equations of this form : 
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^ = ^ + -g=3, = 0. 


( 1 ) 


where g and q are constants. 

Ezamfiie:. — T he general equation for the deflection of a horizontal beam 
uniformly loaded and subjected to the pressure of its supports is 

d*y , 

where a and w are constants. If the beam has a length I and is supported at 
both ends, t>he integration constants are evaluated on the supposition that 
y = 0 , and cPyldx'^ = 0 both when a: = 0 and ® = Z. Hence show that the 
integration constants, taken in the same order as they appear in the inte- 
gration, are Oj = — J6Z ; Cg = 0 ; ; O4 = 0. Hence the solution 

y ~ -^hxipcfl — 9 ,lx + P). If the beam is damped at both ends, y = 0, and 

dyjdx 0 for a; = 0 and x » Z. Show that the constants now become 

C, = - i^feZ ; a « *&Z 2 ; O3 « 0 ; y =» - 2 Zaj + 2 ®). If the 

beam is clamped at one end and free at the other, y 0, dyjdx = 0 for 
X = 0 ; and d^fdx^ = 0 and d^Jdx^ =» 0 when x ^ 1 . Show that Ci = — 6Z ; 
O = i6Z ; C3 = O ; 04 = 0 . .-. y = bx%x^ - 4 .lx + 6Z?). 

If kx denotes the **puU *’ of a spring balance when stretched a 
distance x, at the time the equation of motion is 

d^x k 

_ + —a; “ . . . . (2) 

where m denotes the stretching weight ; g is the familiar gravita- 
tion constant. For the sake of simplicity put kfm = a®, and we 
can convert (2) into one of the above forms by substituting 

a d^u „ ^ 

a: - « + ^ + a% = 0. 

Solving this latter, as on page 401, we get 

u = G-^ cos at -h Og sin at ; .*. rc = C^aosat + Cj sina^ + gjaK 
Or, you can solve (2) by substituting 

^ _dy ^ ^ ^ 

P ~ dx^ " dx‘^'~ dx~ dx’ dy ^dy* * 

so as to convert the given equation into a linear equation of the 
first order. For the sake of ease, take the equation 

dW dV _ P 

r ■ dr ” V • * ■ 

which represents the motion of a fluid in a cylindrical tube of 
radius r and length 1. The motion is supposed to be parallel to 
the axis of the tube and the length of the tube very great in 
comparison with its radius r. P denotes the difference of the 
pressure at the two ends of the tube. If the liquid wets the 
walls of the tube, the velocity is a maximum at the axis of the 
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tube and gradually diminishes to zero at the walls. This means 
that the velocity is a function of the distance, r^, of the fluid from 
the axis of the tube, /x is a constant depending on the nature of 
the fluid. First substitute ^ « dVJd/Ty as in (3) 


^ + .■■rdp+pdr. 


^rdr; .-.pr- - + 


To evaluate in (5), note that at the axis of the tube r = 0. This 
means that if is a finite or an infinite magnitude the velocity 
will be infinite. This is physically impossible, therefore, G^ must 
be zero. To evaluate G^, note that when r = r^, F vanishes and, 
therefore, we get the final solution of the given equation in the 
form, 

„ - r«) 

which represents the velocity of the fluid at a distance from the 
axis. 


ExampziSss. — ( 1) Show that if cPyJdx^ s 32, and a particle falls from rest, 
the velocity at the end of six seconds is 6 x 82 ft. per second ; and the 
distance traversed is x 32 x 86 ft. 

(2) The equation of motion of a particle in a medium which resists di- 
rectly as the square of the velocity is dPsldt"^, = — a{dsldt)^. Solve. Hint. 
Substitute as in (3); dp/p®+ udi =0 ; p “ * = + Oj ; as ss log(a< + Oj) + C .^ ; 
etc. 

(3) Solve y . d^fdx^ + {dyfdxy = 1. Ansr. + C^x -i- Og. Hint. 

Use (3), pdpfdy + p'^Jy = 1/y; py = x + C^, etc. 

Exact equations may be solved by successive reduction. The 
equation of motion of a particle under the influence of a repulsive 
force which varies inversely as the distance is 

d^s a ds . t ^ t 

3p“ 7’ y - (wGog ^ - 1) + 0„ 

on integration by parts. The equation of motion of a particle 
under the influence of an attractive force which varies inversely 
as the nth power of the distance is 

dH _ 2a z' 1 1 ^ 

- s'** ■* \dt) “n - ‘ 

Again integrating, we get 



( 6 ) 
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According to the tests of Integra bility, this may be integrated when 

■» = . . . — 1, • J or when W = . . . ■§’» ■ji 0, 2, . (7) 

as indicated on page 210. 

Examples. — ( 1) I£ w = we get (dsldt)^ == 4a(a* - s*) ; consequently, 
2fJa .dt = — (tti — si) - ids. The negative sign is taken because s and t are 
inverse functions of one another. Add and subtract 2 sj a/(3 sJ s s/o^ — si)* 
We get on rearranging terms, 

/— 3^s *1” ^sjoi ^ 2 \ ^ 

2 a. .dt ^ ^ ^ 3n/s N/ai — si / * 

.*. if = - Q ^ - .= i^*|^si(oi — si)i -h 2 s/a{a^ — si)i j- = ~ 

(2) If d^sjdt^ — e.dzfdt = 0; show that Oi H- « = (Oj — + 

Hint. We get on substituting p = ds/dc; d^zjdt^ = dp/d< sss dzjdt x dpjdz 

- UjS). 

(8) The equation of motion of a thin revolving disc is 
dhc du u , « ^ 

•‘•r= “ 2r^"“r- 

Hint. Add and subtract rdufdr. 

/ d'hL dii\ / du \ , « d / ,dz4\ d d /ar*\ 

(r-^ + 2r^) - + ar» = 0; 4 j - 

On integration wo get an ordinary equation of the first order which can be 
solved (Ex. (16), p. 372) by substituting vr =» u. 


§ 134. Forced Oscillations. 

We have just investigated the motion of a particle subject to 
an effective force, d'^sjdt^, and to the impressed forces of restitu- 
tion, and resistance, 2/F. The particle may also be subjected 
to the action of a periodic force which prevents the oscillations 
dying away. This is called an external force. It is usually 
represented by the addition of a term to the right-hand side 
of the regular equation of motion, so that 

The effective force and the three kinds of impressed force all 
produce their own effects, and each force is represented in the 
equation of motion by its own special term. The term comple- 
mentary function, proposed by Liouville (1832), is applied to the 
complete solution of the left member of (1), namely, 

+ 

The complementary function gives the oscillations of the system 
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when not influenced by disturbing forces. This integral, there- 
fore, is said to represent the fpee or nsLturaJ osoillsitions of 
the system. The particular integral represents the effects of the 
external impressed force which produce the forced oscillations. 
The word ** free ” is only used in contrast with “ forced A free 
oscillation may mean either the principal oscillation or any motion 
represented by any number of terms from the complementary 
function. 

Let ecjuation (1) represent the motion of a pendulum when 
acted upon by a force which is a simple harmonic function of the 
time, such that 

dP + 2®^ == koosnt. . . . (3) 

We have already studied the complementary function of this 
equation in connection with damped oscillations. Any particular 
integral represents the forced vibration, but there is one particU" 
lar integral which is more convenient than any other. Let 

s = A cos nt + B sin nty (4) 

be this particular integral. The complementary function contains 
the two arbitrary constants which are necessary to define the 
^tial conditions; consequently, the particular integral needs no 
integration constant. We must now determine the forced oscil- 
lation due to the given external force, and evaluate the constants 
A and B in (4). 

Eirst substitute (4) in (3), and two identical equations result. 
Pick out the terms in cos ni, and in sin nt. In this manner we 
find that 

— An^ -f- ^Bfn + g^A = k ; and, — Bn^ — 2Afn -h q^B 0. 

Solve these two equations for A and B, and we get 

A = /g(g^ - n^) . „ Qk/n 

(gS _ ^2)2 + 4y2^2 » ““ (gr2 _ ^2)2 ^ (®) 

It is here convenient to collect these terms under the symbols 
B, cos €, and sin €, so that 


^2 _ ^2 _ QQg ^ ^ e ; e « tan-^J^-g^-^^ ^ 

R k 1 - n 

~ riFf -I- 4/2^2 ' 

• *. A = B cos e ; B = B sin e. , 
Prom (4) we may now write the particular integral 

s — B(cos € . cos nt + sin e . sin nt). 


( 6 ) 

(7) 


( 8 ) 



g 134. HOW TO SOLVE DIFFERENTIAL EQUATIONS. 416 


or, making a well-known trigonometrical substitution, 

s = B cos (nt - c). . . . (9) 

This expression represents the forced oscillations of the system 
which are due to the external periodic force. The forced oscil- 
lation is not in the same phase as the principal oscillation induced 
by the effective force, but lags behind a definite amount c. 

R in (6) always has the same sign whatever be the signs of n and ; 2/ is 
positive, hence sin e is positive and the angle € lying in the first two quaidranta 
ranges from 0 to v. On the other hand, the sign of cos e does depend upon 
the relative magnitudes of n and q. If q be greater than n, € is in the ^t 
Quadrant ; if g is less than n, e is in the second quadrant (see Table XY., page 
610) ; if g = n, 6 = The amplitude, 22, of the forced vibration is propor- 
tional to the intensity, k, of the external force. If / be small enough, we can 
neglect the term containing f under the root sign, and then 



In that case the more nearly the numerical value of g approaches n, the 
greater will be the amplitude, 22, of the forced vibration. Finally, when 
g s= n, we should have an infinitely great amplitude. Consequently, when 
g s= n, we cannot neglect the magnitude of and we must have 

22 

80 that the magnitude of 22 is conditioned by the damping constant. If /bO 
as is generally assumed in the equation of motion of an unresisted pendulum, 

d^s 

-^ + qHm,JcooBnt, , • • t * (10) 

the particular integral of which 

k . 

5 S® ' "o ' n COS 

qi -n^ 

is indeterminate when n » g. The physical meaning of this is that when a 
particle is acted upon by a periodic force “in step" with the oscillations of 
the particle, the amplitude of the forced vibrations increase inde^itely, and 
equation (10) no longer represents the motion of the pendulum. See page 
404. As a matter of fact, equation (10) is only a first approximation obtained 
by neglecting the second powers of small quantities (see E. J. Bouth’s Ad- 
vanced Rigid dynamics, London, 222, 1892). I assume that the reader knows 
the meaning of g and n, if not, see pages 137 and 397. 

If the motion of the particle is strongly damped, the maximum ezoitar 
tion does not occur when n b g, but when the expression under the root sign 
is a minimum. If n be vaiiriable, the expression under the root sign is a 
minimum when n® g’ — 2/^, as indicated in Ex. (6), page 166 ; and 22 is there- 
fore a maximum under the same conditions. If n be gradually changed so 
that it gradually approaches g, and at the same time f be very small, 22 will 
remain small until the root sign approaches its vanishing point, and the 
forced oscillations attain a maximum value rather suddenly. For example, 
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if a tuning fork be sounded about a metre away from another, the minute 
movements of air impinging upon the second fork will set it in motion. 

If / be large, the expression under the root sign does not vanish and 
there is no sudden maximum. The amplitudes of the free vibration changes 
gradually with variations of n. The tympanum of the ear, and the receiver 
of a telephone or microphone are illustrations of this. Every ship has its 
own natural vibration together with the forced one due to the oscillation of 
the waves. If the two vibrations are synchronous, the rolling of the ship 
may be very great, even though the water appears relatively still. **The ship 
AcJiilles^" says White in his Mawual of Naval Architecture^ “ was remarkable 
for great steadiness in heavy weather, and yet it rolled very heavily off Port- 
land in an almost dead calm.*’ The natural period of the ship was no doubt 
in agreement with the period of the long swells. Iron bridges, too, have 
broken down when a number of soldiers have been marching over in step 
with the natural period of vibration of the bridge itself. And this when the 
bridge could have sustained a much greater load. 

The complete solution of the linear equation is the sum of the 
particular integral and the complementary function. If the latter 
be given by JJ., page 406, the solution of (3) must be written 
s = IiQOs(7i,t ~ c) + e~**(<7iOOS qi + G^sinqt'). 

We can easily evaluate the two integration constants and Oj, 
when we know the initial conditions, as illustrated in the preced- 
ing section. If the particle be at rest when the external force 
begins to act, 

Oi =* - i? cos e ; Co — b(- sin e + — cos e 

^ ^ \q q 

At the beginning, therefore, the amplitude of the free vibrations is 




of the same order of magnitude as the forced oscillation. If the 
damping, ^f, is small, and n is nearly equal to q, the damping 
factor, 6“®*, will be very great nearly unity; 2f/q is nearly zero; 
njq is nearly unity; and c is nearly Jtt. In that case, C-^ = 0, and 
{>2 =» — iJ. The motion is then approximately 

s = i?(sinni — sinq^). 

The two oscillations sinn^ and — sinq^ are superposed upon one 
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Another. If these two harmonic motions functions are plotted 
separately and conjointly, as in Fig, 151, we see at once that they 
almost annul one another at the beginning because the one is 
opposed by the other. This is shown at A. In a little while, the 
difference between q and n becomes more marked and the ampli- 
tude gradually increases up to a maximum, as shown at B, These 
phenomena recur at definite intervals, giving rise to the well- 
known phenomena of interference of light and sound waves, beats, 
etc. 

ExampIiSS. — ( 1) Ohm’s law for a constant current is JEsstRC'i for a 
variable current of O amperes flowing in a circuit with a coefficient of self- 
induction of Zj henries, with a resistance of 12 ohms and an electromotive 
force of JS volts, Ohm’s law is represented by the equation, 

B ^RC ^ Tj . djOdt (11) 

where dC/dt evidently denotes the rate of increase of current per second, L is 
the equivalent of an electromotive force tending to retard the current. 

(i) When £J Is constant, the solution of (11) has been obtained in a preced- 

ing set of examples, C — JE7/JE2 + Be — where J5 is the constant of integration. 
To find B, note that when i = 0, 0=0. Hence, O = £7(1 — « - The 

second term is the so-caJled extra current at make,” an evanescent factor 
due to the starting conditions. The current, therefore, tends to assume the 
steady condition: C = B/R, when t is very great. 

(ii) When O is an harmonic function of the time, say, O <sb Cq sin qt ; 
dCjdt = C^qooaqt. Substitute these values in the original equation (11), 

and £7 = RCq sin qt + LC^q cos qt, or, £7 = Oq >/i2® + . sin {gt + e), on 

compounding these harmonic motions, page 138, where « = tan — ^(Lg/22), the 
so-called lag^ of the current behind the electromotive force, the expression 
.y(jB® + is the so-called irttpedance. 

(iii) When £7 is a function of the time, say,/(^), 

O^Be~t ^ I e^/(t)dt, 

where H is the constant of integration to be evaluated as described above. 

(iv) When £7 is a simple harmonic function of the time, say, £7 = £7oSin2^, 
then, 

i-. u. - LgoosgQ 

O ^ Be X -I JR* + Z/Sg* 

The evanescent term e — may be omitted when the current has settled 
down into the steady state. (Why ?) 


1 An alternating (periodic) current is not always in phase (or, “in step”) with 
the impressed (electromotive) force driving the current along the circuit. If there 
is self-induction in the circuit, the current lags behind the electromotive force ; if 
there is a condenser in the circuit, the current in the condenser is greatest when the 
electromotive force is changing most rapidly from a positive to a negative value, that 
is to say, the maximum current is in advance of the electromotive force, there is then 
said to be a lead in the phase of the current. 

DD 
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(v) When JE is zero, O = Evaluate the integration constant 

JB by putting O = Co, "when i = 0. 

(2) The relation between the charge, 2 , and the electromotive force, E, of 
two plates of a condenser of capacity O connected by a wire of resistance 22, is 
E as 22 . dq^ldt + provided the self-induction is zero. Solve for q. Show 
that when if JEJ be 0; g = (Qo charge when t >■ 0). If E be 

constant ; OE + Be - */*«'. If 2Z? « f{t ) ; 


(8) Show if E^^ 


1 JL f ±. 

q = “ -av / + 

t 

J^osin qt; q Be- no •\r 


Be ~ Jta, 

CE{Bin qt + 220^ cos qt) 
1 + 2220 ^ 3 *^ 


§ 185. How to find Particular Integrals. 


The particular integral of the linear equation, 

+ PD + Q)y = /(a;), ... (1) 

it will be remembered, is any solution of this equation — the simpler 
the better. The particular integral contains no integration con- 
stant. The complete solution of the linear equation is the 
sum of the complementary function and the particular integral. 

Complete solution — complementaxy function + particular integral. 

We must now review the processes for finding particular in- 
tegrals. Let R be written in place of /(a?), so that (1) may be 
written f(jy)y =* jB. Consequently, we may write, 

y or.y = . . (2) 

The right-hand side of either of equations (2), will furnish a 
particular integral of (1). The operation indicated in (2) depends 
on the form of /(D). Let us study some particular cases. 


J. When the operator /(D) ” ^ can be resolved into factors. 


5^ + 6y = B, 


Suppose that the linear equation 

dx^ 

can be factorized. The complementary function can be written 
down at sight by the method given on page 401, 

(D^^ - 5D -f 6)y = 0 ; or, (D - 3) (D - 2)2/ = 0. 
According to (2), the particular integral, t/j, is 


(D - 3) (D - 2)-^ “ (d - 3 D - 2 )-^ ’ 

On page 396 we have defined /(D) “ to be that function of x 
which gives R when operated upon by /[D). Consequently, 
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JO =» Ix^dx. Hence, J> — 3 acting upon (JO — 3) ~ must, by 
definition, give JB. But (JD — 3) "■ is the particular integral of 
the equation 


so that from (2), page 387, y *= =» e^le~‘^JRdx, 

.*. 2/i — — «2*Je ” ^Rdx. 

from (2). The general solution is 

y — + Ce^ + ~ ^Bdx — e^je ~ ^JBdx. 


Exa^mpiiXb. — ( 1) In the preceding illustration, put R ss 0 *» and show that 
the general solution is, Oje®* + CaS** + 

(2) If (D® — 4D + S)y = 2e®* ; y = Cj&^ + Cjs®®* + are®*. 

(8) Solve cPyldaJ^ — Zdyjdx + 2y =* In symbolic notation this will 
appear in the form, {D — 1) {D — 2)2/ = e®*. The complementary function is 
y s= OjA* + C^e^. The particular integral is obtained by putting 

= (D - 2) (D - 1)^ ” (d - 2 ” D ~ l)^’ 

according to the method of resolution into partial fractions. Operate vdth 
the first symbolic factor, as above, “ ®*«®*da: — «*Je ~ *e®*d» *= Je®*. 

The complete solution is, therefore, y s=x Oi«* + OaS®* + ^a®*. 


II. When Ris a rational function of x, say af^. 


This case is comparatively rare. The procedure is to expand 
f(D) ” 1 in ascending powers of D as far as the highest power of x 
in H. The expansion may be done by division or other convenient 
process. 


ExAMPiiBss. — (1) Solve dPyfdx^ — 4cdyldx + 4y *■ x*. The complementary 
function is j/ = 4> JBx) ; the particular integral is : 

(2 — D)®** **' 4^^ + D + ■jjy*^a5* =-g(2a;® + 4x -I- S)« 

You will, of course, remember that the operation Dx® is 2x ; and D®x® is 2. 

(2) If d^yjdx^ — 2 / = 2+5x;2/=<s OjC* + CoC “ * — fix — 2. 

(3) The particular integral of (D* + 32)® + 22))2/i== is • 5 ^x( 2 x® — 9x + 21) ; 

the complementary function is Oj + C/jje~®* + The steps are 


X ^ S. i X / 1 ^ • 

22) + 3D-+ 2)®® + i2)®y® “21)1,^ ”2^ + 4 






Now proceed as in Ex. (1) for the operation Dx® and 2)®x®. Then note that 

•^x «= J xdx; *■ r **dx ; etc. 


III. When R c ontains an exponential factor^ so that R = e^JSJ. 

Two cases arise according as X is or is not a function of a;, a is 
constant. 

DD* 
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(i) When X is a function of x. Since where n is 

any positive integer, we have 

D(e^X) = e^DX + »= e^(J) + a)X, 

and generally, as in Leibnitz’ theorem, page 67, 

Ire'^X - «•*(£) + ayX ; 




iX s= e^X j and 




(3) 


• * (1? + ay^ " (2> 

Consequently, the operation /(i?) - ^e°*X is performed by trans- 
planting e*** from the right- to the left-hand side of the operator 
/(D) " ^ and replacing D hy D + a. This will, perhaps, be better 
understood from Exs. (1) and (2) below. 

(ii) When X is constant, operation (3) reduces to 

1 1 


fm 


fW 


er 


(4) 


The operation /(JD) “ is simply performed by replacing I> by a. 


Examples. — ( 1). Solve — ^dyjdx + y = a;^***. The complete solution, 

by page 418, is (Oj + a:C 2 )e* + (D + 2D 4- 1) The particular integral is 

• j^a _ 2I> + = (D 

By rule : may be transferred from the right to the left side of the operator 

provided we replace D by i> + 3. 

*= + 2)^ * **• 

We get from I above, + as the value of the particular integral. 

(2) Evaluate (D — 1) ~ ^e*log «. Ansr. e*(aj log a; — a) ; or a’e*log {x/e). 
Integrate Jloga;dx by parts. 

(3) Find the particular integral in (D^ - 8D + 2)y s= 

- 8D + 2*** “ Sa - 3 . 3 + 2®** “ 

(4) Show that is a particular integral in cPyjdx'^ 4 - ^.dyjdx + y ss 

(5) Repeat Ex. 1, J, above, by this method. 


An anomalous case arises when a is a root of f{D) = 0. By this 
method, we should get for the particular integral of dyjdx — y=^e^. 



The difficulty is evaded by using the methodi(3) instead of (4). 




xe(‘. 


Thus, 


The complete solution is, therefore, y = Ce* 4- a:c*. 

Another mode of treatment is the following : If a is a root of 
/(jD) = 0, then as on page 354, D — a must be a factor of f(D). 
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Oonsequently, 

/(Z») - (JD - ay(p ) : 
and the particular integral is 

= (D ■-—)■ ■ 7^®“ " 

If the factor D — a occurs twice, then following the same rule 

7 ^“ - (p^r/wr “ w^y/hrr - 

and so on for any number of factors. 

ExaupiiBB. — ( 1) Find tbe particular integrals in, {JO + l)’^y = a ~ Ausr. 
Hint. Use (6) extended; or, since the root a is — 1, we have to 
evaluate e ” * . 2J ■" “ ; that is, e ~ ^JjJdxdxdx. 

(2) (D® - l)p = ic«*. Ansr. - i®). Hint. By the naethod of (3), 

and Ex. (3), II., above, 

111 1/1 1„\ l/« A 

+ i)i - i®“*‘D»+8I>*+3I>® ■“•*DV8 8-^/*“^V3 8/ 

JV. W hen JB contains sine or cosine factors . 

By the successive differentiation of sinTtfc, page 67, we find that 
Dshxnx » as noos no; ; D^sinwo; = -n,2gin^;... 

+ a) — (- 7t2)®*sin(7ta; + a), 
where w and a are constants. And evidently 

/(D‘^)sin( 7 wc + a) =» /(- n‘-^)8in(7ia; + a). 

By definition of the symbol of operation, ~ page 396, this' 

gives us 

y^^^sm( 7 M; + «) -» _ - ^^sin(wa; + a). . (7) 

It can be shown in the same way that, 

y^^ ^ o oB(nx + a) — -y os(rKg + a). . (8) 

ExAMPnass. — (1) dPy/da^ + dJ^lda? + dyldx + y— sin 2a!. Find the par- 
ticular integral. 

/{S) “ Z)® -H 2)2 -h X) + 1 ^ “ (£)2 + 1) + I>(D® + 1) 

Substitute — 2® for as in (7). We thus get — •Jr(il + l)“^Bin2a!. Multiply 
and divide by O — 1 and again substitute O^ *“ ( “■ the result. Thus we 

get ^{D - 1) sin 2aj ; or ,V(2 oos 2aj - sin 2a!). 

(2) Solve dJ^ldx"^ - A;®y =» oqs ma. Ansr. Oi«** -f Oge “ ** - (cos + h*). 

(3) If a and fi are the roots of the auxiliary equation derived from Helm- 
holtz’s equation, + mdyidt +n^^a sin nt, for the vibrations of a tuning- 

fork, show that 2 ^ ess Oxe** -I- “■ (a oos is the complete solution. 
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An aiiioixiailous csiso aiX'isos when in X)^ + is e<juail to — t®** 
For ingtanoQ, the particular integral of d^^Jdx^ H- = ^nx, is 
^ J£ w<r. If the attempt is made to evaluate this, by 
substituting Z)a * - we get JC: ««;( ^ + 7 ®*) " ^ « oo ^nx. 

We were confronted with a similar difficulty on page 420. The 
treatment is practically the same. We take the limit of 
(Z>3 + 'n?)-'^^nXf when n oi ^nx and - J>2 become w + and h 
converges towards zero. In this manner we find that the par- 
ticular integral assumes the form 

X sin rtac x cos 7 ix 

+ 2^ if 22 = cos «£c ; imd — if 22 « sin 71a;. ( 9 ) 

SXAMPUCS.— -(1) !Ejvalaat6 (jD® + 4) ~ ^cos 2iB. Ansr. sin 2iB. 

(2) Show that — ^ 00 a os, is the particular integral of (2?® + l)y = ain x. 

^3) Evaluate + 4) “ ^ain 2x. Ansr. — ^a? cos 2a/. 


F. When JR contains cun/y function of x, say X, such that 22 •» xX, 


The successive differentiation of a product of two variables, 
xXf gives, pages 40 and 67, 

D^xX « x]y*X + nD^ -^X. 
r, fCD)xX ^ x/(D)X + /XJD)X. . . (10) 

Substitute F = f(I)')X, where F is any function of x. Operate 
with/(2)) We get the particular integral 

fiP'f^ - JX. . . (11) 

where/XX>)//(£>)2 is the differential coefficient of /(£)) “ K 


SzABCPiiSa. — (1) Find the particular integral in cPylda^ — y =s. xe^» Re- 
member that / (D) is the differential ooefacient of Z)» - 1. From (11) the 
particular integral is 

{* ■ {» -^.8.4]-^=._(£- i|y.. 

(2) Show in this way, that the particular integfral of (J> — l)y = * sin x 


£> + l 


(2> + 1)2 


- 1 ® (Z) — 1)2 ® *“ ®jb2 — 1 - ^£>2 _ sin X ; 

— j^it/(.0 + 1) COS X — + 2JD - 1 - 1) cos X = t^a:(oos x + sin aj) — J cos x. 

(3) If d^yfdx^ — y s=s a'-^cos aj ; y = 0,e* -t- x sin a: -i- ^ cos x(l ~ a;*). 

Hint. By substituting xX in place of X in (10), the particular integral may 
be transformed into 


- -[ . . (12) 

where and /"(D)//(I)3) respectively denote the jOtat and second 

differential coefficient of f{D) ~ \ Successive reduction of x*^X furnishes a 
similar formula. The numerical coefficients follow the binomial law. Re- 
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turning to the original problem, the first and second difierential coefficients 
of (X>2 - 1) - 1 are - 2D(D^ - 1) - and (2D ’ - 2) (D^ - 1) - ». Hence, 

1 o r o 1 « - 2D . 2(D« - lU 

/(D)®^®® ® \ ® Z>2 _ 1 + 2x _ ly jcos » J 

as - ^fc^cos X - ^ sin£B + J cos a;. 

(4) Solve - y = a sin as. The particular integral consists of two 

parts, ^{(x — 3) cos a; — x sin x}. Tho complementary function is 

CjB* + e *“ * *{Casin(J ^/8») + 03 COs(J 


§ 136. The Gamma Function. 


The equation of motion of a particle of unit mass moving 
under the influence of an attractive force whose intensity varies 
inversely as the distance of the particle away horn the seat of 
attraction is obviously 

d^8 a 

dt* “ s* 


where a is a constant, and the minus sign denotes that the 
influence of the force upon the particle diminishes as time goes 
on. To find the time occupied by a particle in passing from a 
distance s — s to s — Sq, we must integrate this equation. Here, 
on multiplying through by 2d3ldt, we get 


' ds d^s Q fl ds 




If V = 0 when s » Sq, 



For the sake of convenience, let us write y in place of logsjs. 
From the well-known properties of logarithms discussed on 
page 24, it follows that if s = Sq, y — 0 ; and if s »=» 0, y « go. 
Hence, passing into exponentials. 




d ' ; s 

*dy 




ds SqS “ ^dy ; 


Jy - v/isjo® 


( 2 ) 


It is sometimes found convenient, as here, to express the solu- 
tion of a physical problem in terms of a definite integral whose 
numerical value is known, more or less accurately, for certain 
values of the variable. For example, there is Soldner’s table of 
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iJ(logaj) ~ ^dx ; Gilbert’s tables of Fresnel’s integral JJcos . dv, or 
JJsin . dv ; Legendre’s tables of the elliptic integrals ; Kramp's 
table of the integral /*6*'*^. ; and Legendre’s table of the in- 

tegral e ■“ ^ . da?, or the so-called ** gamma function”. We 
shall speak about the last three definite integrals in this work. 

Following Legendre, the gamma function, or the second 
Eulerian integral,” is usually symbolised by r(»). By definition, 
therefore, 

T(n) »» f e “ * 0 ?" ~ 1 . dx. . . . (3^ 

J 0 

Integrate by parts, and we get 

I 00 poo 

6 ^ *a?" . da? n I « “ *a?" * ' . da? — s -*• *a?”. (4) 

0 Jo 

The last term vanishes between the limits a; «> 0 and a? = oo. 
Hence 

f OB poo 

e ” “a?** . da? » n 1 e *a?" ^ . da?. . . (5) 

0 Jo 

In the above notation, this means that 

r(» -I- 1) = nV(n). ... (6) 

If n is a whole number, it follows from (6), that 

r(n-i- 1) =. 1.2.3. n! . . . (7) 

This important relation is true for any function of n, though n 1 
has a real meaning only when n is integral. 

The numerical value of the gamma function has been tabu- 
lated for all values of n between 1 and 2 to twelve decimal places. 
By the aid of such a table, the approximate value of all definite 
integrals reducible to gamma functions can be calculated as easily 
as ordinary trigonometrical functions, or logarithms. There are 
four cases ; 

1. n lies between 0 and 1. Use (16). 

2. n lies between 1 and 2. Use Table V., below. 

3. n is greater than 2. Use (6) so as to make the value of the 
given expression depend on one in which n lies between 1 and 2. 

4. r(l)- 1; r(2) == 1 ; r(0) - oo; r(J) ^ . (8) 

jf. The ootwerstofi of definite integrals into the gamma fwnction. 

The following are a few illustrations of the conversion of de- 
finite integrals into gamma functions. For a more extended 
discussion special text- books must be consulted. If a is inde- 
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pendent of x. 


L 


-ax^rnr- 


1 . dia; = ^r(m) ; 


( 9 ) 


f“ (10) 

Jo Jo(l+®) ■*■ T(m + n) 


(11 


The first member of (10) is sometimes called the first JEulerian 
integral^ or beta function. It is written B(m, n). The beta fanc> 
tion is here expressed in terms of the gamma function. Substitute 
X =» ayjb in the second member of (10), and we get 

’ r(m)r(w) 

(ay + &)”*+“ " a^b^V(m + n)* 

Other relations are : 

+ 1 ) 

10 + 2) 
sin^. . cos«» . d. = 

0 2r[i(p + S) + 1] 

( - i)'>r(TO + 1) 


Jo {ay + 6)”*+” 
ire : 

fiTT 

I sin”a? .dx — \ 

Jo Jo 

[ 


cos'*a; . dx 


fViogx-i* - . 

f x'^e-^dx =a + 1) ; f e~~‘^*^dx— ^ 

Jo Jo a a 


( 12 ) 

(13) 

(14) 

(15) 


You can now evaluate (2). We get 




V 


TT 


Compare the result with that obtained by the process of integra- 
tion described on pages 342 and 344. 

ExAMPiiKS. — (1) Evaluate sin*®® . dx. Hint. Prom (12), 

\/ir ^ ^ i >Jv V 9 7 6 3 ^ 

***“2”‘ 6. 4. 3.2.1 "2* 10 *8*6*4 2* 

r(6) 5 . 4. 3. 2.1 


r(6) 

(2) Evaluate J ^ a-^'‘ . dx. Use (9). Ansr. 

(3) If / 


a" 


“ x^-^dx 
0 


1 - 1 - ® 

r(l + w).r(l -m) = 


Sin mTT 
mir 


, sliow that r(m) • r(l — wz) 


; and 


sin Wit 

7 by putting w + n » 1 in tbe beta function, etc. 


These two results can be employed for evaluating the gamma function when 
n lies between 0 and 1. By division 

r(wx) = • .... (16) 

If m =» i, r(i) = 3*6254; log r(i) — 0*6594; if w *■ r(J) = 1*7725; 
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logio r(^) = 0-2486; and if w == r(|) = 1*2253; logi„ r(J) = 0*0883; where 

the bar shows that the figure hae been strengthened. 

II- NumeTical computations. 

Table V. gives the value of logior*(^) to four decimal places for 
all values of n between 1 and 2. It has been adapted from Le- 
gendre’s tables to twelve decimal places in his Exercises de Calcul 
InUgral, Paris, 2, 18, 1817. For aU values of n between 1 and 2, 
logr(ro) will be negative. Hence, as in the ordinary logarithmic 
tables of the trigonometrical functions, the tabular logarithm is 
often increased, by the addition of 10 to the logarithm of 
This must be allowed for when arranging the final result. 


Tabiib: V. — Common Looabithms OB’ r(») fbom n = 1-00 to n = 1-99. 


n. 

0*00. 

0*01. 

0*08. 

0-M. 

0-04« 

0-06. 

0-06. 

0*07. 

0*08. 

0-09. 

1-0 

0*0000 

1*9975 

1*9961 

I-992S 

1-9906 

1*9883 

1-9862 

1*9841 

1*9821 

1*9802 

!•! 

1*9783 

1*9765 

1*9748 

1*9731 

1-9716 

1*9699 

1*9684 

1*9669 

1*9655 

1*9642 

1*2 

1-9629 

1*9617 

1*9686 

1-9594 

1-9683 

1*9573 

1*9664 

1*9564 

1*9646 

1*9538 

1-8 

1-9630 

1*9623 

1-9516 

1-9510 

1*9505 

1*9600 

1-9495 

1*9491 

1*9487 

1*9488 

1*4 

1*9481 

1*9478 

1*9476 

1*9476 

1-9478 

1*9473 

1-9472 

1*9473 

1*9473 

1*9474 

1-6 

1*9476 

1*9477 

1*9479 

1-9482 

1-9486 

1*9488 

1*9492 


1*9601 

1*9606 

1*6 

1*9611 

1*9517 

1*9523 

1-9629 

1*9636 

1*9643 

1*9550 


T-9566 

1*9675 

1*7 

1*9684 

1*9693 


1-9613 

1*9623 

1*9633 

1*9644 

1*9656 


1*9679 

1*8 

1*9691 

1*9704 


1*9780 

1-9743 

1*9767 

1*9771 

1*9786 

1*9800 

1*9816 

1*9 

1*9881 

1*9846 

1*9862 

1*9878 

1*9895 

t*9912 

1-9929 

1*9946 

1*9964 

1*9982 


logioN/*- = 0-24857498636 » logxor(i). 


BacAMPLBi.~Evaluate J ^ ^ainx.dx. Ansr. 1*198. Hint. Use (13), g « 0, 
p » Henoe, 

fi”- . r(f)r(M r(|)r(j) 

J „ Vsin a . d* - ■ ^r(S) ■ ~2' r(4) “ + '°e ^(4) - log 2 - log r(« 

=■ 0*0883 -I- 0-2486 - 0*3010 - 1-9673 — 0*0823 *» log 1*198. 


§ 137. Elliptic Integrals. 

The equation of motion of a pendulum swinging through a 
finite angle is 



dt^ 


y • A 
= - y sm 


( 1 ) 


where 6 represents the angle, BOA (Fig. 152), 
described by the pendulum on one side of the 
vertical at the time reckoned from the instant 
the pendulum was vertical i g is the constant of 


Fig. 152 
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gravitation ; I the length of the string AO. Hence, show that 



since cos a =* 1 — 2 sin^l^a ; cos ^ = 1 — 2 sin^O, and a is the value 
of $ when dOJdt »» 0, that is, a is the angle, less than 180®, through 
which the pendulum oscillates on each side of the vertical. Since 
$ is always less than a, we retain the negative sign. 

The period of an oscillation, or double swing, T, can therefore 
he obtained from (2). We have^ 



since to pass from 0 to 6 increases from 0 to a, and <f> from 0 
to ^TT. Hence, we may write 

T Ig _ f* " (.s 

TV r “ Jo Vi - A;2sin2<^* * ‘ ^ ^ 

The expression on the right is called an elliptic integral of the 
first class, and usually written F(k, </>). The constant sin is 
called the modulus, and it is usually represented by the symbol h. 
The modulus is always a proper fraction, i.e., less than unity. <f> 
is called the amplitude of T and it is written am s/^T. 
We can always transform (2) by substituting sin *= as sin ^a, 
where a; is a proper fraction. By differentiation, 

^ cos ^6 .d$ = sin ^a.dx’, dO — 2(1 - sin^^a . x^') — ^ '®sin . dx. 
This leads to the normal form of the elliptic integrals of the first 
class, namely, 

^ /£« 

4V i 

commonly written F(Jc, x'). We can evaluate these integrals in 


lo Vci - x^) (1 - k^x^y 


1 The expression on the right of (2) can be put in a simpler form by •writing 
sin = sin Ja . sin ^ i 00 s JS . dfl = sin . oos <p . d^. 

2 sin ia . COB _ 2 sin j a. ooB<l>d<p ^ 2 sin ja oos ^ 

~ cos ^0 - sin^ja ’ 

2 sin oos <l>d^ 2 cos <pd4p 

da f jl — sin‘*^^« sin<ft ijl — sin^fg . sin^ 

fj si n“ Ja — si n^^^a “ sin Jo n/i — sin*-®!^ “ cos 4> 


Heuce (3) above. These results follow directly £rom the statements on pages 611 anc 
612. 
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series as shown on Ex. (4 ) , page 342. In this way we get, from 
(4), for the period of oscillation, 

+ . ( 6 ) 

When the swing of the pendulum is small, the period of osoillation* 
T *=» 2 IT fjljg seconds. If the angle of vibration is increased, in 
the first approximation, we see that the period must be increased 
by the fraction J(sm of itself. 

The integral (3) is obviously a function of its upper limit 
and it therefore expresses T Jg]T as a function of <j>. We can 
reverse this and represent 4^ as a function of T tjg/l. This gives us 
the so-called elliptic functions. 

<f> ■■ am (T */gJV ) : mod h = sin -Ja. 

The elliptic functions are thus related to the elliptic integrals the 
same as the trigonometrical functions are related to the inverse 
trigonometrical functions, for, as we have seen, if 

r» da? 

y “ y “ ^ * siny. 

We get, from (3) and (5), 

cfi = am T ^/^ ; x = sin <j>i a: « sin am T >JgJl^ 
according to Jacobi's notation, but which is now written, after 
Gudermann, a? = sn.T tjgfl. Similarly the centrifugal force, Fy of 
a pendulum bob of mass m oscillating like the above-described 
pendulum, is written F »= 4t7ng sin . cn T where on T 

is the cosine of the amplitude of T J^Jl. 

The elliptic functions bear important analogies with the ordin- 
ary trigonometrical functions. The latter may be regarded as 
special forms of the elliptic functions with a zero modulus, and 
there is a system of formulae connecting the elliptic functions to 
each other. Many of these bear a formal resemblance to the 
ordinary trigonometrical relations. Thus, 

sn^ + cn^M. = 1; x ^sn-z^; oni^-B Vl — x ^ ; etc. 

The elliptic functions are periodic. The value of the period 
depends on the modulus Ic. We have seen that the period of 
oscillation of the pendulum is a function of the modulus. The 
substitution 6(juation, sin = sin . sin shows how gin ^B 
c ha ng es as ^ increases uniformly from 0 to 2'jr. 
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As €f> increases from 0 to ^6 increases to + ^a. 

As <f> increases from Jtt to ir, ^6 decreases to 0. 

As <f> increases from rr to tt, ^6 decreases to - 
As increases from %Tr to 27r, ^0 increases to 0. 

During the continuous increase of therefore, ^0 moves to and 
fro between the limits ± ^a. 

The rectification of a great number of curves furnishes expres- 
sions which can only be integrated by approximation methods — 
say, in series. The lernniscate and the hyperbola furnish elliptic 
integrals of the first class wnich can only be evaluated in series. 
In the ellipse, the ratio oFJoJ?.^ 22, page 100) is called the ec- 
centricity of the ellipse, the “ e ” of Ex. (3), page 115. Therefore, 
c = ae; but, c® = a® — b% .*. ^ 1 — e®. 

Substitute this in the equation of the ellipse (1), page 100. Hence,. 

/dy\^ (1 — 

y* = (1 - ! {£) = 

Therefore, the length, Z, of the arc of the quadrant of the ellipse is 


I 


»2/y»2 


,dx. 


( 7 ) 


f* ja^ — 

This expression cannot be reduced by the usual methods of inte- 
gration. Its value can only be determined by the usual methods 
of approximation. Equation (7) can be put in a simpler form by 
writing x — a sin <^, where <j> is the complement of the “eccentric’* 
angle 0 (Eig. 152). Hence, 

Z = u j" VI — . d<f>. 

The right member is an elliptic integral of the second class, 
which is usually written, for brevity’s sake, E(kt ^), since k is 
usually put in place of our e. The integral may also be written 

B(k. X) = 

by a suitable substitution. We are also acquainted with elliptic 
integrals of the third class, 

d<f> 


n(n, k, = f'-i— 


7t . *>.V /- Tg • etc., (9) 

(1 + nsin*«^) Vl — h^s,\D?<f> 

where ti is any real number, called Leg^fidTe s pa/ra/metBT. If the 

limits of the first and second classes of integrals are 1 and 0, 

instead of x and 0 in the first case and -J^tt and 0 in the second 



430 


HIGHER MATHEMATICS. 


§137. 


case, the integrals are said to be complete. Complete elliptic in- 
tegrals of the first and second classes are denoted by the letters F 
and E respectively. 

The integral of an irrational polynomial of the second degree, 
of the type, 

J sja + hx cx^ .X.dx; or, 

(where X is a rational function of a?), can be made to depend on 
algebraic, logarithmic, or on trigonometrical functions, which can 
be evaluated in the usual way. Hut if the irrational polynomial 
is of the third, or fourth degree, as, for example, 

•Ja 4- bflJ + cas* + da^ + ex*Xdx ; 

the integration cannot be performed in so simple a manner. Such 
integrals are also called elliptic integrals. If higher powers than 
appear under the radical sign, the resulting integrals are said to 
be ultra- elliptic or hyper-elliptio integrals. That part of an 
elliptic integral which cannot be expressed in terms of algebraic, 
logarithmic, or trigonometrical functions is always one of the three 
classes just mentioned. 

Liegendm has calculated short tables of the first and second 
class of elliptic integrals ; the third class can be connected with 
these by known formulas. Given h and x, F(Jc, <f>) or F{k, <f>) can 
be read off directly from the tables. The following excerpt will 
give an idea of how the tables run : 


NuifBBiCAii VAZiUBS OF F{k, 4ft) ", sin a Tc. 


4t. 

a - 0®. 

a — 6®. 

a =» 10®. 

a = 16®. 

a 20®. 

a = 26®. 

41’’ 

0-7156 

0-7160 

0-7173 

0-7198 

0-7222 

0-7258 

42® 

0-7330 

0-7335 

0-7348 

0-7370 

0-7401 

0-7440 

48® 

0-7506 

0-7510 

0-7524 

0-7648 

0-7581 

0*7622 


/ dsn r dx /— r dd> 

/-H — = / ■ - = = ” v2 / — j — ; ■ ^ , provided 

vsin X J vcos X J n/ 1 - i sin^^ ^ 

N^.sin^a; == sm^. Hint. The first step follows from (6), page 242. Next 

by differentiation, cos ^xdx =s ^/2 . cos <pd<f> ; 2 ain^s = sin^^. Hence, 

/ dx ^ f s/2 . 008 ^x . dx _ r N/2~..ooa <f > . d4p 

vcos* J sj2. cos ix n/oos x • J s/l - sin^i][* >/r’^^~2^in*^’ 
from (20) and (85), page 612. 




Xdx 


sja -t- &a? + ca:® 
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We cannot spare space to go farther into this matter. Mascart 
and Joubert have tables of the coefficient of mutual induction of 
electric currents, in their JElectriHty and Magnetism (2, 126, 1888), 
calculated from JB and JP above. A. G. Greenhill*s The Applioor- 
tions of Elliptic Functions (London, 1892), is the text-book on 
this subject. 


§ 138. The Exact Lineal^ Differential Equation. 

A very simple relation exists between the coefficients of an 
ex.aot differential equation which may be used to test whether the 
equation is exact or not. Take the equation, 


_ _ d^ 

^ 0 ^ + ^ 1 ^ + 




( 1 ) 


where Xq, X^, . . . , are functions of x. Let their successive 
differential coefficients be indicated by dashes, thus X, X', . . . 

Since X^ . d^yjdx^ has been obtained by the differentiation of 
Xq . d^jdx^t this latter is necessarily the first term of the integral 
of (1). But, 

Subtract the right-hand side of this equation from (1). 

(Xi - • • (2) 

Again, the first term of this expression is a derivative of 
(Xj — X^dy/dx. This, therefore, is the second term of the in- 
tegral of (1). Hence, by differentiation and subtraction, as before, 

(X, - X. + X'o)^ + - B. . . (3) 

This equation may be deduced by the differentiation of 
(Xg — X\ -i- X"o)y, provided the first differential coefficient of 
(Xg - X\ + X"o) with respect to a?, is equal to X,, that is to say, 

X\ - X\ 4- X"o - 3 or. X, - Xg -I- X\ - X'\ = 0. (4) 

But if this is really the origin of (3), the original equation (1) has 

been reduced to a lower order, namely, 

X,^ + (X, - Xo)g + (X, - X, + X\yy - jB<te + 0,. (5) 

This equation is called the first integral of (1), because the order 
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of the original equation has been lowered unity, by a process of 
integration. Condition ( 4 ) is a test of the exactness of a differential 
equation. 

If the first integral is an exact equation, we can reduce it, in 
the same way, to another first integral of ( 1 ). The process of 
reduction may be repeated until an inexact equation appears, or 
until y itself is obtained. Hence, an exact equation of the nth 
order has n independent first integrals, 

ExampiiES. — ( 1) Is afi .dr^ldoc^ + XSoc^ . cPyfdx'^ + 60a:®. dyjdx + 60a:®y = c* 
an Qxact equation? From (4:), X, — 60x^; s= 180a:®; X'\ — 180a;®; 
X*'*Q =r 60a:®. Therefore, X^ — X\ + X'\ — = 0 and the equation is 

exact. Solve the given equation. Ansr. x^y = e* + Cjic® + + C,. 

Hints. From (6), the first integral is + lOx/^D + 20ar’)y = e* + Cj. 

This is exact, because the new values of X for tlie first integral just obtained 
Xz — X'i + X”q O, since, 20a:® — 40a:® + 203?® = 0. For the next first in- 
tegral, we have 

+ (AJi — X « J eP^dx 4- j C-^dx H- Cg. • • (6) 

Hence (a:®!? 4- &x!^)y = e* 4- Cj® 4- O^. This is exact, because the now values 
of X^ namely, X^ — X^ = 0. Hence, the third and last first integral is 

= fe^^dx 4- fCiS^x 4- + O3, etc. 

(2) Solve xd^jdx^ 4- (®® — B)d’^fdxP 4- 4® . dyjdx -h 2y = 0, as far as pos- 
sible, by successive reduction. The process can be employed twice, the 
residue is a linear equation of the first order, not exact. Complete solution : 

K-8eia®2/= CiJ® *" 4- O2J® “ 4- C,. 

There is another quick practical test for exact differential equa- 
tions fPorsyth) which is not so general as the preceding. When 
the terms in X are either in the form of ax*^, or of the sum of 
expressions of this type, x'^d^yjdx”^ is a perfect differential co- 
efficient, if wi- •K.n. This coeff.cient can then be integrated what- 
ever be the value of y. If = w or m n, the integration cannot 
be performed by the method for exact equations. To apply the 
test, remove all the terms in which m is less than «, if the re- 
mainder is a perfect differential coefficient, the equation is exact 
and the integration may be performed. 

Exampmss.— ( 1) Test ®® . d^yjdoc^ 4- ®® . d^yjdx^ 4- 'x . dyjdx 4- y =. O. 
» . dyjdx 4- y remains. This has evidently been formed by the operation 
Z)(®y), hence the equation is a perfect differential. 

(2) Apply the test to (®®Z)^ 4- a;®X)® 4-®®J? + 2x)y *= sin ®. x^. dyjdx 4- 2®y 

remains. This is a perfect differential, formed from 2?(®®y). The equation 
is exact. 
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§ 139. The Yelocity of Consecutive Chemical Reactions. 

While investigating the rate of decomposition of phosphine, 
page 221 , we had occasion to point out that the action may take 
place in two stages : — 

Stage I. PH 3 = P -i- 3H. Stage II. IP « P^ j 2H Hg. 

The former change alone determines the velocity of the whole 
reaction. The physical meaning of this is that the speed of the 
reaction which occurs during the second stage, is immeasurably 
faster than the speed of the first. Experiment quite fails to reveal 
the complex nature of the complete reaction. J. Walker illustrates 
this by the following analogy {Proc. Royal Soo. Edin.^ 22, 22, 
1898) : “ The time occupied in the transmission of a telegraphic 
message depends both on the rate of transmission along the oonduct- 
ing wire and on the rate of the messenger who delivers the telegram ; 
but it is obviously this last, slower rate that is of really practical 
importance in determining the total time of transmission*’. 

Suppose, for example, a substance A forms an intermediate 
compound M, and this, in turn, forms a final product E. If the 
speed of the reaction A »= M, is one gram per second, when 

the speed of the reaction M — B, is one gram per hour, the ob- 
served “ order ” of the complete reaction 

A = B, 

will be fixed by that of the slower reaction, M = B, because the 
methods used for measuring the rates of chemical reactions are not 
sensitive to changes so rapid as the assumed rate of transformation 
of A into M. Whatever the ** order ” of this latter reaction, M = B 
is alone accessible to measurement. If, therefore, A = B is of the 
first, second, or nth order, we must understand that one of the 
subsidiary reactions : A = M, or M = B, is (i) an immeasurably 
fast reaction, accompanied by (ii) a slower measurable change of 
the first, second or nth order, according to the particular system 
under investigation. 

If, however, the velocities of the two reactions are of the same 
order of magnitude, the “ order *’ of the complete reaction will not 
fall under any of the simple types discussed on page 218, and 
therefore some changes will have to be made in the differential 
equations representing the course of the reaction. Let us study 
some examples. 

EB 
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I. Two consecutive unimolecular reactions. 


liet one gram molecule of the substance A be taken. At the 
end of a certain time t, the system contains x ot A, y of M, z of B. 
The reactions are 

A = M ; M = B. 

The rate of diminution of x is evidently 

- ^ = * 1 ® ( 1 ) 

where ki denotes the velooity constant of the transformation of 
A to M. The rate of formation of B is 

^ ( 2 ) 

where is the velocity constant of the transformation of M to B* 
Again, the rate at which M accumulates in the system is evidently 
the difference in the rate of diminution of x and the rate of increase 
of z, or 

^ s kjX — k^, . . « (3) 

The speed of the chemical reactions, 

A = M = B, 

is fully determined by this set of differential equations. When the 
relations between a set of variables involves a set of equations of 
this nature, the result is said to be a system of simultaneous 
differential equations. 

In a great number of physical problems, the interrelations of 
the variables are represented in the form of a system of such 
equations. The simplest class occurs when each of the dependent 
variables is a function of the independent variable. 

The simultaneous equations are said to be solved when each 
variable is expressed in terms of the independent variable, or else 
when a number of equations between the different variables can be 
obtained free from differential coefficients. To solve the present 
set of differential equations, first differentiate (2), 

dt^ ” ’ 

Add and subtract k^Jc^y^ substitute for dyjdt from (3) and for k^ 
from (2), we thus obtain 


dH 


* t 




dz 
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But from the conditions of the experiment, 

X + y + z ^ 1 , z - 1 = — (re + y). 

Hence, the last equation may be written, 

d%z - 1) - 1) , , , 

+ (fci + fcg) — 1) 


This linear equation of the second order with constant coefficients, 
is to be solved for z — X in the usual manner (§ 131 ). At sight, 
therefore, 

z ^ X^ + 02fi-*2*. . • ( 5 ) 

But 0 , when ^ 0 , 

C?! + C/g =» — 1. • • . (6) 

Differentiate ( 5 ). From (2) dzjdt = 0 , when i = 0 . Therefore 
making the necessary substitutions, 

- ~ GJc^ = 0 . . . . ( 7 ) 

From (6) and (7), 

~ ^2/(^1 ^2) j ^2 ““ “ ^1/(^1 ~ ^2)* 

The final result may therefore be written, 




*2* 


( 8 ) 


Harcourt and Esson have studied the rate of reduction of 


potassium permanganate by oxalic acid. 

2KMn04 + SMnSO^ + 2H2O = K2SO4 + 2H2SO4 + SMnOg ; 
MnOg + H2SO4 + H2O2O4 = MnSO^ + 2H2O + 2OO2. 

By a suitable arrangement of the experimental conditions this 
reaction may be used to test equations (6) or (8). 

Let a;, y, z^ respectively denote the amounts of MngO^, MnOg 
and MnO (in combination) in the system. The above workers 
found that = 28-5 ; G^ = 2 * 7 ; 0"*^ = *82 ; e-*2 = - 98 . The 
following table places the above suppositions beyond doubt. 



ExampIjb:. — W e cduld have deduced equation (8) by another line of reason- 
ing. If X denotes the amount of A transformed into M in the time and m 

EE * 
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tlie amount of M transformed into B at the time then, if a denotes the 
amount of A present at the beginning of the experiment, 

dy dz 

di = - ») ; ^ = *2(y - «)• • • • <9) 

From the jSrst equation, y a(l ~ #^* 1 '). Substitute this result in the second 
equation, and we get 

ds 

“ «“*l0 = 0. 

From Ex. (5), page 388, if s 0, when t = 0, we get 

s = Oe“V +a O = - a; . (10) 

and we get, finally, an expression resembling (8) above. Equation (8) has 
also been employed to represent the decay of the radioactivity excited in 
bodies exposed to radium and to thorium emanation. 

II. Two himolec'ula/r consecutive reactions. 

Dining the saponification of ethyl succinate in the presence 
of sodium hydroxide. 

02H4(COOO,H5)a + NaOH = . COONa . COOCaH^ ; 

. COONa . GOOH + NaOH = OgH^OH + GaH^CGOONa)^ . 
Or, 

A + B = 0 + M; M + B = 0+D. 

Let X denote the amount of ethyl succinate, A, which has been 
transformed at the time t; a — x will then denote the amount 
remaining in the solution at the same time. Similarly, if the 
system contains b of sodium hydroxide, B, at the beginning of 
the reaction, at the time iC, x of this will have been consumed in 
the formation of sodium ethyl succinate, M, and y in the formation 
of sodium succinate, D, hence h ~ x — y of. sodium hydroxide, B, 
and a; — y of sodium ethyl succinate, M, will be present in the 
system at the time t. The rate of formation of sodium ethyl suc- 
cinate, M, is therefore 

dx 

« k^{a - a:) (J - aj - y) ; . . (11) 

and the rate of formation of sodium succinate, D, will be 

dy 

- kjijc - y) (h - X - y). . . (12) 

By division, if hjk-^ = JST, 

dy K Kx 

dx a — ~ a - x' 
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This equation has been integrated in Ex. (6), p. 388. Hence 

» - - • * Jii}- ■ . (IS) 

- s.„ <,« 

This can only be integrated when we know the numerical value of 
K. As a rule, in dealing with laboratory measurements, it will be 
found most convenient to use the methods for approximate in- 
tegration since the integration of (14) is usually impracticable, even 
when we know the value of K. 


dx 

dt 


III. A uni/moleoular reaction followed by a bimolecular reaction. 

Let X denote the amount of A which remains untransformed 
after the elapse of an interval of time y the amount of M, and z 
the amount of B present in the system after the elapse of the same 
interval of time t. The reaction is 


A = M; M + B-0. 

Hence show that the rate of diminution of A, and the rate of 
diminution of M (or of B) are respectively 

dx dz 

- St “ = *2?*. • • (16) 

the rate of formation of is the difference between the rate of 
formation of M by the reaction, and the velocity of transformation 
of M into O, by the second reaction and 

- • = IcyX — Tc^z. . . . ( 16 ) 


If X, y, z, could be measured independently, it would be sufficient 
to solve these equations as in I, but if x and y are determined 
together, we must proceed a little differently. If there are a 
equivalents of A, and of B originally present, then, at the time t 
we shall have a — x^a — z-hyj or y = z — x. Divide (16) by 
the first of equations (15) ; substitute dy dz — dx in. the result ; 
put y ^ z x\ divide by z^^ and we get 


\ dz K 


dx 


z 


K 

X 


0 , 


(17) 


where JK" has been written in place of Tcjky. The solution of this equa- 
tion has been previously determined. Ex. (3), page 389, in the form 

£:e-'40i - log X + Sx - - 1. (18) 

In some of Harcourt and Esson's experiments, Cj — 4*68 ; ki = *69 ; 
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^2 *= *006364. From the first of equation (9), it is easy to show 
that X ^ ae Where does a come from ? What does it mean ? 

Obviously, the value of x when i =« 0. Hence verify the third 
column in the following table : — 


t 

Minutes. 


Found. 

Calculated. 

2 

61-9 

61*6 

S 

42-4 

42-9 

4 

85-4 

35*4 

5 

29*8 

29*7 


After the lapse of six minutes, the value of x was found to be 
negligibly small. The terms succeeding log x in (18) may, there^ 
fore, be omitted without committing any sensible error. Substi- 
tute X = ae~^^‘ in the remainder, 

- log a + h-^t)z = 1 ; or + t)z = i, 

where C\ =* GJ\ — (log «)/&!. Harcourt and Esson found that 
C\ — 0*1, and — 157. Hence, in continuation of the preceding 
table, these investigators obtained the results shown in the follow- 
ing table. The agreement between the theoretical and experimental 
numbers is remarkable. 


t 

Minutes. 

t. 

.e 

Minutes. 

z. 

Found. 

Calculated. 

Found. 

Calculated. 

6 

25-7 

25*7 

10 

16*6 

16-6 

7 

22-1 

22*1 

16 

10-4 

10*4 

8 

19*4 

19*4 

20 

7*8 

7*8 

9 

17*3 

17*3 

30 

6*6 

6-2 


The theoretical numbers are based on the assumption that the 
chemical change consists in the gradual formation of a substance 
which at the same time slowly disappears by reason of its reaction 
with a proportional quantity of another substance. 

This really means that the so-called ** initial disturbances ” in 
chemical reactions, are due to the fact that the speed during one 
stage of the reaction, is faster than during the other. The magni- 
tude of the initial disturbances depends on the relative magnitudes 
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of and k^. The observed velocity in the steady state depends 
on the difference between the steady diminution — dxjdt and the 
steady rise dzjdt. If is infinitely great in comparison with k^ , 
(8) reduces to 

z = a(X — 

which will be immediately recognised as another way of writing 
the familiar equation 

7 ® 

^ log 

So far as practical work is concerned, it is necessary thafc the 
solutions of the differential equations shall not be so complex as to 
preclude the possibility of experimental verification. 

IV. Three cons&sutive bimolecula,r reactions. 

In the hydrolysis of triacetin, 

C3H5 . Ag + H . OH = 3 A . H + 03 H 5 (OH) 3 , 

where A has been written for CH3 . COO, there is every reason 
to believe that the reaction takes place in three stages : 

OgBEg . A3 h£ . On = A . EL + C3EI^ . A2 • OBL (Diacfttin) j 

O3H5 . 5*2 , OBL + H . OH = A . H + O3H5 . A(OH)2 (Monoacetin) ; 

OgHj A . ( 0 H )2 + H . OH =s A . H 4- 03H5(OH')3 (Glycerol). 
These reactions are interdependent. The rate of formation of 
glycerol is conditioned by the rate of formation of monoacetin ; the 
rate of monoacetin depends, in turn, upon the rate of formation of 
diace tin. There are, therefore, three simultaneous reactions of the 
second order taking place in the system. 

Let a denote the initial concentration (gram molecules per 
unit volume) of triacetin, h the concentration of the water ; let x, 
y, Zy denote the number of molecules of mono,- di- and triacetin 
hydrolyzed at the end of t minutes. The system then contains 
a — z molecules of triacetin, z — y, of diacetin, y — a?, of monacetin, 
and b ^ (x y + z') molecules of water. The rate of hydrolysis 
is therefore completely determined by the equations : 

dxfdt — k^{y — x) {b — X — y — z) 'y . . ( 19 ) 

dyfdt = — 2/) ^)5 • • (^^) 

dzjdt = k^(a — z) \b — X — y — z) ] . . (21) 

where fcg, k^y represent the velocity coefficients (page 63 ) of the 
respective reactions. 
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Geitel tested the assumption : k-^ ^ h^. Hence dividing 

(21) by (19) and by (20), he obtained 

dzjdy =■ (a — ^)J{^ — y) J dzfdx =» (a ~ «)/(y — ®). (22) 

Hrom the first of these equations, 

dy ^ 1 z 

dz — z a — sr 

winch can be integrated as a linear equation of the first order. 
The constant is equated by noting that if a » 1, ^ 0, y ^ 0. 

The reader might do this as an exercise on § 125. The answer is 

y z + {a — z)\og{a — z). . . (23) 

Now substitute (23) in the second of equations (22), rearrange 
terms and integrate as a further exercise on linear equations of the 
first order. The final result is, 

0? *=» s + (a - «) log {a — z) ^ ”“y“{iog (a — a?)}*. (24) 

Geitel then assigned arbitrary numerical values to z (say from 
0*1 to 1*0), calculated the corresponding amounts of x and y from 
(23) and (24) and compared the results with his experimental 
numbers. For experimental and other details the original memoir 
must be consulted. 

A study of the differential equations representing the mutual 
conversion of red into yellow, and yellow into red phosphorus, 
will be found in a paper by G. Lemoine in the Ann. Chim. Phys. 
[4], 27, 289, 1872. There is a series of papers by R. Wegsoheider 
bearing on this subject in Monats. Chemie, 22, 749, 1901 ; Zeit. 
phys. Chem., 30, 693, 1899; 34, 290, 1900; 35, 513, 1900 ; J. 
Wogrinz, ib., 44, 569, 1903 ; H. Kiihl, ib., 44, 386, 1903. See 
also papers by A. V. Harcourt and W. ‘Bsson, PhU. Trans., 156, 
193, 1866; A. C. Geitel, Joum. prakt. Chem. [2], 55, 429, 1897 ; 
87, 113, 1898 ; J. Walker, Proo. Poy. Soc. Edin., 22, 22, 1898. 
It is somewhat surprising that Harcourt and Esson's investiga- 
tions had not received more attention from the point of view of 
simultaneous and dependent reactions. The indispensable differ- 
ential equations, simple as they are, might, perhaps account for 
this. But chemists, in reality, have more to do with this type of 
reaction than any other. The day is surely past when the study 
of a particular reaction is abandoned simply because it ** won’t go ” 
according to the stereotyped velocity equations of § 77. 
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§ 140. Simultaneoas Equations with Constant Coefficients. 


Hy way of praotioe it will be oonveniezit to study a few more 
examples of simultaneous equations, since they are so common in 
many branches of physics. The motion of a particle in space is 
determined by a set of three differential equations which determine 
the position of the moving particle at any instant of time. Thus, 
if -27, T', Z, represent the three components of a force, F, acting on 
a particle of mass m, Newton’s law, page 396, tells us that 






dt^ 




z 


d^z 


and it is necessary to integrate these equations in order to represent 

Vy ^ as functions of the time t. The solution of this set of 
equations contains six arbitrary constants which define the position 
and velocity of the moving body with respect to the a?-, y-, and the 
sr-axis when we began to take its motion into consideration. 

In order to solve a set of simultaneous equations, there must 
be the same number of equations as there are independent variables. 
Quite an analogous thing occurs with the simultaneous equations 
in ordinary algebra. The methods used for the solution of these 
equations are analogous to those employed for similar equations in 
algebra. The operations here involved are chiefiy processes of 
elimination and substitution, supplemented by differentiation or 
integration at various stages of the computation. The use of the 
symbol of operation D often shortens the work. 


ExAUPnss. — (1) Solve dxfdt + ay = 0, dyfdt + ta; 0. Differentiate the 
first, multiply the second by a. Subtract and y disappears. Hence writing 
ab = X — Cj0^ + or, y = C^xJbJa.e-^ - C^s/bja.a^. Wo 

might have obtained an equation in y, and substituted it in the second. 
Thus four constants appear in the result. But one pair of these constants 
can be expressed in terms of the other two. Thus: two of the constants, 
therefore, are not arbitrary and independent, while the integration constant 
is arbitrary and independent. It is always best to avoid an imnecessary 
multiplication of constants by deducing the other variables from the first 
without integration. The number of arbitrary constants is always equal 
to the sum of the highest orders of the set of difierential equations under 
consideration. 

(2) Solve dxfdt + y dyjdt - y ^ x. Difierentiate the first. Sub- 

tract each of the given equations from the result. (D^ — 42> + 4)a;as0 remains. 
Solve as usual, x » {O^ + C^)e^. Substitute this value of a; in the first of 
the given equations and y = (Oi - Oj + G^)e^. 

(8) The rotation of a particle in a rigid plane, is represented by the equa- 
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tions dx/dt f/y ; dyjdt = /los. To solve these, difEereutiate the first, multiply 
the second by /t, etc. Finally x~Ci cos fd + C^ sin fd ; y = O'jcos jd + O'^ sin fd. 
To find the relation between these constants, substitute these values in the 
first equation and - sin fd + /tOg oos yi = y-0\ cos yt + /iO'g sin /ui, or 
Oi « - O'a and Og « C\. 

(4) Solve d!^fdt^=s —v?x d^yldf^ss. —rpy. Each equation is treated separ- 
ately as on page 400, thus a; = oos nt + Cg sin nt; y = C\ oos nt + C'g sin nt. 
Eliminate t so that 


{C\x - Oivy + (O'g® - Ogy)» = (GiO'a - OgO'ja, etc. 

The result represents the motion of a particle in an elliptic path, subject to a 
central gravitational force. 

(5) Solve dyjdx + 3y - 4« = 6e®* ; duldoa + y - 2® =» — 3e**. DifEerentiate 
the first and solve for datjdx ; substitute this value of dzfdx in the second 
equation. We thus get a lineskr equation of the second order : 

when solved by the usual method. Now difierentiate the last equation, and 
substitute the value of dy/d® so found in the first of the given equations. 
Also substitute the value of y just determined in the same equation. We 
thus get M — Oi«* + iOgS- ** - H«®** 

(6) B. Wegscheider (Z4U, yhys. Ohsnu, 41, 52, 1902) has proposed the 
equations dxjdt a ki{a - <b - y) ; dy/dt >■ %g(a - ® - y) (6 - y), to represent 
the speed of hydrolysis of sulphonlo esters by water. Hence show that 

/a - (1 + bk)x + « fcxt + O. 

Hint. Divide the one equation by the other ; expand \ reject all but 

the first three terms of the series. 

(7) 7. W. Mellor and D. Bradshaw {Zeit. phys. Chem.^ 48, 858, 1904) 
solved the set of equations 


dX , - du - - .do 

"ar “ ' dT ^ » 3? 


&3(y - V) 


with the assumption that Xsx®+y + ti4'V; v — k^u ; t«=>vs*®s>iy = 0 
when t ss 0. Show that 

“ 2 ( 7 c 4 + 1 ) \ ” 6 — ^ h - k^ }* 

if h is put in place of 2kjc^{)c^ -I- l)/(^ + k^k^. See Ex. (5), page 890. 

(8) J. J. Thomson {Conduction of Electricity throttgh Oasesy Cambridge, 
86, 1903) has shown that the motion of a charged particle of mass m, and 
charge e, between two parallel plates with a potential gradient E between 
them when a magnetic field of induction His applied normal to the 'plates, 
is given by the equations 


d**® dy 


m 


dt^ 


dx 

- 


( 1 ) 


provided that there is no resisting medium (say air) between the plates. To 
solve these equations with the initial conditions that ®, y, ®, y, are all zero, 
put 

dx dp dy d*w 

^ “ df ’ dt “ ® ’ d^a 


df-i 
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Hence, from page 405, and remembering that £ ss 0, 'when i =: 0, 

p = CiSin bt + CaOOS bt; 02 = 0;-^= Oisin bt ; .*. « = ^^(1 - cos bt), (2) 

since, when ^ as 0, a; s 0, and the integration constant is equal to CJbm From 
the third of equations (2), and the second of equations (1), 

dV du 

— bC^sin bt\ ^ — Oioos bi + Oj, 

the integration constant is equal to when d/yfdt ■= 0, and f =s 0 ; again 
integrating, and we get y — C^ibt — sin 6f)/6, since y =* 0, when f 0. To 
evaluate the constant O,, substitute for « and^, from (2) and the above, in the 
first of equations (1). We find Oj = a/6, and consequently, if o = JSImISPe, 
and b =s. Sejm. 

X ’Bt a(l — cos 6t) ; y ==* a{bt — sin 6f), ... (3) 

Let us follow the motion of a particle moving on the path represented by 
equations (3). Of course we can eliminate bt and get one equation connect- 
ing X and y, but it is better to retain bi m the calculation is then more 
simple. When 


bt = 0, 


2x, 

3x, 

4ir, 


a? =* 0, 

2a, 

0, 

2a, 

0. 

2a, 

y = 0, 

ax. 

2ax, 

3ax, 

4ax, 

Sox, 


Hence, x oscillates to and fro between 0 and 2a ; y too is periodic, repeating 
itself in the time 2ir/5 ; passing through a distance 2ax from the 
origin every period. In other words, the path of an electron 
moving under the above conditions is that of a cycloid traced 
by the rim of a wheel of radius a rolling upon a plate Oy^ 

Fig. 153. 

(9) Two vessels, capacity -Vj and n,, are filled with the same 
gas but at different pressures pi and p^ respectively. Assume 
that the vessels are connected by a capillary tube and that the 
quantity of gas which fiows from one vessel to the other is pro- 
portional to the difference in the squares of the pressures in 
the two vessels, and to the time. What are the pressures, Xj 
and x^, in each vessel at the end of t seconds ? (Loren tz.) The quantity of 
gas, dQ, which flows through the capillary during the infinitely small in- 
terval of time dt is by hypothesis 

dQ mm a{Xi* — x^^dt (4) 

where a is a constant. Let 6 denote the quantity of gas in unit volume, bv 
-will therefore denote the amount of gas which occupies v volumes at atmos- 
pheric pressure. If the pressure changes by an amount dx, the quantity of 
gas, dQ, changes an amount bv^das, hence, 

dQ « bv^dt ; dQB^- ... (5) 



Fig. 153. 


The difference in sign shows that the gas which leaves one vessel enters the 
other. The temperature is of course supposed to remain constant. From 
(4) and (5), 


“ ’ ~di 


■ bvj^ “ 


dxi 

W 


( 6 ) 
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But the total mass of gas remains constantly eg[ual to ac, say 

Vi®! + Va »3 =* « J •••«*» + jPa^a* • • • ( 7 ) 

hy Boyle’s law. Multiply the first of equations (6) with as^v^v^, and the 
second by ; subtract the latter from the former ; divide by ; sub- 

stitute X = and 

- 1) 

remains. Solve this equation in the usual way, and we get 

W ^ 4. C • or i lofl + «2) CPi - ga) _ 

3 ® » — 1 h ’ ’ < (®i — «a) CPi + JPa) bv^v^ 

From this equation and the first of equations ( 7 ), it is possible to calculate 

x^ and Xjt at any time U 

(10) If two adjacent circuits have currents Cj and then, according to 
the theory of electromagnetic induction, 

= •®>’ 

where 22^, denote the resistances of the two circuits. Lit 
efficients of self-induction, the electromotive forces of the respective 

circuits and M the coefficient of mutual induction. All the coefficients are 
supposed constant. 

First, solve these equations on the assumption that Ei = E,i^ 0 . Assume 
that Oi=^ae^\ and satisfy the given equations. Difierentiate each 

of these variables with respect to 2, and substitute in the original equation 
aMm -I- b{L^m + Ba) = 0 ; bMm -h a(Lim + B^) *= 0 . 

Multiply these equations so that 

{LiL^ + +■ (Xr^Bj + RiL^tn + B^Ba = O. 

For physical reasons, the induction LiL^ must always be greater than M. 
The roots of this quadratic must, therefore, be negative and real (page 854 ), 
and 

0i s= ajS- ♦»!*, or, Oge “ ; O3 «■» djS “ *»i*, or, 

Hence, from the preceding equation, 

OiMtni + + ^>1-82 *= 0 ; or =« — (L^rtii + R^jMmi ; 

similarly, ajb^ » — -1- Bj). Combining the particular solutions 

for Cl and O2, we get the required solutions. 

Oi = OjC “ "»i* -I- Oae “ "*a« ; *= biB ~ »»i* + ~ «*a*. 

Second, if JEr^ and JE>a have some constant value, 

Oi =» JZfj/Bi + a^e - ♦>*« 0^ — j _ B3/B2 + bjC “ "*ji* 4 - b^ ~ 

are the required solutions. 


§ 141. Simnltaneous Equations with Variable Coefficients. 

The general type of simultaneous equations of the first order, 
is 

P-idx + Q^dy - 4 - JEt^dz =» 0 ; 'I 

P^dx -i- Q^d/y + B^z = 0, . . .J * ' • 
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where the coefficients are functions of x, z. These equations 
can often be expressed in the form ^ 

dx d/y _dz 

P "" Q ^ 

which is to be looked upon as a typical set of simultaneous equa- 
tions of the first order. If one pair of these equations involves 
only two differentials, the equations can be solved in the usual 
way, and the result used to deduce values for the other variables, 
as in the second of the subjoined examples. 

When the members of a set of equations are symmetrical, the 
solution can often be simplified by taking advantage of a well- 
known theorem ^ in algebra — ratio. According to this, 

dx _ dy dz _ Idx 4* mdy ndz Vdx -i- m'dy +• n*dz 

P ’"'Q ^ B"" ip H-mQ + nB " I'P + mfQ + nB “ * * *» 

where I, nit n, 1', m', n',,, . may be constants or functions of 
jc, y, z. Since Z, m, n, . , . are arbitrary, it is possible to choose 
Z, m, n, . . . so that 

IP + mQ + fiB = 0 ; VP + m'Q -i- n'B =* 0 ; . . . (4) 

Idx -h mdy + ndz =■ 0, etc. . . . (5) 

The same relations between a?, y, z^ that satisfy (5), satisfy (2) ; 
and if (4) be an exact differential equation, equal to say dtoj direct 
integration gives the integral of the given system, viz,, 

u Cl . . . . • (®) 

where denotes the constant of integration. 

In the same way, if 

I'dx + m'dy + n'dz *=» O, 

is an exact differential equation, equal to say dv, then, since dv is 
also equal to zero, 

V - Os (7) 

is a second solution. These two solutions must be independent. 

ExAMFUiBa.— ^(1) By way of illustration let us solve the equations 

dx dy _ dz 
y — z ^ X as— y* 


1 The proof will come later, page 584. 

a The proof is interesting. Ijet dx P = dyfQ “ dzJR = 7c, say ; then, dx — Pk 

dy — Qk; dz = Bk; or, Idx = IPk ; mdy = mQk ; ndz = nBk. Add these re- 

suits, Idx + mdy + ndz = k{lP + mQ + nB), 

Idx 4 mdy 4 ndz _ t, _ dy _dz 

**• IP 4 mQ 4 nB “ P Q P ’ 
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Here !P = y — z \ Qa=e — co\Itsax — y. Since, as in (4), 

y~s+« — aj+aj— 3 / = 0 ; Z = «s = nasl; 

and as in ( 6 ), 

x{y - «) + y{z — a?) + z{x — y) as 0 ; i' = aj ; m/ ^ y; n' = z. 

Eor the first combination, therefore 

dx dy + dz ss 0\ or, a; + y + « =*= Ci ; . • • ( 8 ) 

and for the second combination 

arda; + ydy + zdz = 0 ; a:® + y® +■ = C2 • . • ( 9 ) 

The last of equations ( 8 ) and (9) define x and y as functions of z, and also 
contain two arbitrary constants, the conditions necessary and sufficient in 
order that these equations may be a complete solution of the given set of 
equations. Equations ( 8 ) and (9) represent a family of circles. 

( 2 ) Solve dxfy » dyjx = dzjz. The relation between dx and dy contains 

X and y only, the integral, y® — aj® follows at once. Use this result to 

eliminate x from the relation between dy and dz. The result is, p. 349, 

dzlz *= dy/ v'(y® - Oi) ; or, y + ^{ 3 /^ - Oi) = C^. 

These two equations, involving two constants of integration, constitute a 
complete solution. 

(3) Solve da;y(«i« — ny) = dy{nx — Iz) =s dzl{Vy — mx). Here P= mz — ny; 
Q =3 nx — lz\ B = ly — mx. I, m, n and x, y, z form a set of multipliers 
satisfying the above condition. Hence, each of the given equal fractions is 
equal to 

Idx + mdy + ndz ^ 

Hmz — ny) + in(nx — Iz) + n{ly — mx) ’ 

and to 


xdx + ydy + zdz 


x{mz — ny) + y{nx — Iz) + z{ly — mx)' 

Accordingly, 

Idx + mdy + ndz =3 O ; xdx + ydy + zdz 3 = 0. 

The integrals of these equations are 

u lx + my + ns 3 = Oi ; t> « a® + y® + s® *= C 2 , 
which constitute a complete solution. 

dx _ dy _ dz ^ xdx + ydy + zdz 


(4) Solve - 2 ^ 


aj-s _ 2a::y ~ 2^ 

dz _ 2 a;da; + 2 ydy + 2 gdg 
z 


a;® + y® + s® 


aj(as* — y® — +■ 2xy® + 2a;s** 

log(aj* + y® + «*) = log z + log ; 


consequently, a^ + y® + s® 3 = is the second solution required. 


It is thus evident that equation (5) must be integrable before 
the given set of simultaneous equations can be solved. The 
criterion of inte^rability, or the test of the exactness of an 
equation containing three or more variables is easily deduced. 
For instance, let 

Pdx + Qdy + Bdz Qi du = 

The second of equations (10) is obviously exact, and equivalent to 
the first of equations (10), since both are derived from u ~ C^. 
Hence certain conditions must hold in order that the first of 
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equations (10) may be rednoed to the exact form of the second. 
As indicated above, there must exist a function of a?, y, and z, 
say, /X, such that 


Tiu 'b'U 'bu 

^ ** ‘bz “ 

Let the student now differentiate each of equations (11), first with 
respect to y and z ; second with respect to z and x ; and third with 
respect to x and y, the result will be 


-w^U 


bP 

TiQ 

l^Tz 

bB 






/2)P 


bB }hQ 

**• 

bP ^B __ 'bP\ 

* **• f\bx ^ bz)’" 


bu 

B^ 

by 

bu 

^bz 


bx) 

^y) 


T>i^ 


^t>y 

bu 
bu 

-^55- 


( 12 ) 


Multiply the three equations on the right, in turn, by B, P, and 
Q respectively, and add the results together. The result gives us 
the relation which must hold between the coefficients P, Q, and B 
of the first of equations (10) in order that it may have an integral 
of the form u O. We must have, in fact. 



If equation (10) be not exact it can be made exact by means of an 
integrating factor. 


EzAMPiiXB. — (1) Given (y + «)db + («-!• (» + V)A» ~ 0, show that 

tlie condition of integrability is satisfied. To integrate an exact equation of 
this kind, first suppose that » is temporarily constant, and integrate. Thus, 
we get 

(y +»)dx + (# + aj)dy = O ; (y + s) (s + ») — O'. . . (18) 
The integration constant obviously includes the variable m ; let O* >■ /(«). 
To determine the form of this function, differentiate (y +#)(* + »)■■ /(*) 
voith respect to a;, y, and », and compare the result with the given equation. 
We get 

(y + e)dx + (e + a:)<2y + (« + y)de + ^dz ■= dz ; 

^zdz — df{z) »■ 0 ; or, f{z) = + Oj, ; 

••• (y + «)(* + ®) — ** + Ua; or, ajy + y« + eaj = Og, 
is the required solution. The same result could have been obtained more 
quickly, in this particular case, by expanding the given equation and so 
getting 

ixdy + ydx) + {ydz + tidy) + (£fda; + *<*«) »■ 0 ; asy + ya + »« = O^. 

(2) Integrate yzdx + xzdy + xydz *■ 0. Divide by ajys, and 

V “ ^ “ T “ ® log as + log y + log a -» log O ; a:ya =» O. 
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(8) Integrate (cydx — exdx — « 0. Anar. — log a *** O. BUnt. 

Divide by 1 /£b^ and the equation becomes exact. 

(4) If iydx + xdy) {a - ») + xydz = O, show that xy = C(z — a). Hint. 
Proceed as in Ex. (1), making z = constant, and afterwards showing that 
xy. n /(«), and then that f(z) a C(z — a). 


§ 142. Partial Differential Equations. 


Equations obtained by the differentiation of functions of three 
or more variables are of two kinds : 

1. Those in which there is only one independent variablei 
such as 


Pdx + Qdy + Pdz = Sdt, 

which involves four variables — three dependent and one inde- 
pendent. These are called total differential equations. 

2. Those in which there is only one dependent and two or 
more independent variables, such as, 


<)« "(iz 




0 , 


where z is the dependent variable, a;, y, t the independent variables. 
These equations are classed under the name partial differential 
equations. The former class of equations are rare, the latter very 
common. Physically, the differential equation represents the rela- 
tion between the dependent and the independent variables when 
an infinitely small change is made in each of the independent 
variables.^ 

In the study of ordinary differential equations, we have always 
assumed that the given equation has been obtained by the elimina- 
tion of constants from the original equation. In solving, we have 
sought to find this primitive equation. Partial differential equa- 
tions, however, may be obtained by the elimination of arbitrary 


^ Tbe reader will, perhaps, have iiotioed that the term ** independent variable ** is 
an equivocal phrase. (1) If u ’^/{z), is is a quantity whose mag^tude changes when 
the value of z changes. The two magnitudes u and z are mutually dependent. For 
convenience, we fix our attention on the effect which a variation in the value of z hsts 
upon the magnitude of u. If need be we can reverse this and write z ’‘‘/{v), so that 
u now becomes the "independent variable”. (2) If v^/{Xt y), x and y are "inde- 
pendent variables ” in that x and y are mutually independent of each other. Any 
variation in the magnitude of the one has no effect on the magnitude of the other, x 
and y are also " independent variables ” with respect to e in the same sense that z has 
just been supposed the " independent variable ** with respect to u. 
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functions of the variables as well as of constants. For if 

u ^f{ax + hy), 

be an arbitrary function of x and^, we get, as in Euler’s theorem 
page 75, 

Is - ZafXaa? + 6 y») ; ^ _ Zif(aa? + Sj,*) ; 655 - - 0 , 

where the arbitrary function has disappeared. 


ExAMPiiES. — (1) If «£ = f{at + «b), sho-w that 


'bu. 

ST - •m ~ “ 


Here bu/bt «= af'{at 4- «) ; bufbx =** f*{at + »), etc. Establish the result by 
giving /(ai + a) some specific form, Bay,/(a< + as) = a« + « ; and sin (at + x) 
(2) Eliminate the arhitrairy function from the thermodynamic eg^uation 




ap 


logp. 


bQ 


- S/'(^ 




3«_1 




* o®o 


ap* 


(S) Kemembering that the object of solving any given difEerential is to 
find the primitive from which the difierential equation has been derived by 
the elimination of constants or arbitrary functions. Show that a=/i(a;) 
is a solution of bzlbxbj/ ~ O. Hint. Eliminate the arbitrary function. 

(4) Show that e «■ /^(x + at) + f^(X’-at) is a solution of bzj'dl^^d^b^slbxK 


An arbitrary function of the variables must now be added to 
th© integral of a partial differential equation instead of the constant 
hitherto employed for ordinary differential equations. If the 
number of arbitrary constants to be eliminated is equal to the 
number of independent variables, the resulting differential equa- 
tion is of the first order. The higher orders occur when the 
number of constants to be eliminated, exceeds that of the inde- 
pendent variables. 

li u = f(x, y), there will be two differential coefficients of the 
first order ; three of the second ; . • . Thus, 

'bti 'dHi 'bHb ^ 

"bx* 7>y ’ "baiby * 


§ 143. What is the Solution of a Partial Differential 

Equation ? 

Ordinary differential equations have two classes of solutions 
—the complete integral and the singular solution. Particular 
solutions are only varieties of the complete integral. Three 

FF 
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classes of solutions can. be obtained from some partial differential 
equations, still regarding the particular solution as a special case 
of the complete integral. These are indicated in the following 
example. 

The equation of a sphere in three dimensions is, 

. ( 1 ) 

where the centre of the sphere coincides with the origin of the 
coordinate planes and r denotes the radius of the sphere. If the 
centre of the sphere lies somewhere on the a;3/-plane at a point 
(a, b\ the above equation becomes 

(x - a)2 + (y - by -H jar2 = r2. . , (2) 

When a and h are arbitrary cpnstants, each or both of which may 
have any assigned magnitude, equation (2) may represent two 
i nfini te systems of spheres of radius t. The centre of any mem- 
ber of either of these two infinite systems — called a double infinite 
system — must lie somewhere on the rr^-plane. 

Differentiate (2) with respect to x and y, 

®-« + *Si-0s S'- + . (8) 

Substitute for a? - a and y — 6 in (2). We obtain 

Ksy + + 1} “ - • w 

Equation (2), therefore, is the complete integral of (4). By 
assigning any particular numerical value to a or 6, a particular 
solution of (4) will be obtained, such is 

(X - 1)2 + ( 2 / - 79)2 ^ ^ ^ 

If (2) be differentiated with respect to a and b, 

<> <) 

- 0)2 + (J, + 6)2 + 2:2 „ _ 0)2 + (y _ 6)2 + 2* = ,.2}. 

a; - a = 0, aud y — b = 0. 

Eliminate a and b from (2), 

^ = ± r. . . . . (6) 

This result satisfies equation (4), but, unlike the particular solution, 
is not included in the complete integral (2). Such a solution of the 
differential equation is said to be a singular solution. 

Geometrically, the singular solution represents two plane sur- 
faces touched by all the spheres represented by equation (2), The 
singular solution is thus the envelope of all the spheres represented 
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by the complete integral. If AJB (Fig. 97) represents a cross sec- 
tion of the a;y-plane containing spheres of radins r, GD and JSF 
are cross sections of the plane surfaces represented by the singular 
solution. 

If the one constant is some function of the other, say, 

a ^ bf 

(2) may be -written 

(x — + (y + = r*. • . (7) 

Differentiate with respect to a. We find 

a = + y). 

Eliminate a from (7). The resulting equation 

a;2 + ^2 = 2r*, 

is called a general integral of the equation. 

Geometrically, the general integral is the equation to the 
tubular envelope of a family of spheres of radius r and whose 
centres are along the lino a? =* y. This line corresponds with the 
axis of the tube envelope. The general integral satisfies (4) and 
is also contained in the complete integral. 

Instead of taking a ^ b sa the particular form of the function 
connecting a and 6, we could have taken any other relation, say 
a = ^6. The envelope of the general integral would then be like 
a tube surrounding all the spheres of radius r whose centres were 
along the line x =■ -Jy. Had we put a^ — b^ = 1, the envelope would 
have been a tube whose axis was an hyperbola OJ® — y^ = 1. 

A particular solution is one particular surface selected from the 
double infinite series represented by the complete solution. A general 
integral is the envelope of one particular family of surfaces selected 
from those comprised in the complete integral. A singular solution 
s an envelope of every surface included in the complete integral.^ 

Theoretically an equation is not supposed to be solved com- 
pletely until the complete integral, the general integral and the 
singular solution have been indicated. In the ideal case, the 
complete integral is first determined ; the singular solution ob- 
tained by the elimination of arbitrary constants as indicated above ; 
the general integral then determined by eliminating a and /(a). 

Practically, the complete integral is not always the direct ob- 


* G. B. Airy’s little book. An Mlem&n^ry Treatise on Partial Differential 
Blquations^ Iiondon, 1873 , will repay careful study in connection with the geometrical 
interpretation of the solutions of paitial differential equations 
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ject of attack. It is usually sufficient to deduce a number of 
particular solutions to satisfy the conditions of the problem and 
afterwards to so combine these solutions that the result will not 
only satisfy the given conditions but also the differential equation. 

Of course, the complete integral of a dilQferential equation 
applies to any physical process represented by the differential 
equation. This solution, however, may be so general as to be of 
little practical use. To represent any particular process, certain 
limitations called limiting conditions have to be introduced. 
These exclude certain forms of the general solution as impossible.^ 
We met this idea in connection with the solution of algebraic 
equations, page 363. 


§ The Linear Partial Equation of the First Order. 


Let 


u 


( 1 ) 


be a solution of the linear partial equation of the first order and 
degree, namely of 

_ ^isz 

( 2 ) 




Tix 

where P, Q, and JR are functions of £C, y, and z ; and is a con- 
stant. Now differentiate (1) with respect to a?, and y respectively, 
as on page 44, or Ex. (6), page 74. 


Hu Hu Hz 
Hx Hz * c)a? 


^ Hu Hu Hz ^ 

Hy Hz by 


(3) 


Now solve the one equation for Hzfbx^ and the other for Hzfbyf and 
substitute the results in (2). We thus obtain 




^u ^u ^ 


Again, let (1) be an integral of the equation 

Hx Hy __ Hz 
'P^'Q ~~'B' 

The total differential of u with respect to a:, y^ and jsr, is 

Hu . Hu - Hu ^ 

^dx -h -^dy + -^dz =» 0 ; 


(4) 


(5) 


( 6 ) 


Hx'^'" ^ Hy^^ Hz'- 
and since, by equations, dx kP ; dy = kQ ; dz = fcJS, page 445 
(footnote), we have 

Hu^ Hu^ Hu— ^ 

= 0 , . . . ( 7 ) 


* For examples, see the end of Chapter VIII. ; also page 460, and elsewhere. 
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which is identical with (4). This means that every integral of (2) 
satisfies (6), and conversely. The general integral of (2) will 
therefore be the general integral of (5). 

"What has just been proved in connection with « =» <7^ also 
applies to the integral v = of (7), pa'ge 445. If therefore we 
can establish a relation between u and v such that 

'Ur =« fQv) ; or. v) = 0, . . (8) 

t.bift arbitrary function will be a solution of the given equation. 
This is known as Lagrange’s solution of the linear differential 
equation ; equations (6) are called Lagrange’s auxiliary equa- 
tions. 

We may now show that any equations of form (8) will furnish 
a definite partial equation of the linear form (2). Differentiate 
equations (8), say the first, With respect to each of the inde- 
pendent variables x and y. We get 

'bz\ "hu liu 'dz 
"bz ' "dy 

By division and rearrangement of terms, f'(v) and the terms con- 
caining the product of 'bzfbx with lizfby disappear,^ and we get 

dx d/y dz 

Tiu Tiv 'bu 'bv^ 'bv^ ^ bu 

by * bz bz ' by bz * bx bx bz dx by by 

This equation has the same form as Lagrange’s equation 


bu bu bz /bv bv bz\,bu bu bz 

<ia? " tJa? bz bx)* by bz by bz by) 


bv 

bx 


( 9 ) 


P Q B* bx 


O 


- B, 

by 


+ ( 10 ) 


hence, itu ^ f(v) is a solution of (2), it is also a solution of (5). 

Examples. (1) Solve E. Clapeyron’s equation {Journ. de VEcole Boy. 

PolyL, 14, 163, 1834), 

well known in thermodynamice. Here, ^ ^ Pt Q = p, ii« — J>/ap, and La- 
grange’s auxiliary equations assume the form, 

"dp a, ^ _ 

p ^ “P 

From the first pair of these equations we get logp - logp = log Oj ; conse- 
quently pIp = Oj. From the first and last of equations (11), we have 

P 


Up p 


Q = - A logp + O2, 
ap 


1 When the reader has read Chapter XI. he will write the denominator in the 
form of a “Jacobian**. 
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is tlxe second solution of (10). The complete solution is therefore 

(2) Solve y . 'de/‘dx — x . ZzJZy = O ; here, P = j/, g = - a?, R = O. 
dx dy dz _ 

=* ZTx ““ “O”’ •••«« = 0, and xdx +■ ydy = 0. 

SB* + j/2 = Cl ; and « — Ca ; or, « = /(a;» + y^). 

(8) Solve a;;ar . B«/3aj + yz . ^z/'dy = xy. Here, P ^ l/y, ^ » i/x. It 1/e. 
The auxiliary equations are therefore ydx = xdy = Prom the first two 

terms we get yjx = Cj ; and from the multipliers I = y ; 9n.a x ; n « — 2e, 
as on page 445 (4), we get 

Zdx + mdy + nde =» 0 ; ydx + xdy = Zzdz ; or, - X2^ =» O9, 

from (6), jpage 445. This is the second solution required. Etence, the com- 
plete solution is e® *= xy + f{x/y) ; or, <^(e® — xy, x/y) = O. 

(4) Moseley {Fhil. Mag. [4], 37, 370, 1869) represents the motion of im- 
perfect fluids under certain conditions hy the equation 

0s 0» 

^ ; .*. * = «“*/(« - y). 

§ 145. Some Special Forms. 

For the ingenious general methods of Oharpit and G. Monge, 
the reader will have to consult the special text-books, say, A. R. 
Forsyth s A Treatise on Differential Equations^ London, 1903 . 
Inhere are some special variations from the general equation which 
can be solved by “ short cuts **. 


i The va/riahles do nriot appear directly. 



The solution is 


The general form is 


1 . 


z «=» ax + hy -r Ct 
provided a and b satisfy the relation 

ffa, 6) a= 0 ; or & an /(u). 

The complete integral is, therefore. 









H show . _ a® + + O', provided 

+ V — The solution is, therelore, , — aa + y./imf - o'") + O. For 
the general integral, put O - /(o). Eliminate a between the two equations, 

* •’’(“> - “t™* - <^-*V +r(a) - 0.in the uauej 

way. The latter expression has been obtained trom the former bv differ 
entiation with respect to a, ^ 
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(2) Solve =* 1. Ansr- z = ctx + yja + O. Hint, ab = 1, etc. Notbj.— 
We shall sometimes ■write for the sake of brevity, = 

(3) Solve a(j?* + Zj,) = z. Sometimes, as here, when the variables do ap- 
pear in the equation, the function of sc, which occurs in the equation, may 
be associated with 'dzfdx, or a function of y with ‘^zfQy, by a change in the 
variables. We may write the given equation op/jB+og/r*®!. Put dzfz^^dZ ; 
dyla^dY, dx(a=dX, hence, 'dZfdY+'dZfdX^l, the form required. Ansr. 
Z = cbX + r(l - a) + O ; where, ^ = log « ; T yja: X *= aj/a, etc. 

(4) Solve scW + yW “ X - log 0 !, F = log a/, Z -> log z. Pro- 

ceed as before. Ansr. z *= 

If it is not possible to remove the dependent variable z in this 
way, the equation will possibly belong to the following class 


Urn The independent variables x and y are absent. The genera] 
form is, 

Assume as a trial solution, that 

bz bz 
^ "" ^bx 

Let 'bzfbx be some function of z obtained from II., say »=* ^(^)* 
Substitute these values in 

dz mm zjdx •+• z^. 

We thus get an ordinary differential equation which can be readily 
integrated. ^ 

dz — <f>(z)dx + atji(z)dy, .% a? + «» J + O. (2) 

BXAMPI.BS. — (1) Solve zj^z + V — 4. Here put "del’dy »» aZzJZx, 

.-. (a“ + *) (dzidxy - 4. JWTz . dzidx = 2, 

+ + Ansr. 2(a2+«)8«8(a;-i-ay+C)‘^. 

(2) Solve p(l 4- g») - g(* - a). Ansr. | - o) = (6® + 2/ + 0)“ + 4. Hint. 

Put a = 6p, etc. The integration and other constants are collected under O. 
(8) Moseley {Thil. Mag., [4], 37, 370, 18G9) has the equation of the motion 

of an imperfect fluid 

Zz . Zz 




= mz. 


T + 

Let P 5 - = a 


Zz Ze 
+ 


amz 


stltution in the original equation. Prom (3), 

_ 

z 


“Qz mz , . Zz 

’ •’* 35 “ TT^ ’ • * “Sy “ 1 + 


, by sub- 


^ ^^dy. ^=5^(4* +ad») ; log. = i^(« + »») + O. 


1 4 > a 


1 + a 
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If z does not appear directly in the equation, we may be able 
to refer the equation to the next type. 

Ill, z does not appear directly in the equation^ hut x and 'JizJ'dx 
can he separated from y and "bzfby. The leading type is 

• • ni. 

Assume as a trial solution, that each member is equal to an arbi- 
trary constant a, so that z^y and z^, can be obtained in the form, 

= /i(®* «) ; = My* Cl); dz ^ zjix + Zy^y 

then assumes the form 


« * o)dx + J/aCy, a)d/y + G. , . (3) 

Ex:au:p]:.bs. — ( 1) SoWe Zy-Zx+ic - y 0. Put 'dzfdx - x= 'defdy -y=»a. 
Write «* = ® + a ; Zp = y + a; 

(x -i- a)dx + (y + a)dyy z = i(x + a)^ + i'(V + <*)“ + O, 

(2) Assume -with S. D. Poisson (Ann. de Ohim.y 28, 887, 1828) that the 
quantity of heat, Qy contained in a mass of gas depends upon the pressure, 
p, and its density p, so that Q ^f{jOy p). According to the well-known gas 
equation, p *• JSp(l + a«) ; if p is oonsteuit, 

die 1+ae' ’ de ~~ i + od’ 


if p is constant. Prom (10) and (7), page 80, the specidc heats at constant* 
pressure, and constant volume (i.e.y p = constant) may he written 


Op 


fZQ 


Jp 




- ^P . and O - 


jRp 

Jp^ + csP _ _ 

Assuming, with Laplace and Poisson, that y = GpjC^ is constant, we get, 
by division. 

^\w)‘ * 

This differential equation comes under (3). 

3Q _ a_ ^ ® . 

yp' clp ~ p’ 

.*. dQ = a^. ^ ; or, Q =» ^logp - alog p 4 O. 

If <f> is an independent function. 


= 0 . 

p 

Put 


Q ^<p 




iKQ). 


where if* is the inverse function of tp. If it bo assumed that the quantity o f 
heat contained in any gas during any change is constant, will remain 

constant. Otherwise expressed, 

1 


py 

“ = constant ; or, pvy = constant. 

since volume, «, varies inversely as the density, p. This relation was deduced 
another way on page 258. 
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(4) E. Clapeyron’s equation, previously discussed on page 463, may be 
solved by the method of the separation of the variables. 

P. c. 

'dp ^ “dp p^’ ‘ ^ ^ e' “dp qp ‘ 

since p =* cp by Boyle’s law. 


• • SJJ + op - . Qp 

Hence, by integration and substitution in 


~ Ac, 

(3), we get 


Q = Ap+Acp + C - ~logp ; or, 0 = 

by collecting all the integration functions under the symbol /(. . .), and sub- 
stituting for c &om Boyle’s law. Of course f(pfp) can only be evaluated when 
the relation between p and p is known. 0. Holtzmann assumed that tb i p 
function could be written ss .d -(- JBT, where A and JB were constants, T the 
absolute temperature. 


IV. AnalogottiS to Clairaufs equation. The general type is 

"bz bz\ __ 


The complete integral is 

2 = aaj + + /(q, 5). 


( 4 ) 


EzAMPZiBs. — Solve the following equations : 

(1) e^^ZaPH+Bf/y+Zgie^. Anar. *=aa£CH-6p+o6. Singular solution «»= -ary. 

(2) 8 a= Sj^aj + Zyy + r ,^(1 + + e^. Ansr. z >= ajx + hy + r s/l-ha^-hb®. 

Singular solution, x* + y® -i- s= r®. The singular solution is, therefore, a 
sphere; r, of course, is a constant. 

(3) 8=iZ^ + Zyy — nVz^y. Ansr. ZB^axc-^-hy Singular solution, 
* = (2 — n) 

There are no general methods for the solution of partial differ- 
ential equations, and it is only possible to perform the integration 
in special cases. The greatest advances in this direction have been 
made with the linear equation. Linear equations are often en- 
countered in physical mathematics. 


§ 146. The Linear Partial Equation of the Second Order. 

Suppose an elastic medium (gas) to be confined in a tube of unit 
sectional area ; let JSr denote the coefficient of compressional 
elasticity of the gaseous medium ; and p a force which will produce 
a compression in a layer of the gas dx thick, then, since 


Stress =s elasticity x atrain, 
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as in Hooke’s well-known law — ut tensio sio vis — we get 

. . . . (1) 

Again, the layer dx will be moved forwards or backwards by the 
differences of pressure on the two sides of this layer. Let this 
difference be Hence, by differentiation of p and dUf we get 

.... (2) 

Let p denote the density of the gas in the layer da;, then, the mass mi 


m 


pd^c* 


dhij 


( 3 ) 


Now the pressure whibh moves a body is measured, in dynamics, 
as the product of the mass into the acceleration, or 

j i 

^/m - . 3 ^ - 

The equation of motion of the lamina is 

dHi. JET dhi, 

This linear homcgeneous partial differential equation represents 
the motion of stretched strings, the small oscillations of air in 
narrow (organ) pipes, and the motion of waves on the sea if the 
water is neither too deep nor too shallow. Let us now proceed to 
the integration of this equation. 

There are many points of analogy between the partial and the 
ordinary linear differential equations. Indeed, it may almost be 
said that every ordinary differential equation between two variables 
is analogous to a partial differential of the same form. The solu- 
tion is in each case similar, but there are these diiderenoes : 

iEhrst, the arbitrary constant of integration in the solution of 
an ordinary differential equation is replaced by a function of a 
variable or variables. 

Second, the exponential form, of the solution of the 


5 

ordinary linear differential equation assumes the form 


wwsr. 


The expression, e is known as the symbolic form of Taylor’s 

theorem. Having had considerable practice in the use of the symbol of 

operation D for we may now use D' to represent the operation By 
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Taylor’s theorem, 

<Piy + mx) = ip(y) + mx 
where -ce is regarded as constant. 


'd<t>{y) 


21 • "^3“ •••» 


.*. ^iv + mx) = + mx^ + + . . .J<f>iy). 

The term in brackets is clearly an exponential series (page 285), equivalent to 

mx^ 3 

e or, writing D* for 

<f>{y +mx) = • (4) 


Now convert equation (3) into 

"SW ^ W . . . • (5) 

by writing a® = ^Ip- This expression is sometimes called d’Alem- 
bert’s equation. Instead of assuming, as a trial solution, that 
y mm e^, as was the case with the ordinary equation, suppose that 

u = f^x + mt)f .... ( 6 ) 

is a trial solution. Differentiate ( 6 ), with respect to t and a;, we 
thus obtain, 

Tiu "bu bl^u 

- mf{x + m«) ; 55 -/(* + mfy, 5 ^ - »»/'(« + mt) ; 

b^U b^u 

-j ^2 = niY\x + mi) ; ^ - /'(a? + mt). 


Substitute these values in equation ( 6 ) equated to zero, and divide 
out the factor f'{x + mi). The auxiliary equation, 

m^ — = 0 . • • • (7) 

remains. If m is a root of this equation, f"{x + mi) = 0, is a 
part of the complementary function. Since + a are the roots of 
(7), then 

^4 = 6 “ • • ( 8 ) 

From (4) and ( 6 ), therefore, 

u = f-^{x — ai) + f^ix + at) . . . (9) 

Since + a and — a are the roots of the auxiliary equation (7), we can 
write ( 6 ) in the form, 

(D + aD')(,D - aD'yu « 0. . . . (10) 


Examples.— (1) If ^ 

(2) If ■*" “ 


= 0, show z /i(y + as) + f^{y — x), 
0, show z = /i(y + 2a?) + 2aj). 


(3) If 2 g5,^S^^-2g^ = O.8how0=A(2|/-«)+A(y + 2®). 

In the absence of data pertaining to some specific problem, 
we cannot say much about the undetermined functions fx{x + at) 
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and f^ix — at) of (9). Consider a vibrating barp string, where no 
force is applied after the string has pnoe been pnt in motion. Let 

a; = Z — AiB (Pig. 154) denote the length of 
the string under a tension T ; and m the 
mass of unit length of the vibrating 
string. In the equation of motion (6), 
in order to avoid a root sign later on, 
aP^ appears in place of Tim, Further, let 
u PM represent the displacement of any 
part of the string we please, and let the ordinate of one end of the 
string be zero. Then, whatever value we assign to the time Z, the 
ends of the string are fixed and have the limiting condition « 0, 

when rc = 0 ; and -w 0, when a; ** Z. 



/i(aZ) + /aC - aZ) = 0 yf^(l + at) + f^(l ~ at) « 0, (11) 

are solutions of d'Alembert’s equation (6). Prom the former, it 
follows that 

fl{at) must always be eqxial to — — at) . (12) 

But at may have any value we please. In order to fix our ideas, 
suppose that we put I + at for at in the second of equations (11) * 
then, from (12), 

f^{at + 2Z) =/i(aZ). . . . (13) 

The physical meaning of this solution is that when/i(. . .) is increased 
or diminished by 2Z, the value of the function remains unaltered. 
Hence, when at is increased by 2Z, or, what is the same thing, when 
Z is increased by Qlfa^ the corresponding portions of the string will 
have the same displacement. In other words, the string performs at 
least one complete vibration in the time 2Z/a. We can show the same 
thing applies for 4Z, 6Z. . . . Hence, we conclude that d’Alembert’s 
equation represents a finite periodic motion, with a period of oscil- 
lation. 

az = 2Z ; or, Z = ^ ; or, Z *= 


NusfxsBXOAJCi Examfub. — ^T he middle C of a pianoforte vibrates 264 times 
per second, that is, once every second. If the length of- the -wire is 2^ 
feet, and one foot of the wire weighs 0*002 lbs., find the tension T in lbs. Now 
mass equals the weight divided by g, that is by 32. Hence, 


r,, I V) 1 K / 0*' 

t = y‘l'\jQ2T’ 264 “ °'VS2" 


002 


X T' 


T = 108 lbs. 


Equation (5), or (9), represents a wave or pulse of air passing 
through a tube both from and towards the origin. If we consider 
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a pulse passing from the origin only, 

u *= f{x + af) 

is the solution of the differential equation. By differentiation with 
regard to a?, and with regard to we have already shown, Ex. (1), 
page 449, that 

d/Ut d/Ut 

- ; /(a* + “0- “37= ®/(® + at)- 

The first of these equations represents the mte of expansion or 
contraction ; the second, the velocity of a particle. The velocity of 
the wave is, by division, 


dx 

drt^^> or, F 




which is Newton’s formula for the velocity of sound (Newton’s 
Princvpia^ ii., Prob. 43-50). Newton made E represent the iso- 
thermal elasticity, p ; Laplace, the adiabatic elasticity oi 
page 114. 

When two of the roots in equation (7) are equal to, say, ct. 
We know, page 401, that the solution of 

(Z> — aYz =» 0, is « = e”^{GiX + G^), 
by analogy, the solution of 


(Z) - aDyz = 0, is ;8r - e^^'{xfM + fMh 


or, z = ocf-^{y + 4- f 2 (y + ax). . . (15) 

EzAsipn^s. — (1) Solve ; (JD® — D*JD' — DD''‘ + D'^)z = 0. 

Ansr. B = aj/i(y - ») + f^{y - as) + fa(y + »). 

^ ‘bxby ~ ® + «) + /a(y + »). 

If the equation be non-homogeneous, say, 

< 1 % ^ 22 - Tiz A , A t\ f1R\ 

and it can be separated into factors, the integral is the sum of the 
integrals corresponding to each symbolic factor, so that each factor 
of the form D — mD\ appears in the solution as a function of 
y + mx, and every factor of the form D — mD' — a, appears in 
the solution in the form z »= + mx). 

Examples.— (1) Solve + ^ = 

Factors, (D !>') (I> - D' + l)z = 0. Ansr. # = A(y - «) + e " “AfV + «)• 

/o\ o 1 ^ n 

<2) Solve ^ 0. 

Factors, (D +1) (2> - !>')« =» 0. Ansr. « *= «“ Vi(y) +/a(« + y)* 

It is, however, not often possible to represent the solutions of 


7>^z . 7)z . Tiz . - 


(16) 
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these equations in this manner, and in that case it is customary to 
take the trial solution, 

z = .... (17) 

Of course, if a is a function of we can substitute a = /()S) and so 
get rid of )S. Now differentiate (17) so as to get 

"iiz Tiz Ti^z Ti^z Ti^z 

§5 = “ 5 sp - S5SP = S55 - ap - 

Substitute these results in (16). We thus obtain the auxiliary 
equation 

(A^a^ + + A.2^ + • Cl®) 

This may be looked upon as a bracketed quadratic in a and yS. 
Given any value of yS, we can find the corresponding value of a ; or 
the value of /3 from any assigned value of a. There is thus an 
infinite number of particular solutions. Hence these important 
rules : 

jT. If ti 2 , « 3 , . . . , ci>re particular solutions of any partial dif- 
ferential equation^ each solution can he multiplied by an arbitrary 
constant a/nd each of the resulting prod/ucts is also a solution of the 
equation. 

II. The sum or difference of any rmmber of particular solutions 
is a solution of the given equation. 

It is usually not very difficult to find particular solutions, even 
when the general solution cannot be obtained. The chief difficulty 
lies in the combining of the particular solutions in such a way, 
that the conditions of the problem under investigation are satisfiled. 
In order to fix these ideas let us study a couple of examples which 
will prepare the way for the next chapter. 

Exampubs. — ( 1 ) Solve (D^-D')z=zO. Here a »-3 = 0 ; Hence 

(17) becomes m = + «*y. Put a ss a s l, a = 2, . . . and we get the par- 
ticular solutions + y), + y, ^ ^ ^ 

.*. z = + y) + Cjjs* + y + + ^ + . . . 

Now the difEereuce between any two terms of the form + ^y, is included in 
the above solution, it follows, therefore, that the first differential coefficient 

of e®* + Py, is also an integral, and, in the same way, the second, third and 
higher derivatives must be integrals. Since, 

j^gpsz + «»% -B (a; 2ay)e“®’ + «*y ; + «*y __ 2ay) + + »*y • 

+ asy {(SB + + 5 ^( 3 . + 2 ay)}«“» + ‘^*y ; etc., 

we have the following solution : — 

* = Ci(aj + 2 ajy)e«» + ®®y + C^{{x + 2 ay) + + “^ + . . . v 

li a as 0 , we get the special case, 

z =s CiX + OaCflJ® + 2y) + Cs(£B* + 6xy) + ... 
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(2) Solve ^5 - — 3^ + 3^ =» 0. Put z = Oe*® + ; and we get 

(a - 3) (a + ^ — 8) =! 0. .*. ^ = a, and ^ » S - a. 

+ v> + e^yO^<^ - v) «/i(y + «) + - 2/}. 

The prooesses for finding the particular integrals are analogous 
to those employed for the particular integrals of ordinary differ- 
ential equation, I shall not go further into the matter just now, but 
will return to the subject in the next chapter. Partial 
equations of a higher order than the second sometimes occur in 
investigations upon the action of magnetism on polarized light ; 
vibrations of thick plates, or curved bars ; the motion of a cylinder 
in a fluid ; the damping of air waves by viscosity, etc. 


§ 147. The Approximate Integration of Differential Equationa 

There are two interesting and useful methods for obtaining the 
approximate solution of differential equations : 

I. Integration m series. When a function can be developed in 
a series of converging terms, arranged in powers of the independent 
variable, an approximate value for the dependent variable can easily 
be obtained. The degree of approximation attained obviously 
depends on the number of terms of the series included in the 
calculation. The older mathematicians considered this an under, 
hand way of getting at the solution, but, for practical work, it is 
invaluable. As a matter of fact, solutions of the more advanced 
problems in physical mathematics are nearly always represented 
in the form of an abbreviated infinite series. Finite solutions are 
the exception rather than the rule. 

E3:AMPniBs. — (1) Ife is required to hud the solution dyjdx = in series. 
Assume that y has the form 

y = Oq + OiOJ + + . . . 

DifEerentiate, and substitute for y and y in the given equation. 

(Oj — ao) + (2aa ~ ajx + (So, — + . . . = 0. 

If 00 is not zero, this equation is satisfied when the coefficients of x become 
zero. This requires that 

11 11 

®i ^ ^ 2^0 ' *** 8^ “ 81 ^®* * * * 

Hence, by substitution in (1), we obtain 

y sss n^^l + X + 2^®* "i" 3^*^ * * * 3 ^ 

Put a for the arbitrary constant so that the final result is y = aeP^. That this 
is a complete solution, is proved by substitution in the original equation. We 
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05 ® 

'I + . . . ; 


( 1 ) 


must proceed a little difEerentlj with equations of a higher order. Take as a 
second example 

(2) Solve dyfdx + ay + 2>cb® xs 0 in series. By successive differentiation of 
this expression, and making y = when as = O in the results, we obtain 

(^)o“ “ * (S)o“ ; • • • 

By Maolaurin’s theorem, 

^dy\ X /d^\ fd'^y\ as* 

«'=»«+ vs j„T + )^-r \ + joTi 

=yo - «2/o® + - i(»®yo + 26)as® + . . . ; 

—y(Jl^ — CLX+\a^^ — . — 26n-® (^a®a5® — ^^a^as^ + . . .) ; 

=yo^“‘**+26a“® (a — **— l + aas-Ja^as®), 
by making snitable transformations in the contents of the last pair of brackets. 
Kence finally y — C^b - <»* - 26a - ® (1 - oas + ia!^). Verify this by the method 
of § 125, page 887. 

(8) Solve d®y/daj® — a®ys=0 in series. By successive differentiation, and 
integration 

da^-^dx* dx^-^'da^* *** 

when the integrations are performed between the limits x ^ x, and as — 0, so 
that y becomes yo when a; » 0. From Maclaurin’s theorem, (1) above, we get 
by substitution 

/dyX x a^ /^\ 




yoii+ 


a®aj® 


a<as* 
i--T-r'+ 


\ . 1 /dy\ (ax \ 

VdajJoi 1 3! +•••/* 


21 ■ 41 ^ •••J 'a \dxJo \ 1 ■ 3! 

By rearranging the terms in brackets and putting the constants yQ — and 
Pol a = jB, we get, 

y=-4{(^ + Jaaj+ia2aj2+.. + . . .)+ jB( . . . )j. ; 

Sometimes it is advisable to assume a series with undetermined indices 
and to evaluate this by means of the differential equation, as indicated in the 
next example. 

(4) Solve 

dy 

das® ^ .... (2) 

(i) The complementary function. As a trial solution, put y = The 

auxiliary equation is 

m(w - l)a^ - 2 _ {m + c)aQX*^ = 0. . . . (3) 

This shows that the difference between the successive exponents of x in the 
assumed series, is 2. The required series is, therefore, 

2/ = Oo®” + = 0, . (4) 

which is more conveniently written 

y = 2" <*«»»» + *»= 0. ..... (6) 

In order to completely determine this series, we must know three things 
about it. Hamely, the first term ; the coefCioients of as ; and the different 
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powers of x that make up the series. By differeutiatiou of (4), we get 

^ = 2^ (w -i- 2n)a„ic^ + 1 ; y = 2 " (m + 2n) (m + 2n - l)ancc^ + 9»» - s. 

By substitution of this result and (4) in equation (2), we have 

2 + 2n) (m + 2n — ~ ® - (m + 2n + c)a„aj*^ + ®*»} c= 0, (6) 

where n has all values from zero to infinity. If (5) is a solution of (2), equa- 
tion (6) is identically zero, and the coefdcient of each power of x must vanish. 
Henoe, by equating the co-efdcients of and of x^+^ ■“ ® to zero, we have 

(m + 2 n) («t 4- 2 n — l)a«a;»* + »* — *_ 4. 2» 4- c)at^x^ + *» » 0 ; 

and replacing n by n — 1 in the second term, we get 

(m 4 - 2«.) (»» 4 - 2n — l)a« — (w 4 - 2n — 2 4 - o)an - 1 = 0; . (7) 

since (m 4- 2n) {yn 4- 2n. — 1) = 0, when n « 0, m[m - 1) = 0; consequently, 
m = O, or wi ss 1 ; for succeeding terms n is greater than zero, and the relation 
between any two consecutive terms is 


m4-2»-24-c_ 

^ (wi 4 - 2n) (m 4- 2» - 1)®* “i* •••(»; 

This formula allows us to calculate the relation between the successive co- 
fficients of x by giving n all integral values 1, 2, 3, . . . Let be the first term, 
first, suppose m — 0, then we can easily calculate from (8), 

e 

_yv • ^ '* 

4 I 


a. 


1 . 2^*® ’ 


C 4” c(c 4” 2} _ 

“ ft A ^ “ A I * 


8.4 

r.2 


fj — 4* Cg I 4“ c(o 4* j 

Next, put m = 1, and, to prevent confusion, write 6, in (8), in place of a. 


^ c 4 - 2ii — 

**• ~ 2n(iw 4 * ’ 

proceed exactly as before to find successively bj, 63 , 63 , . . . 

fa == bQ-^a; 4“ (o 4" "b *1“ U "b + • • • • (^0) 

The complete solution of the equation is the* sum of these two series, .(3) 
and (10) ; or, if we put Oji/^ 

which contains the two arbitrajcy constants aud C 3 . 

(ii.) The jparti<yulaa' integrcul. By the above procedure we obtain the com- 
plementary function, for the particular integral, we must follow a somewhat 
similar method. JS.g., equate (7) to instead of to zero. The coefficient of 
aJ*"*”*, in (8) becomes 

m{m — l)aoaj^ — * » aj*. 

A comparison of the exponents shows that 

w — 2 =a 2 ; and m{m — l)ao ** 1 ; .*.«• = 4 ; Oq =» 
from (8), when m =» 4, 

2 4- 2n 4- c 

“ 2(n 4 - 2) (2» 4 - 3)®"-!’ 

Substitute successive values of n s 1, 2, 8, ... in the assumed expansion, and 
we obtain 

Particular integral ssa 4- UiSJ** + ® -J* + * + , m , , 

where a^, o^, 03 , . . . and nt have been determined. 
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(5) Th.e following velocity equations have been proposed for the catalytic 
action of an enzyme upon salioine (J. W. Mellor’s Chemical Statics aixd Dyftt- 
aanicst Liondon, 380, 1904) : — 


^ « ki[a - a? - y) (c - y) ; ^ 


( 11 ) 


. /cPx\ 


( 12 ) 


(13) 


(14) 


(15) 


Erom Maclaurin’s theorem, 

/dx\ 

Hence, when a; => 0, and y = 0, equations (11) furnish 

(^)o “ (*^)o = 0 ; “ kjk^ac = A, say. 

By differentiation of the first of equations (11), we get 

and from the second of equations (11), (13), and (14), 

/dr^x\ 

J “ “ k^k^ifx + c) = B, say. , 

Again, differentiating (14), 

T. / dyfdx dy\ , ^ (d?x cPy\ 1 

^3 - dtjdt - (« - « -y)-^ + + (® “ y\d^ + dl)/ * 

+ h^€fic{a + c) — hyc{k^k^c — h^ac{a + c)}; 

s=s 2/l5i®a®c* + h^cfic{a + c) — + &i®ac®(a + c) 

=s &j»ac{a + o)® + 2k^a^ — k-^k^ad. 

/d*x\ 

*’* V ^ /o ^®* 2 ^(® + c) + 2k^k^^ - k^k^at^ + O, say. , (16) 

Consequently, from (12), (13), (16), and (16), and collecting the constants to- 
gether, under the symbols A, B, C, ... we get 

At B O t9 

;^*1 + A:a-27+&;*8T+ ••• 


^9 ^ ^ 

■^aT ■®87 + * • • • V 


We have expressed m and y in terms of t and constants. 


A great number of the velocity equations of consecutive chemical 
reactions are turned out by the integral calculus in the form of an 
infini te series. If the series be convergent all may appesur to be 
well. But another point must here be emphasized. The constants 
in the series are evaluated from the numerical data and the agree- 
ment between the calculated and the observed results is quoted in 
support of a theory. As a matter of fact the series formula is quite 
empirical. Scores of hypotheses might be suggested which would 
all furnish a similar relation between the variables, and ** best 
values ’ for the constants can be determined in the same way. 
Of course if it were possible to evaluate the constants by independ- 
ent processes, and the resulting expression gave results in harmony 
with the experimental material, we might have a little more faith 
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in the theory. These remarks in no way conflict with the dis- 
cussion on page 324. There the constants wore in questions, here 
we speak of the underlying theory. 

But we are getting beyond the scope of this work. I hope 
enough has been said to familiarize the student with the notation 
and ideas employed in the treatment of differential equations so 
that when he consults more advanced books their pages will no 
longer appear as ** unintelligible hieroglyphs For more extensive 
practical details, the reader will have to take up some special work 
such as A. E. Forsyth's Differential Equations, London, 1903 ; 
W. FJ. Byerly’s Fourier's Series and Spherical Harmonics, Boston, 
1895. H. F. Weber and B. Biemann's Die Partiellen Differential- 
Gleichungen der Mathematischen Physik, Braunschweig, 1900-1901, 
is the text-book for more advanced work. A. Gray and G. B. 
Mathews have A Treatise on Bessel’s Functions and their Applica- 
tion to Physics, London, 1895. 

II. Method of successive approximations. This method re- 
sembles, in principle, that used for the approximate solution of 
numerical equations, page 358. When some of the terms of the 
given equation are small, solve the equation as if these terms did 
not exist. Thus the equation of motion for the small oscillations 
of a pendulum in air, 

d^e /d$\^ dW 

* becomes ^ + qfB = 0, . (18) 


provided the right member a{d$ldtY is small. Solving the second 
of these equations by the method of page 401, we get ^ = — r cos qt. 
If so then a{d6/dtY must be ar^(ffsitx^qt. Substituting this in the 
first of equations (18), and remembering that 1 — cos 2a; a 2 sin^a;, 
page 612, we get 


345 + 3 « 




^1 - 008 2^^^ ; or, ^ + (fie = -^^^cos2g^. 




This gives 6 ■= \ar^ (r — §ar^ cos qt + -J-ar® cos 2qt, when solved, 
as on page 421, with the conditions that when i =* 0, ^ r, and 
dOfdt = 0. 


ExAMPna. — A set of equations resembling those of Ex. (6), of the preced- 
ing set of examples is solved in TeoTmics, 1, 614, 1904, by the method of suc- 
cessive approximation, and under the assumption that and a are small in 
comparison with and c. Hint. Differentiate the second of equations (11) ; 
multiply out the first ; and on making the proper substitution 


7c^ dt^ ~ dt)'^ 


oa 


e 

« 


\dfc 




( 19 ) 
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Neglect terms in h-JTc^y and dP(® — o)jd^ + — ®) — 0 remains, if 2* be put in 

place of hich.;^. Hence, x — a ^ — d cos since x and y are both, zero 'when 
t SB 0. Differentiate and substitute the results in (19). We get 

d^x ]£ 

^ + g^{x - a) =» — Jci{a cos qt — c)aq sin qt + sin’^i ; 


dPx 


a^qh 




2^ + q^{x - a) « q^Anqt - ^^sin %qt + ^^^^(1 - oos22i), 

which can be solved by the method of page 421. The complete (approximate) 
solution — particular integral and complimentary function — is 


X - a » 4* a cos 


^ cos qt sin 2 qt cos ^qt 

25 - 2 + ^ — + WIT"* 


2 62 6^2 ''' 2ka 

This solution is not well fitted for practical work* It is too cumbrous* 
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FOURIER’S THEOREM. 

“Fourier’s theorem is not only one of the most beautiful results of 
modern analysis, but may be said to furnish an indispensable 
instrument in the treatment of nearly every recondite question 
in modern physics. To mention only sonorous vibrations, the 
propagation of electrio signals along a telegraph wire, and the 
conduction of heat by the earth’s crust, as subjects in their 
generality intractable without it, is to give but a feeble idea of 
its importance.” — Thomson and Tait. 

§ 148. Fourier’s Series. 

Sound, as we all know, is produced whenever the particles of air 
are set into a certain state of vibratory motion. The to and fro 
motion of a pendulum may be regarded as the simplest form of 
vibration, and this is analogous to the vibration which produces a 
simple sound such as the fundamental note of an organ pipe. 
The periodic curve, Fig. 52, page 136, represented by the equations 
y sin x; or y = cos x, is a graphic representation of the motion 
which produces a simple sound. 

A musical note, however, is more complex, it consists of a 
simple sound — called the fundamental note — compounded with a 
series of auxiliary vibrations — called overtones. The periodic curve 
of such a note departs greatly from the simplicity of that represent- 
ing a simple sound. Fourier has shown that any periodic curve 
can be reproduced by compounding a series of harmonic curves 
along the same axis and having recurring periods 1, 
of the given curve. The only limitations are (i) the ordinates must 
*be finite (page 243) ; (ii) the curve must always progress in the same 
direction. Fourier further showed that only one special combina- 
tion of the elementary curves can be compounded to produce the 
given curve. This corresponds with the fact observed by Helm- 

469 
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holtz that the same oomposite sound is always resolved into the 
same elementary sounds. A composite sound can therefore be re> 
presented, in mathematical symbols, as a series of terms arranged, 
not in a series of ascending powers of the independent variable, as 
in Maclauiin’s theorem, but in a series of sines and cosines of 
multiples of this variable. 

Fourier’s theorem determmes the law for the expcmsion of awy 
arhitra/ry fwicUon im, terms of sines or cosines of multiples of the 
independent variaMe^ x. If f(at) is a periodic function with respect 
to time, space, temperature, or potential, Fourier’s theorem states 
that 

f(x) =» Aq + O isin X -h agsin 2a; + . . . + b^coe x + h 2 Cos 2a? + . . . (1) 

This is known as Fourier’s series. It is easy to show, by 
plotting, as we shall do later on, that a trigonometrical series like 
that of Fourier passes through all its changes ariid returns to the 
same value when x is increased by 27r. This mode of dealing with 
motion is said to be more advantageous than any other form of 
mathematical reasoning, and it has been applied with great success 
to physical problems involving potential, conduction of heat, light, 
sound, electricity and other forms of propagation. Any physical 
property— density, pressure, velocity — which varies periodically 
with time and whose magnitude or intensity can be measured, 
may be represented by Fourier’s series. 

In view of the fact that the terms of Fourier’s series are all 
periodic we may say that Fourier's series is an artificial way of 
repres&nting the propagation or progression of any physical quality 
by a series of waves or vibrations. “It is only a mathematical 
fiction,” says Helmholtz, “ admirable because it renders caloula^ 
tion easy, but not necessarily corresponding with anything in 
reality.” 

§ 149. EYaluation of the Constants in Fourier’s Series. 

Assuming Fourier’s series to be valid between the limits x = + n- 
and a? *» - TT, we shall now proceed to find values for the co- 
efiELcients Aq, a^ Ug, . . . , 6^, b^, . . . , which will make the series 
true. 

I. To find a value for the constant Aq. Multiply equation ( 1 ) 
by dx and then integrate each term between the limits x^ +'jr and 
X ^ — TT. Every term involving sine or cosine term vanishes, and 
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Stt^q =s I fi,p^ • "^o ™ 2^1 

remains. Therefore, when f(x) is known, this integral can be 
integrated.^ 

I strongly recommend the student to master §§74, 75, 83 before 
taking up this chapter. 

II. To find a value for the coefficients of the cosme terms, say 
where n may be any number from 1 to n. Equation (1) must 

not only be multiplied by dx, but also by some factor such that all 
the other terms will vanish when the series is integrated between 
the limits + ir, b^fio^nx remains. Such a factor is cos no;, do;. 
In this case, 

r+ir 

j oos^nx . dx » 

(page 211), all the other terms involving sines or cosines, when 
integrated between the limits ±9r, will be found to vanish. Hence 
the desired value of is 

■■ -i I "/(a?) • oos nx . dx. . • • (3 ) 

This formula enables any coefficient, & 2 » • • • * obtained. 

If we put » — 0, the coefficient of the first term assumes the 
form, 

*^0 “ * • * * 

If this value is substituted in (1), we can dispense with (2), and 
write 

fix) ^pQ + Uisin X + fejcos x + UgSin 2a? + 2a5 + . . . (6) 

III, To fi/nd a value for the coefficients of the sine terms, say n„. 
As before, multiply through with sfuinxdx and integrate between 
the limits ± tt. We thus obtain 


a. 


If+TT 

/(X) si 


sin nx . doc. 


( 6 ) 


ExampijBss.— ( 1) Problems like these are sometimes set for praotioe. Put 

2iri 

=* as, in (1), and develop the curve Pig. 166. 

Note 27 is a special value of t. The series to be 
developed is 

.... . , %rt - 

f\t) = sin + • • • + Pi oos + • • • 


m 



' ♦ 

Y 

i 


ISmt 

k T- >i 


Pio. 165. 


1 1 have omitted details because the reader should find no difiiculty in working 
out the results for himself. It is no more than an exercise on preceding work — ^page 
211 . 
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To evaluate -4o, multiply by the periodic time, i.e., by T, as in (2), and integrate 
between the limits 0 and T, From page 211. 

1 I 

“ TJ " Average height of f{t) » 

For the constants of the cosine and sine terms, multiply respectively by 

cos {2irtfT)dt, and by- sin {2vtlT)dt and integrate between the limits 0 and 
T. The answer is 

^ , 2T^/ ^ Qftrt 1 , Girf 1 lOiri \ 

/( ) =* 2 “*" *• ~T 8 ^~T 6 ■** • • • )• 

Remember sin 2mr is zero if n is odd or even ; oos2»*- is + 1 if » is even, and 
- lifnisoddor even. The integration in this section can all be done by 
the methods of §§ 73 and 76. Note, however. /« sin nxdoi = w-2(sin nx - n* 
cos naj), on integration by parts. 

(2) In Fig. 166, the straight lines sloping downwards from right to left 





►—T ,1 


1 


Fig. 156. 


Fig. 167. 


F, so 


have the equation /(<) =s mi, where m is a constant. When i = T f(t\ 
that mT. or m = VIT, /(t) _ vtIT. Honoe show that 

A -—Tt A* ^ 2 r^rt . F 

and also 

fit) ^ Y(Z _ sin — - ^ oiT, 1 . 6ir< \ 

w\2 z» 5 ®“* ~ 3 sm . j. 

(3) In Fig. 167, you can see that Aq is zero because 

r/, /W*- Average height of/(t) = 0; sin ^‘dt. 

f ‘ir r* + ir: ana that when 

- d am 

tlT^r^TncT ““ “■* «« 

— ^ ^ 1 lOirt \ 

T 9*“^"r' +26®“~r’ " •••)• 

Fou^rsres:"r,*^^°. - 

‘•*® eleotaomotive io^ of m 
alternating current as a perioaio fuuotion of the time. 


m 
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§ 130. The Development of a Funotion in a Trigonometrical 

Series. 

Z. The development of a tTigonometrioal series of sines. Suppose 
it is required to find the value of 

fix) = a:, 

in terms of Fourier’s theorem. From (2), (3) and (6), 

![*+«• If'*""' 2 

— — I X , cos nx .dx ^ 0 I ^ x» sin nx ,dx ■=^ +• 

" J — _ JT ft 

according as n is odd or even ; 

^ 0 = - ^) =■ 0 . 

Hence Fourier’s series assumes the form 

X = 2(siu a? — J sin 2a; + sin 3a; — . . . (7) 

which is known as a sine series ; the cosine terms have dis- 
appeared during the integration. 

By plotting the bracketed terms in (7) we obtain the series 
of curves shown in Fig. 158. Curve 1 has been obtained by 
plotting y = sin x ; curve 2, by plotting y = ^ sin 2a; ; curve 3, from 



Fig. 158. — Harmonica of the Sine Curve. 


y ^ sin 3a;. These curves, dotted in the diagram, represent the 
overtones or harmonics. Curve 4 has been obtained by drawing 
ordinates equal to the algebraic sum of the ordinates of the pre- 
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an even function of x, f(x) = /( - x). An odd funotion of x 
changes its magnitude when the sign of the variable x is changed* 
Thus, a?, . . . and generally any odd power of an odd function, 

since sin a? == - sin ( - x), sin x is an odd function of x ; generally 
if f(x) is an odd funotion of x, /(a?) « - /( — x). In (8) f(x) is an 
odd function of x, and in (10), /(a?) is an even funotion of x between 
the limits -- tt and + tt, 

E2:i.MP£4ES. — (1) Develop unity in a sezies of sines between the limits 
X ss IT and a; as 0. Here f{x) » 1. Now perform the integrations with 
n = 1, 2, 8, . . . and yon will see that 

- 1^(1 - 0 “ O ') - ^{1 - (- 1 )"} - O '. 0 , 

according as n is odd or even. Hence, from (8), 

4/11 \ 

1 = sin » + g-sin 305 + ^ain 5aj + . . . 1. . . (11) 

The first three tci'ms of this series are plotted in Fig. 160 in the usual way. 

(2) Show that for x =s± w 

2sinh7rf/l 1 1 „ \ /I 2 . „ M , 

«'= — - — j I 2 ~ 2 2aj+. . . j + ( ^sina:- g sin2a: + . . . j (12) 


/ N /~s 

/ < K \ 0 


^ 


\ '"N ' • '* 

W ' * / ' /X/ ' 

“ \ \ / » » ■J/ 


V' \ >4 


\ V 

\ '' /' ' J 


/ ••u 


Fig. 160. — Harmonics of the Sine Development of Unity. 

(3) a sin re s=* 1 - i cos a; - | cos 2x + | cos 3® - ^ cos 4a + . . . , 

Establish this relation between the limits and 0. If a s: then 

iir = 4+ 'l — Ar + tf'r"*** 

(4) Show a = ^ ( cosa + gcosSa + ^cos6a + . . . 1. 


2 fir 

~ W 0 


2fir , 2 TT* 


‘'““Wo 7r'2-”’ 

2 2 

a cos nx.dx = rtw - 1) = -;;^{( - 1)** — 1}. 
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(5) Show that if c is constant, 

c = sin® + ^sin8a? ■4-g>sm6aj + ...1. . . (16) 

III, Comparison of the si/ne and the cosine series. The sine and 
cosine series are both, periodic functions of x, with a period of 2ir. 
The above expansions hold good only between the limits £c = ± tt, 
that is to say, when x is greater than — rr, and less than + w. 
When 0? == 0, tiie series is necessarily zero, whatever be the value 
of the function. As a matter of fact any function can be re- 
presented both as a sine and as a cosine series. Although 
the functions and the two series will be equal for all values 
of X between a? = ir and a; = 0, there is a difference between 


• 

« 

\ 


y 

/ 

Na 

% 

% 

/ 


> 
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^TT 

0 

y^ 
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Fia. 161. — Diagrammatic Curve of the Cosine Series. 


the sine and cosine 
developments for 
other values of x. 
For instance, com- 
pare the graph of x 
when developed in 
series of sines and 
series of cosines 
between the limits 


a; = 0 and a? = tt, as shown in Figs. 168 and 159 above. Plot 
these equations for successive values of x between •+ tt, etc. In the 
case of the cosine curve we get the lines shown diagrammatically 
hi Fig. 161. By tracing the curves corresponding with still greater 





Pia. 162. — Diagrammatic Curve of the Sine Series. 


values of ir, we get 
the dotted lines 
shown in the same 
figure. For the 
sine curve we get 
lines shown dia- 
grammatically in 
Fig. 162. Note the 
isolated points, 
of page 171, for 


— = ± Stt, y =» 0 ; . . . Both these curves coincide 


with y X from a; = 0 to a? = w, but not when x is less than — w, 
and greater than + tt. 


Instead of taking the final results bodily from the text-books, we 
had better get some practice in the work by following up the regular 
proofs. 



§ 161. 


FOURIEB»S THEOREM. 


477 


§ 151. Extension of Fourier’s Seriei^. 


Up to the present, the values of the variable in Fourier's series 
only extend over the range ± tt. The integration may however 
be extended so as to include all values of £c between any limits 
whatever. 

J. The limits cure a; = + c, a? *= — c. Let /(a?) be any function 
in which x is taken between the limits — c and + c. Change the 
variable from x to czjir, so that z = Trxjc. Hence, 

(16) 


When X changes from — c to + c, z changes from — tt to 4- tt, and, 
therefore, for all values of x between - c and + c, the function 
f[cz/Tr) may be developed as in Fourier’s series (5), or 


^1") - 


4- 6jCOS z 4- <a^sin z + 2z + a^sin 2z + . . . 


(17) 


where, 


nz .dz\ a„ = . dz. (18) 


This development (17) is true from 4- tt to — tt. From (16), thm-e- 
fore, 

1 ttX ttX 27rx 

f(x) =» 4- OiCos — 4- UiSin— + b./ios 4- . . . (19) 


The coefficients a and 6 are the same as in (17), and consequently 
(19) holds good throughout the range + c. From (18), we have 

, If'^” V uttx ^ If'*'*’ s . nvx ^ 

“ -J __ y(a:)cos —dx ; ^ J _ 

Hence the rule: Any arbitrary function, tohose period ranges from 
-- c to + c, so that T = 2c, can be represented as a series of trigono- 
metrical functions with periods T, ^T, JT. . . 


Examples. — ( 1 ) From (19), show that tho sine series, from x~0 to x^c. 


IS 


,, . . 7r.V . QirX . B’TT.'B 

/(x) = <tiSin 1 - a 2 sm h OgSin — 7 — + . . . 

0 C 


2 f JT/ V • nTTX, 

^ = ;: / — dx. 

CJ Q c 


And for the cosine series, from x = 0 to a; = c, we have 

. 1, , , TTX . , 2a-x 

f(x) = ^60 + 0,COS — 4 0.2008 ~ — h 


2 ;‘® 

-J/WO 


UttX , 

COH dx. 

c 


( 21 ) 

( 22 ) 

(2B) 

( 24 ) 
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(ii) Prove the following series for values ol x from, x 

3irx 1 . 5irx \ 

‘‘"6 ~ • ' ‘j- 


4eOf . ttx 1 . 
— ( sin-r + g siDi 


0 to a: => c : — 


'V 


c 


mx = 


1 . 
gsm 


2ira; 1 . 37rJ5 \ 

— + gsm y 


mx =» 


, . irx 

[ sm — 

V \ o 

4w*/ vx 1 3iraJ 1 . Sttx \ 

— (OOS-+3JOOS — +^,3ia — + ...y 


mir 


(25) 

(26) 

2“ ^ ^ • y- (27) 

Jint. (26) is f{x) = ma? developed in a series of sines ; (27) the same function 
developed in a series of cosines. 

(3) If /(a;) =» X between + c; as = ^^sin^ - | sin (28) 

-T-I** Th& l/iTn/its o/tB + oo o/nd — cao. Since tlie above fornnilse 
are tirue, whatever be the value of c, the limiting value obtained 
when 0 becomes infinitely great should be true for all values of x. 
Zjet us look closer into this, and in order to prevent mistakes in 
working, and to show that equations (20) have been integrated, we 
may write, as indicated on page 232, 




cos 


nirx 


dx 


“l + e 


J- 


a. 




but it is more convenient to put A, in place of x to denote that the 
expression has been integrated. Accordingly, we get 

y. ’ ®“ ■“ 


(29) 


Substitute these values of a^, . . ., . . ., in (19), and we 

get, by thel series of trigonometrical transformations, (24), (13), (6), 
page 609 et seq.. 


£ °{/(A-) sin ^ sin + . . . j J : 


1 

■ cos -—ct\ + . . . > 


“ + (°°® T T + T ““ t) ■*■•• •} ; 

" cJ_/W^‘^{2 - ®) + oos^(A - x) + . . .| ; 

* - x) + 2cos^(A - x) + . . ; 

~ - ») + 008 ( - ?)(A _ a,) + . . . I ; 

“ - a;) + ^oos^(A - x) + ... 

+ ^oos(-^)(A -x)+ ...|. 
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As 0 is increased indefinitely, the limiting value of the term in 
brackets is J 
f^oi) assumes the form 


cos - a?)d~. 


ntr 


Let a =» n being any integer. 


1 r+o* r+ 


‘+ 09 


COS a(X — x)daLf , 


(30) 


for all values of a?. The double integral in (30) is known as 

Fourier’s integral. 

It is sometimes convenient to refer to the following alternative 
way of writing Fourier’s series : 

n-rrx mr\ 

K^) = o ^ , ^ cos —cos — A^) • dX, (31) 

true for any value of x between 0 and o. 

Example. — Find an expression equal to v when x lies between 0 and o, 
and equal to zero, when x lies between a and b. Here /(A) » v, from A. = 0 to 


nirK, 


X = a, and f{\) = 0, from A = a to A = 6 ; c = 6 ; cos ^/(A) . d\, becomes 

/ “ nTTA , vb , mra ^ 

^cos— g-aA, or, ^ . Hence the required expression is. 


/(®) 


vb 
va 2v 

T-^i; 




, tra irx 1 . 2ira 
sin - 5 -. 008 -g- + 2 


SttJJ 


b • ~b^ + 




when X »■ a, this expression reduces to ^v. 

III. Different forms of Fourier's integral. Fourier’s integral 
may be written in different equivalent forms. From page 241, 


r. 


r 


cos xdx 


cos xdx 


-j; 

r 


r. 


00 s xdx + J* 008 xdx ; 


cos 


( - x)d( - ®) - - 

.2f 


00 s xdx ; 


003 xdx* 


cos xdx 

Hence, we may write in place of (30), 

1 r+o» r<» 

/(a;) = oosa(A. - x)da, . . (32) 

where the integration limits in (32) are independent of a and X, and 
therefore the integration can be performed in any order. Again, 
i^A®) even or an odd function, (32) can be simplified. 

(i) Let f(x) be an odd function of x, page 475, so that 

ffx) = ~ - a;), or, - f{x) — A “ «)» 
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then, by means of the trigonometrical transformations of page 611, 
and the results on page 241, 

f(x) = - 1 f(k')d\ \ cos a(X — x)da = -\ dal /(A) eos a(A — x)d\ ; 

— «jo Jo 0 J - 00 

1 f+ oo ro 

= -J <2aJ /(A)oosa(A — x')dX. + j /(A)cosa(A — x^dX ; 
f(x) = -f X ~ X)cos a( — A — ir)<i( — A) + f /(A)cosa(A — x)dX ; 

sas da^ — ^ ^A)cosa(A + a;)<iAj- + J /(A)cosa(A — x)dX ; 
daj /(A)-^cosa(A — X) — cosa(A + £ b ) j-c2A ; 

2 poo poo 

= — \ da \ /(A)sinaA . sin aos.dX; 

’^■Jo Jo 

2 poo poo 

JKpO “ ~1 sinaA . sin ax . da, . . (33) 

’’"Jo Jo 

which is true for all odd functions of /(x) and for all positive values 
of X in any function. 

(ii) Let f{x) be an even function of x, i age 474, so that 

f(p^) **= X “ ^)* 

We can then reduce (32) in the same way to the Fourier’s integral 


2 f ^ f 

f(asi) = - 1 f(X)dX I cos oA . cos ax . da, . . (34) 

’’"J 0 Jo 

which is true for all values of x when f(x) is an even function of x 
and for all positive values of x in any function. 

Although the integrals of Fourier’s series are obtained by inte- 
grating the series term by term, it does not follow that the series 
can be obtained by differentiating the integrated series term by 
term, for while diSerentiation makes a series less convergent, 
integration makes it more convergent. In other words, a con- 
verging series may become divergent on differentiation. This 
raises another question — the convergency of Fourier’s series. In 
the preceding developments it has been assumed : 

(i) That the trigonometrical series is uniformly convergent. 

(ii) That the series is really equal tof(x). 

Elaborate investigations have been made to find if these as- 
sumptions can be justified. The result has been to prove that the 
above developments are valid in every case when the function is 
single-valued and finite between the limits + -n- ; and has only 
a finite number of maximum or minimum values between the 
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limits a? =» ± TT. The curve y =/(a?) need not follow the same law 
throughout its whole length, but may be made up of several 
entirely different curves. A complete representation of a periodic 
function for all values of a? would provide for developing each term as 
a periodic series, each of which would itself be a periodic function, 
and so on. 

A.U discussion of ths conditions of oonvcrgsnov of Fourier's scries 

must be omitted. W. E. Byerly’s An Elementary Treatise on JPourier^s Series, 
etc., is one of the best practical works on the use of Fourier's integrals in 
mathematical physics. J. Fourier's pioneer work ThSorie arudytigue de la 
Ohxdeur, Paris, 1822, is perhaps as modern as any other work on this subject ; 
see also W. Williams, JPhil. lAag. [6], 42, 125, 1896 ; Ijord EZelvin’s Oollected 
Papers ; and Riemann- Weber’s work (2.c.), etc. 


§ 152. Fourier’s Iiinear Diffusion Lav. 

Let AB be any plane section in a metal rod of unit sectional 
area (Fig. 163). Let this section at any instant of time have a 
uniform temperature — equi-thermal surface — and let the tempera- 
ture on the left side of the plane AB be higher than that on the 
right. In consequence, heat will flow from the hot to the cold 
side, in the direction of the arrow, across the surface AB. Fourier 
assumes, (i) The direction of the flow is perpendicular to the section 
AB ; (ii) The rate of flow of heat across any given section, is pro- 
portional to the difference of temperature on the two sides of the 
plate. 

Let the rate of flow be uniform, and let 0 denote the tempera- 
ture of the plane AB. The rate of rise of temperature at any point 
in the plane AB, is dOJds — 
the so-called temperature 
gradient. The amount of 
heat which flows, per 
second, from the hot to the 
cooler end of the rod, is 
— a . ddfdSf where a is a 
constant denoting the heat 
that flows, per second, 
through unit area, when the tempertaure gradient is unity. Con- 
sider now the value of — a . dOlds at another point in the plane 
GD, distant hs from AB ; this distance is to be taken so small, 
that the temperature gradient may be taken as constant. The 

HH 
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de . 

ds 


temperature at the point s + Ss, will be “ 

the rate of rise of temperature along the bar, and this^ multiplied 
by denotes the rise of temperature as heat passes from the 
point s to s 4- S 5 . Hence the amount of heat flowing through the 
small section ABCD will be 


d/ d$.\ d’^d^ 

- ~ + “aF®** • • (34) 

will denote the difference between the amount of heat which flows 
in at one face and out at the other. This expression, therefore, 
denotes the amount of heat which is added to the space ABGD 
every second. If o- denotes the thermal capacity of unit volume, 
the thermal capacity of the portion ABGD is (1 x Ss)cr. Hence 
the rate of rise of temperature per unit area is o’{d$jdt)hs. There- 
fore, 

d^e^ de 

“355®* “ • • (35) 

Put aja- ■= k; this equation may then be written, 

1 ^ ^ 

k' dt^ ds^* • • • • 

where #c is the diffusivity of the substance. Equation (36) re- 
presents Fourier’s law of linear diffusion. It covers all possible 
cases of diffusion where the substances concerned are in the same 
condition at all points in any plane parallel to a given plane. It 
is written more generally 

1 dV 

k' dt'~ dx^ 

If we had studied the propagation of the “ disturbance in 
three dimensions, instead of the simple case of linear propaga- 
tion — in one direction — equation (37) would have assumed the 
form, 

1 dV _ dW dW . dW 

k' dt ~ ~dx^ ^ d^' • * 

Lord Kelvin calls V the quality of the substance at the time at a 
distance x from a fixed plane of reference. The differential equa- 
tion (37), therefore, shows that the rate of increase of quality per 
unit time, is equal to the product of the diffusivity and the rate 
of increase of dVJdSy i.B. quality per unit of space. The quality 
depends on the subject of the diffusion. For example, it may 
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denote one of the three components of the velocity of the motion 
of a viscous fluid, the density or strength of an electric current per 
unit area perpendicular to the direction of flow, temperature, the 
potential at any point in an isolated conductor, or the concentration 
of a given solution. Ohm's law is but a special case of Fourier’s 
linear diffusion law. Fick’s law of diffusion is another. The trans- 
mission of telephonic messages through a cable, and indeed any 
phenomenon of linear propagation, is included in this law of 
Fourier. 


§ 153. Application to the Diffusion of Salts in Solution. 


Fill a small cylindrical tube of unit sectional area with a solution 
of some salt (Fig. 164). Let the tube and contents be submerged 
in a vessel containing a great quantity of water, so that the open 
end of the cylindrical vessel, containing the salt solution, dips just 
beneath the surface of the water. Salt solution passes out of the 
diffusion vessel and sinks towards the bottom of the larger vessel. 
The upper brim of the diffusion vessel, therefore, is assumed to be 
always in contact with pure water. Let h denote the height of the 
liquid in the diffusion tube, reckoned from the bottom to the top. 
The salt diffuses according to Fourier’s law, 

dt “ 


which is known as Fiok’s law of diffusion of substances in 
solution. 

I. To find the concentration^ F, of the dissolved suhstance at 
different levels, x, of the di fusion vessel after the elapse of awy 
stated interval of time, t. This is equivalent to finding a solution 
of Fiok’s equation, which will satisfy the conditions under which 
the experiment is conducted. These so-called limiting condi- 
tions are : (i) when 


a; = 0, 



( 2 ) 


dVjdx *= 0 means that no salt goes out from, and no salt enters the 
solution at this point, (ii) when 


a; = /t, F =» 0 ; . • - (3) 

and (iii) when 

< =* 0, F =“ Fq. . . . (4) 

The reader must be quite clear about this before going any further. 


HH 
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What do F, x and t mean ? evidently represents the oonoen- 

-xistfo solution at the beginning 

of the experiment ; V is the concentration 
of the solution expressed in, say, gram 
molecules of salt per litre of solution, at a 
distance x from the bottom of the inuer 
vessel (Fig. 164) at the time t ; at the top 
of the diffusion vessel, obviously x — h, 
and F is zero, because there the water is 
Fig. 164. pure ; the first condition means that at the 

bottom of the diffusion vessel, the concentration may be assumed 
to be constant during the experiment. 

First deduce particular solutions. Following the method of 
page 462, assume tentatively that 

y ^ . (5) 

is a solution of (1), when a and /? are constants. Substitute this in 
(1), and we get 

)S =» KO?. .... (6) 

Hence, if (6) is true, (6) is a solution of (1) whatever be the value 
of a. Hence it is true when a =» c/a. 

F= + Ka^t _ 0ifjLX — 

Consequently 

F = c ~ ; and F == c - 

are both solutions of (1). Hence the sum and difference 

y =s -^e - ± ® 

are also solutions of (1) ; and from Euler’s sine and cosine series, 
page 285, 

F =s ae - cos fxx ; and V ^ be- sin fur, . (7) 

where a and b are constants, as well as 

F =» (d 008 fxx + b sin fjuri)e - . . (8) 

are solutions of the given equation. It remains to fit the constants 
a and b in with the three given conditions. 

Condition i, when a? =» 0, dVldx = 0. Differentiate (8) with 
respect to a;, and we get 

dV 

« ( — fia sin fijx yh cos fxxx^e - 

Now when aj = 0, sin ixx vanishes, ^nd when a? = 0, cos /atc = 1. 
Consequently h must be zero, if dVfdx is to be zero when as «= 0. 
Hence (5), i.e. (8), satisfies the first condition. 
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Condition ii, when x ^ h, V — 0. In order that (8) may satisfy 
the second condition, we must have ooajjJi = 0 , when x = h. But 
cos = cos fir =»...= 003 — l)7r = 0 , 

where tt = 180 ® and n is any integer from 1 to oo. Hence, we 
must have fjJi = -J-n- ; fxh = ; . . . , or 

IT Stt Sir (2to — l)7r 

^ •** ““ 2h ^ 

in order that cos fxh may vanish. Substitute these values of /x 
successively in (8) and add the results together j we thus obtain 

„ -(£)’«' ^ -Os)’-' S’”® 

V = a-yB oos-^ + ^ 2 ^ + ••• to inf., (9) 


which satisfies two of the required conditions, namely (1) and (2). 

Condition iii, when ^ — 0, V Vq, we must evaluate the coeffi- 
cients ag* • • • ^ such a way that the third condition may 

be satisfied by the particular solution (8), or rather (9). This is 
done by allowing for the initial conditions, when ^ = 0, in the 
usual way. When ^ = 0, F = Fq. Therefore, from (9), 

. ( 10 ) 

is true for all values of x between 0 and Ji. Hence, 


‘irX BirX 




‘ ttCC _ 


’ “ h 


'* 37ra/ , 

003 7- I • • • 


4Fn 


2h' 


(2w - l)7r’ 


( 11 . 


These results have been obtained by equating each term of (9) to 
zero, and integrating between the limits 0 and h. Substituting 
these values of a^, . . . in (9), we get a solution satisfying the 

IJijji'tiQg conditions of the expericaent. If desired, w^e can write 
the resulting series in the compact form. 


4F. 


TT 


x; 


\ n. / cos ; 


rX. 


where the summation sign between the limits n =* oo and = 0 
means that n is to be given every positive integral value 0, 1, 2, 3 
... to infinity, and all the results added together. 

If we reckon h from the tojp of the diffusion vessel a; = 0 at the 
top, and, at the bottom, » - hence it follows, by the same 

method, that 

We could have introduced a fourth condition dVjdx = 0, when 
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£c a- /(>, but it -would lead to the same result, as we shall see in one 
of the subjoiued examples, viz.. Ex, (1). 

ExAMruBS. — (1) T, Graham’s diffusion experiments {Phil. Trans., 161, 188, 
1861). A cylindrical vessel 152 mm. high, and 87 mm. in diameter, contained 
0*7 litre of water. Below this was placed O-l litre of a salt solution. The 
fluid column was then 127 mm. high. After the elapse of a certain time, 
successive portions of 100 c.q., or J of the total volume of the fluid, were 
removed and the quantity of salt determined in each layer. Here a; =• O 
at the bottom of the vessel, and x => H at the top; a; — at the surface 
separating the solution from the liquid when ^ = O. The vessel has unit 
area. The limiting conditions are : At the end of a certain time t, (i) when 
e => 0, dYldiX = 0 ; and (ii) when x = EC, dVfdx = O ; (iii) when t ~ O, V= Vq 
between » = 0 and x ^ h; (iv) when ^ = 0, V = 0 between x ^ h and a; = M. 
To adapt these results to Fourier’s solution of Fiok’s equation, first show that 
(6) is a particular integral of Fiok’s equation. Differentiate (8) with respect 
to X and show that for the first condition wo must have b zero, and condition 
(i) is satisfied. For condition (ii), sin /aH must be zero ; but sin 7 nr is zero ; 
hence we can put 

fiM = ; or, 

where n has any value 0, 1, 2, 3, . . . Adding up all the particular integrals, we 
have 

_ IT® — ^-s^**** 2jr® — ^#e« 

V ss Oq + Ojcos j^e + OsCos \H'/ + . , ,, 

W'bere the constants a^, Cj, a ^, ... have to be adapted to conditions (iii) and 
(iv). For condition (iii), when ^ = O, V V^, consequently, 


irX fi-jrX 

Cq + c^cos 4- o^cos 4- 


from « = O, to X = h. For condition (iv), substitute F = O, from ® = h to 
X =s H. Hence, from (4), page 241, 

V^h 




In the same way it can be shown that 
2 


On 


* nirx 2Vo /** rfnx / 

ij 0 JSr ^ 


TtirX mrx \ SF'q 

H ) Thr 


Sin 


f^h 


Hence, taking all these conditions into account, the general solution appears 
in the form. 


^ I 


• 1 . nirh mrx — ( 
- sin cos \ 


_ /rtjr\9 

) 


Kt 


(14) 


which is a standard equation for this kind of work. In Graham’s experi- 
ments, h = JH. Hence the concentration V in any plane, distant x units 
from the bottom of the diffusion vessel, is obtained from the infinite series : 


V 



* 1 . 

— sm 
1 ^ 


-5- . cos -^==r« \H/ 


8 


M 


(16) 


An infinite series is practically useful only when the series converges 
rapidly, and the higher terms have so small an influence on the result that 
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all but the first terms may be neglected. This is often effected by measuring 
the concentration at different levels x, so related to S that Gos{n-irxjJS) reduces 
to unity ; also by making t very great, the second and higher terms become 
vanishingly small. 

(2) H. F. Weber’s diffusion experiments {Wied, Ann., 7, 469, 636, 1879; 
or Fhil, Mag.^ [5], 8y 487, 523, 1879), A concentrated solution of zinc sulphate 
(0-26 to 0-36 grm. per c.c. of solution) was placed in a cylindrical vessel on 
the bottom of which was fixed a round smooth amalgamated zinc disc (about 
?,1 cm. diam.). A more dilute solution (0-15 to 0*20 grm. per o.o.) was poured 
over the concentrated solution, and another amalgamated zinc plate was 
placed just beneath the surface of the upper layer of liquid. It is known that 
if Fj, denote the respective concentrations of the lower and upper layers 
of liquid, the difference of potential JS, duo to these differences of concentra- 
tions, is given by the expression 

E = A{V^ - V,){1 + BiV^ + Fi)}, ... (16) 

where A and B are known constants, B being very small in comparison with A. 
This difference of potential or electromotive force, can be employed to deter- 
mine the difference in the concentrations of the two solutions about the zinc 
electrodes. To adapt these conditions to Pick’s equation, let be the height 
of the lower, of the upper solution, therefore \ H. The limiting 

conditions to be satisfied for all values of t, are d VIdx = 0, when a = 0, and 
d Vfdx = 0, when a; = jET. The initial conditions when f = 0, are V = V^, for 
all values of x between x ^ h and x S. Prom this proceed exactly as ir 


Ex. (3), and show that 

"o “ H 




IT 


1 . 

;; 

71 



and the general solution 

TZ -h 


■ ' ^ TT 

IT *1 ssl 71' 


nirx — 
cos ^ 


n'^TT^iet 


This equation only applies to the variable concentrations of the boundary 
layers » »» 0 and a? ■» JT. It is necessary to adapt it to equation (16). Let 
the layers « O and os H, have the variable concentrations V' and V" 


respectively. 




, 2irfei “ 
sin 




In actual work, JS was made very small. After the lapse of one day {t 1), 
the terms ^sin 4irhJH, etc., and ^sin etc., were less than 

Hence all terms beyond these are outside the range of experiment, and may, 
therefore, be neglected. Now h was made as nearly as possible equal to iJET, 
in order that the term ^sin 3irfci/ir, etc., might vamsh. Hence, 
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sm^, 


4iraiet 


4«®»e* 

•S5" 


_ ga--r,) sin |r., - ^. 

No nr substitute these values of and T^'+'P in (16), observing that 

a-, n. Fi, hy^ h^i Bin -|tr, sin ^ and JR, are all constants, and that Vy and Vz 
become respectively P and P' when i=0. The difference of potential JS, 
between the two electrodes, due to the difference of concentration between 
the two boundary layers P and V" is 

_ IT^Kt Sn^Kt 

JS=4(P'-P){l+R(P'+P)}=Aie " fla + “ H» , , (18) 

where Ay and By are constant. Since B is very small in comparison with A, 
the expression reduces to 

S =B ,*•••• ( 19 ) 

in a very short time. This equation was used by Weber for testing the 
accuracy of Pick’s law. The values of the constant w*jc/jR®, after the elapse 
of 4, 6, 6, 7, 8, 9, 10 days were respectively 0*2032, 0*2066, 0*2046, 0*2027» 
0*2027, 0*2049, 0*2049. A very satisfactory result. See also W. Seitz, In- 
atigural-Dissertationf Leipzig, 1897. 

XI. To find the quantity of salt^ Q, which diffuses through any 
horizontal section in a given timCf t. Differentiate (7) with respect 

d V 

to Xy multiply the result through with Kdt, so as to obtain — 

If X represents the height of any given horizontal section, then 
dV 

— Kq -^dt will represent the quantity of salt which passes through 

this horizontal plane in the time dt ; q represents the area of that 
section. Let the vessel have unit sectional area, then q = 1. 




Kt . ttOJ 


... 


Integrate between the limits 0 and t. The result represents the 
quantity of salt which passes through any horizontal plane, re, of 
the diffusion vessel in the time t, or. 


0— 


( 20 ) 


III. To find the quantity of salt, which passes out of the 
diffusion vessel in any given time, t. Substitute h ^ x in (20). 
The sine of each of the angles 4* 1) is equal to 

unity. Therefore, 

g, - -e~ (a)’“) - _ e “ © (gi)- 
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IV, To find the value of /c, the coefficient of diffusion. Since 
the members of series (21) converge very rapidly, we may neglect 
the higher terms of the series. Arrange the experiment so that 
measurements are made when rc = /t, \h, \hy . , in this way 
sin 7rx/2h , ... in (20) become equal to unity. We thus get a series 
resembling (21). Substitute for the coefficient and we obtain, by 
a suitable transposition of terms, 



There are several other ways of evaluating k besides this. See 
page 198, for instance. 


V. To fi/nd the quantity of salt^ Q^, which remains in the 
dnffuswn vessel after the elapse of a given inmCf t. The quantity 
of salt in the solution at the beginning of the experiment may be 
represented by the symbol Qq. Qq may be determined by putting 
i a=3 0 in (20) and eliminating sinTra;/2/t, ... as indicated in IV, 




(23) 


EsrAMFUE. — A solution of salt, having a concentration Fo, is poured into 
a tube up to two-thirds of its height, the rest of the tube is filled with pure 
solvent. Find Qj. From (9), 


whore w = 1, 3, 




2Fo 

~ir 


■/: 


cos 


mrx 


2h 


dx 


4Fo . mr 
sin 


n/ir 


5, . . . and h denotes the height of the tube. 

I Cq “ 0 j Uj » — 


sin 60* == • -^0 

IT W 


Hence 
2 ^3 . Vq 
Bit • 


From (23), we have 


TT \ 9 




+ 



VI. If the diffusion vessel is di/oided i/nto m layers^ to find the 
quantity of salt, between the (r — V)th, and the rth layer. The 
quantity of salt in the rth layer dx thick is obviously dQ,. ; and since 
V is the concentration of the salt in the plane x units distant from 



HIGHEB MATHEMATICS. 


§ 163. 


the bottom of the diffusion vessel, 

^Qr =* ; oJf Q 


-it 


Vdx, 


(24) 


The value of V given in (10) or (11) is substituted in (24) and the 
integration performed in the usual way. 

ExampIiEss. — ( 1) Bieturzilng to Graham’s experiments, Ex. (1), page 486, 
show that 


n- ^ ^ 


“ Km 

•nr ® 




using both (24) and (16), and neglecting the summation symbol pro tern. On 
integration, therefore 

^ . SFoB . nir/ . WTrr . WTr(r-l)\ - 

0— T 1.°“* m )* ^ ^ ! 

^ T’ofl’/ 1 , 4m\ . nir . »ir »nr{2r — 1) — 

0r- -8-{m ““ a^eo. _ 

from (39), page 612. Hestorlng the neglected summation symbol, and re- 
membering that in Graham’s experiments m » 8, we have 






.**“• 1 


1 "s -sin 3^. cos 


‘). (26) 


^ FoB-/l . 32^«“<>o 1 ^ nir ,_nir (2r - l)7z«-^ ~ 

Qt— 3 \^8 8 16*®°® 16 ^ ^ /’ 

where ^T^JET multiplied by the cross section of the vessel (here supposed 
unify) denotes the total quantity of salt present in the difinsion vessel. Put 
(9o a* Unfortunately, a large number of Graham’s experiments are not 

adapted for numerical discussion, because the shape of his diffusion vessels, 
even if known, would give very awkward equations. A simple modification 
in experimental details will often save an enormous amount of labour in the 
mathematical work. The value of Qr depends upon the value of cos ^nir(2r — 1). 
If the difiuBion vessel is divided into 8 equal parts — layers — r has the values 
1, 2, S, • • • 8. ITow set up a table of values of cos nir( 27 ' 1) for values of 
r from 1 to 8 ; and fox values of n 1, 2, 3, 4, . . . We get 




+ COS-^ir 

— cos Jit 

— cos \Tr 

-i- COS iir 
-f- COS Jtt 

— COS Jir 

— COS 

4- oos^ir 


By calculating up corresponding values of Q^, Q^, from (26), and taking 
their sum it will be found that the first three terms of the trigonometrical 
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series cancel out, and that the succeeding terms are negligibly small. Ac- 
cordingly, we get 


+ Q4‘^ Qb"^ Qs — . { 26 ) 

a result in agreement with J. Stefan’s experiments {Wien ATcad. Ber., 79, ii. 
161, 1879), on the diffusion of sodium chloride, and other salts in aqueous 
solution. When t days, series (23) is so rapidly convergent that all but 

the first two terms may be neglected. Consequently, 


Qi+ Qa*" 



64 . IT Ztt 

•™ ^2 sio "q sxxl cos cos 



(27) 


remains. Qj, Qq, JET, t, can all be measured, e and ir are known constants, 
hence k can be readily computed. 

(2) A gas. A, obeying Dalton’s law of partial pressures, diffuses into an- 
other gas, B, show that the partial pressure jp of the gas A, at a distance a;, in 
the time 


3^ 

“ *3£ca* 


( 28 ) 


Cn Doschmidt’s diffusion experiments (Wien Alcad. Ber.y 61, 367, 1870 ; 62, 
468, 1870) two cylindrical tubes were Sbrranged vertically, so that communica- 
tion could be established between them by sliding a metal plate. Each tube 
was 48*75 cm. high and 2*6 cm. in diameter and closed at one end. The two 
tubes were then filled with different gases and placed in communication for a 
certain time t. The mixture in each tube was then analyzed. Det the total 
length Ij of the tubes joined end to end be 97*5 cm. It is required to solve 
equation (28) so that when < 0, jp = from a; 0 to a; s JZ, s 2 ; p ma O, 

from as =» JZ to aj = Z ; dpjdx = O, when a; = 0, and a: «= Z, for all values 
of 2. Note Pq denotes the original pressure of the gas. Hence show that 




ii ^ IT = 


. nn mrx 
sin ~2 cos e 




(29) 


The quantity of gas and contained in the upper and lower tubes, after 
the elapse of the time f, is, respectively. 


<9i= 2 



(30) 


where Z = ^Z, and qf is the sectional area of the tube. Hence show that 

«?1- <3. 0/" + i, , - (r)’" + ) 

Qi + B.Al« * ^ 3“ ® +•••;. 

from wb-ioli the consta/iit k can be determined. If tbe time is sufficiently long, 


jD IT 

5 " 



(81) 


\ 7 here D and S respectively denote the sum and difference of the quantities 
of gas contained in the two vessels. Zoschmidt measured B, S, t, and a and 
found that the agreement between observed and csilculated results was vei^ 
close. O. A. von Obermayer’s experiments (Wien ATcad. Ber., SSy 147,749. 
1882; 87, 1, 1883) are also in harmony with these results. 
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Vll, To find the concentration of the dissoVoed substomoe in 
different jparts of the diffusion vessel when the stationary state is 
reached. After the elapse of a sa£Q.cient length of time, a state 
of equilibrium is reached when the concentration of the substance 
in two parts of the vessel is maintained constant. This occurs if 
the outer vessel (Tig. 164) is very large, and the liquid at the 
bottom of the inner vessel is kept saturated by immediate contact 
with solid salt. In this case, 


dY^ 

dt 



0 . 


Integrate the latter, and we get 

F = oo; + . . . . (32) 

where a and h are constants to be determined from the experi- 
mental data, as described in § 108. (32) means that the concen- 

tration diminishes from below upwards as the ordinates of a 
straight line, in agreement with Tick’s experiments. 


Exampxs. — ( 1) Adapt (38), page 482, to the difEusion of a salt in a funnel- 
shaped vessel. For a conioal vessel, g; = where the apex of the cone 

is at the origin of the coordinate axes, m, is the tangent of half the angle 
included between the two slant sides of the vessel. Fick has made a series 
of crude experiments on the steady state in a conical vessel with a circular 
base (funnel-shaped), and the results were approximately in harmony with 
the equations 


0F ^ 




Oi 



( 83 ) 


The apex of the cone was in contact with the reservoir of salt, hence when 
£B 0 , V= Tq, and when x = the height of the cone, F = 0 . This enables 
Oi and Cz he evaluated. A. Fiok, Pogg. Ann., 94, 69 , 1855 ; or Phil. Mag.^ 
[ 4 ], 10 , 30 , 1856 . 

(2) An infinitely large piece of pitchblende has two plane faces so arranged 
that the a;-6uxis is perpendicular to the faces. Owing to the generation of heat 
by the internal changes there is a continuous outflow of heat through the 
faces of the plate. In the steady state, the outflow of heat, — TcifPBfds^ds per 
sq. cm., is equal to the rate of generation of heat per sq. om., say to g5s. 
Hence show — q/A. If the slab be 100 cm. thick and the faces be kept 

at 0®0. : and if g be iaooboo *^ units, and k = 0-006 (B. J. Strutt, Nature^ 68, 6, 
1903) show that the temperature in the middle of the slab will be ^**0. hotter 
than the faces. Hint. First integrate the above equation. The limiting con- 
ditions are 6 == 0, when s » 0, and when s = 100. 


QS 1 

9— — ^(s “ 100) ; and 6 ~ -g, i approximately. 


at the middle of the slab where s » 50. 
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§ 13 i. Application to Problems on the Conduction of Heat. 


The reader knows that ordinary and partial differential equa- 
tions differ in this respect : While ordinary differential equations 
have only a finite number of independent particular integrals, partial 
differential equations have an infinite number of such integrals. 
And in practical work we have to pick out one particular integral 
to satisfy the conditions under which any given experiment is per- 
formed. Suppose that a value of V is required in the- equation 

^ - ' • • 

such that when y = oo, "F = 0; and when y — “/(^^)* As 

on page 484, first assume that 


is a solution, when a and /? are constant. Substitute in (1) and 
divide by and 

a2 + ^2 ^ 0 

remains. If this condition holds, the assumed value of F is a 
solution of (1). Hence F == are also solutions of (1), 

therefore also and e^ye “ are solutions. . Add and divide 

by2‘Z, or subtract and divide by 2; from (13) and (15), page 286, 
it follows that 

F *=* 6^y cos ax f and F =* 6^y sin oaj, . . (2) 

must also be solutions of (1). Multiply the first of equations (2) 
by cos aX, and the second by sin oX. The results still satisfy (1). 
Add, and from (24), page 612, 

e-*^y cos a(X - x) 

must also satisfy (1). Multiply by /(X)tZX, and the result is still a 
solution of (1) 

e ” /(X) . cos a(X — x)dk. 

iMultiply by I/tt and find the limits when a has different values 
between 0 and oo . Hence, from (30) and (32), page 479, we have 
the particular solution satisfying the required conditions 

da\ e“«y/(X) cosa(X - a?)dX. . (3) 

’*’J 0 J — oo 


ExAMFXiiss. — (1) A large iron plate *■ cm. tbick and at a uniform tempera- 
ture of 100® is suddenly placed in a batb at zero temperature for 10 seconds. 
Required the temperature of the middle of the plate at the end of 10 seconds, 
supposing that the difEusivity k of the plate is 0*2 G.Q.S. units, and that the 
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surfaces of the plate are kept at zero temperature the whole time. If heat 
flows perpendicularly to the two faces of the plate, any plane parallel to these 
faces will have the same temperature. Thus the temperature depends on 

as in (1) page 488. The conditions to be satisfled by the solution are that 
B = 100®, when ^ — 0 ; d =* 0, when <8 = 0; ^ = 0, when x = ir. First, to get 
particular solutions. Assume 0 = is a solution, as on page 484. Hence 

show that 

0 = e - cos (6) 

0 ^ a - sin jux, ..... (6) 

are solutions of (4). By assigning particular values to /*, wo shall get par- 
ticular solutions of (4). Second, to combine these particular solutions so as to 
get a solution of (4) to satisfy the three conditions, we must observe that (6) 
is zero when x — 0, for all values of /t, and that (6) is also zero when a = ir if 
/i is an integral number. If, therefore, wo put 0 eq^ual to a sum of terms of 
the form Ae — Kftst gjn say^ 


0>= a^e - ** sin » + aje -* sin 2x + a^e - sin Sas + . . ., . (7) 

to n terms, this solution will satisfy the second and third of the above con- 
ditions, because sin ir = 0 » sin 0. When i = 0, (7) reduces to 

0=01 sin aj + Oa sin 2x + Og sin 3a; -i- . . . . . (8) 

But for all values of x between 0 and tt, we see from Ex. (1), page 476 that if 
0 = 100, then, from 43, On = 0 if n is even, and 400/ww, if n is odd. 


0 


400/ . 

as ( 81 

IT V 


sin » + 3 sin 8* + -g sin 5x + 



( 9 ) 


We must substitute the coefficients of this series for Oj, Og, Og, ... in (7), to get 
a solution satisfying ail the required conditions. Note a^, a^, . . . in (9) are 
zero. We thus obtain the required solution 


0 = 



Kt 


1 

Sin X +-Qe 


- sin 8a; + . 



( 10 ) 


To introduce the numerical data. When x = ^ir, f = 10, k = 0-2. Hence 
use a table of logarithms. The result is accurate to the tenth of a degree if 
all terms of the aeries other than the first be suppressed. Hence use 


0 = 


400 „ . » 400 
e ~^sin-n— e 

“K 2 TT 


S 


for the numerical calculation. Note sin = 1. Ansr. 17*2® O. In the 
preceding experiment, if the plate is c centimetres instead of w centimetres 
thick, use the development 


0 = 


400/ . ttx L . Sira; 
— ^sin — + - sm — 


+ 


from a; ss 0 to a; =3 c, in place of (9). 



(^) An infinitely large solid With one plane face has a uniform tempera- 
ture f(x). If the plane face is kept at zero temperature, what is the tempera- 
ture of a point in the solid as feet from the plane face at the end of t years? 
Let the origin of the coordinate axis be in the plane face. We have to 
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solve equation (4) subject to the oouditions = 0, when os = 0; 6 =f(os}, when 
^ i= 0. Proceed according to the above methods for (6), (6), and (3). Wo 
thus obtain 

® “ w/o ^ ^ ” ****’^^^^ 

since positive values of x are wanted we can write, from (38), page 480, 

0 = ^Jq ^ ~ sin aX . sin eiA . dx. , . (12) 

Hence from (28), page 612, the required solution is 
1 r® r®® 

$ ^ f(X)d \ 7 Q ® '‘**^{<30S o(X - as) - cos a(A + K)\deu 

This last integration needs amplification. To illustrate the method, let 

/ do 

0 - ®*^ooB bn . dflj. 

0 

Laplace (1810) first evaluated the integral on the right by the following 
ingenious device which has been termed integration by differentiation. Dif- 
ferentiate the given equation and 

^ «■ — see ~ sin hx . doj, 

provided h is independent of os. Now integrate the right member by parts in 
the usual way, page 205, 


du 

•’* 36 


6 du 

2a’* u 




Integrate, and 

log u 

To evaluate C, put 6 s= 0, whence 

C =» U est 

as in (10), page 344. Therefore 


6* 


^^^+0;oTU^Ce 


4o*. 


J^e - = 


n/tt 


tl 


r® iJ~ — — 

J e~ cos hx .dx = e *<**• 


2a' 


Let us change 


(14) 


Returning, after this digression, to the original problem, 
the variables by substituting in (13), 

.*. X=s* + 2y8#c's/rr •*• dx=2 ^/lc< . djS- 

What will be the effect of substituting these, values of \, and dx upon the 
limits of integration ? Hitherto this has not been taken into consideration 
because we have dealt either with indefinite integrals, page 201, or with 
definite integrals with constant limits, page 240. Here we see at once that if 

£17 

x*=»0, /8«= and if \= oo, ;8=+ 00 . • • (16) 

Gonsequeutly, expression (12) assumes the form 

e = ^^{JZ « " ^V(2/3n/;3 + x)d^ - X_f - - x)d^. (16) 


2n/«:C 
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If the initial temperature be constant, say /(a;) = 0 q, then, from (4), page 241, 
the required solution assumes the form 

AT 

» - A ( r X *-^^0 - r X e - Wisj ( 17 ) 

For numerical computation it is necessary to expand the last integral in series 
as described on page 341. Therefore 


^ _ 2^0 1 as ar* 

8.(2,^ ■*■ •••/• • • • (18) 

If 100 million years ago the earth was a molten mass at 7,000° F., and, ever 
since, the surface had been kept at a csonstant temperature 0° F., what would 
be the temperature one mile below the surface at the present time, taking 
Lord Kelvin’s value k 400 ? Ansr. 104° F. (nearly). Hints. =>» 7,000° ; 
as — 5^280 ft. ; i SE 100,000,000 years. 


2 X 7,000 / 5280 

^/8•1416 \2 X 20 X 10,000 


104. 


Lord Kelvin, ** On the Secular Cooling of the Earth,” (W. Thomson and P. G. 
Tait’s Treatise on Natural JPhilosojphy^ 1, 711, 1867), has compared the observed 
values of the underground temperature increments, dOjdx, with those deduced 
by assigning the most probable Values to the terms in the above expressions. 
The close agreement — Calculated: 1° increment per descent. Observed: 
1° increment per ft. descent — led him to the belief that the data are nearly 
correct. He extended the calculation in an obvious way and concluded : I 
think we may with much probability say that the consolidation cannot have 
taken place less than 20,000,000 years ago, or we should have more under- 
ground heat than we really have, nor more than 400,000,000 years ago, or we 
should not have so much as the least observed underground increment of 
temperature”. Vide O. Heaviside’s Electromagnetic Theory ^ 2, 12, Xiondon, 
1899. The phenomena associated with ” radio-activity ” have led us to modify 
the original assumption as to the nature of the cooling process. See Ex. (2), 
page 492. 

(3) Solve (4) for two very long bars placed end to end in perfect contact, 
one bar at 1®C. and the other at 0°C. under the (imaginary) condition that the 
two bars neither give nor receive heat from the surrounding air. Let the 
origin of the axes be at the junction of the two bars, and let the bars lie along 
the s^axis. The limiting conditions are : When t ss 0, 0 0, when x is less 

than zero, and $ = f{x) = 1, when x is greater than zero. It is required to 
find the relation between x, and t. Start from Fourier’s integral (32), page 
479, and proceed to find the condition that u may be /(a?) when i =* O by the 

method employed for (3) above. Ohange the order of integration, and we 
obtain 


• = “ j cos - x)da. 
Integrate by Laplace’s method of differentation, and 

- 1 /*+• .r/ N j ~ 1 /■+» 


(19) 


ft - xV‘ 

txt d)^. ( 20 ) 
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But if J=0, when i = 0, from «= - oo to it = 0; Jal, when < = 0, from 
8 = 0, to * = + CO ; then, since /(a) = 1, 

1 r 

• (21) 


1 

^ SSS I 

v»j 




*_fl - % = — ( 1 ^'^% ' + f*e - f’ijS, (22) 

2n/«j 

by (8), page 241. Then, on integration, pages 841 and 468, the required solu- 
tion is 

‘ ’ f * .HjlWjjj 


n + 


HWtMt 8 \ 2 ^/" 6 , 21 ^ 2,/5 




P) 


The process of diffusion of heat here erempliffed is quite analogous to the 
diffusion of a salt from a solution placed in contact with the pure solvent. 
If K be determined, it is possible by means of (28), to compute the weight of 
salt (9) in unit volume of solution at any time (t), and at any distance (a) from 
the junction of the two fluids. When a set of values of 4, a, and t are known, 
K can be computed from (23). See J. 0. Graham, M phys, Chm., 80| 257 
1904, for an example. 



CHAPTEE IX. 


PEOBABILITy AND THE THEORY OP ERRORS. 

“Perfect knowledge alone can give certainty* and in Nature perfect 
knowledge would be infinite knowledge, which is clearly beyond 
our capacities. We have, therefore, to content ourselves with 
partial knowledge — knowledge mingled with ignorance, producing 
doubt.” — W. Stanley Jbvonb. 

“Lorsqu’il n’est pas en notre pouvoir de discemer les plus vraies 
opinions, nous devons suivre les plus probables.” * — RenA 
Descartes. 


§ 155. Probability. 

Neaely every inference we make with retpect to any future event 
is more or less doubtful. If the circumstances are favourable, a 
forecast may be made with a greater degree of confidence than 
if the conditions are not so disposed. A prediction made in ignor- 
ance of the determining conditions is obviously less trustworthy 
than one based upon a more extensive knowledge. If a sports- 
man missed his bird more frequently than he hit, we could safely 
infer that in any future shot he would be more likely to miss than 
to hit. In the absence of any conventional standard of compari- 
son, we could convey no idea of the degree of the correctness of 
oiir judgment. The theory of probability seeks to determine the 
amount of reason which we may have to expect any event when 
we have not sufficient data to determine with certainty whether it 
will occur or not and when the data will admit of the application 
of mathematical methods. 

A great many practical people imagine that the ^‘doctpine of 
probability ” is too conjectural and indeterminate to be worthy of 
serious study. Liagre very rightly believes that this is due to 


^ Ti'anslated ; “ When it is not in oui* power to determine what is true, we ought 
to act according to what is most probable ”. 

®J. B. J. Liagre‘s CcUcvl des FrobaJ)iim$t Bruxelles, 1879. 
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the connotation of the word — ^probability. The term is so vague 
that it has undermined, so to speak, that confidence which we 
usually repose in the deductions of mathematics. So great, indeed, 
has been the dominion of this word over the mind that all applica- 
tions of this branch of mathematics are thought to be affected with 
the unpardonable sin — want of reality. Change the title and the 
“theory” would not take long to cast off its conjectural character, 
and to take rank among the most interesting and useful applica- 
tions of mathematics. 

Laplace remarks at the close of his Essai philosophique sur les 
Probabilit&s, Paris, 1812, “ the theory of probabilities is nothing 
more than common-sense reduced to calculation. It determines 
with exactness what a well-balanced mind perceives by a kind of 
instinct, without being aware of the process. By its means nothing 
is left to chance either in the forming of an opinion, or in the re- 
cognizing of the most advantageous view to select when the occasion 
should arise. It is, therefore, a most valuable supplement to the 
ignorance and frailty of the human mind. . . 

I. If one of two possible events occurs in such a way that one of 
the events rmist occur in a ways^ the other in b ways^ the probability 
that the first will happen is a/{a H- 6), and the probability that the 
second will happen is bf {a + b). If a rifleman hits the centre of 
a target about once every twelve shots under fixed conditions of 
light, wind, quality of powder, etc., we could say that the value 
of his chance of scoring a “ bullseye ’* in any future shot is 1 in 12, 
or and of missing, 11 in 12, or If a more skilful shooter 

hits the centre about five times every twelve shots, his chance of 
success in any future shot would be 5 in 12, or and of missing 
Expressing this idea in more general language, if an event 
can happen in a ways and fail in b ways, the probability of the 
event 

Happening *= ^ ^ I Failing = a + b* * * 

provided that each of these ways is just as likely to happen as to 
fail. By definition, 

Number of ways the event occurs 

Probability — Number of possible ways the event may happen* ' 1 

ExamfIj:^. — I f four white, and six black balls are put in a bag, show that 
the probabiltty that a white ball will be drawn is and that a black ball 
will be drawn In betting parlance, the odds are 6 to 4 against white. 

II* 
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IL If •p d&iioiez the probcubility that an event will happen^ X—p 
d&tu>tes the probability that the event will fail. The shooter at the 
target is certain either to hit or to miss. In mathematics, unity is 
supposed to represent certainty, therefore, 

Probability of bitting + Probability of missing = Certainty = 1. (3) 

If the event is certain not to happen the probability of its oc- 
currence is zero. Certainty is the unit of probability. Degrees 
of probability are fractions of certainty. 

Of course the above terms imply no quality of the event in 
itself, but simply the attitude of the computer’s own mind with 
respect to the occurrence of a doubtful event. We call an event 
impossible when we cannot think of a single cause in favour of its 
occurrence, and certain when we cannot think of a single cause 
antagonistic to its occurrence. All the different ** shades ” of 
probability — improbable, doubtful, probable — lie between these 
extreme limits. 

Strictly speaking, there is no such thing as chance in Nature. 
The irregular path described by a mote “ dancing in a beam of 
sunlight ” is determined as certainly as the orbit of a planet in the 
heavens. 

All nature Is but art, unknown to thee ; 

All chance, direction thou can’st not see ; 

All discord, harmony ii,ot understood. 

The terms ** chance*’ and “probability” are nothing but 
conventional modes of expressing our ignorance of the causes of 
events as indicated by our inability to predict the results. “Pour 
une intelligence ” (omniscient), says Diagre, “ tout 6v6nement k 
venir serait certain ou impossible** 

III. The probability that both of two independent events will 
happen together is the product of their separate probabilities. Let 
P denote the probability that one event will happen, g the probability 
that another event will happen, the probability, P, that both events 
will happen together is 

P == pq. . . . . (4) 

This may be illustrated in the following manner : A vessel A 
contains white balls, b-^ black balls, and a vessel B contains dtg 
white balls and b^ black balls, the probability of drawing a white 
ball from A is = aj{a^ + fej), and from JB, p^ = + * 2 )- 

total number of pairs of balls that can be formed from the total 
number of balls is {a^ + hj) (ag b^. 
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EzampIjB:. — any simultaneous drawing from each vessel, the probability 

that 

Two white balls will occur is: + 6i) (Oj, + bg).? ... (5) 

Two black balls will occur is : l>jbJ(ai + bj) (Og + b^) ; . . . (6) 

White ball drawn from the first, black ball from the next, is : 

"b ^i) + ^ 2 ) ; . . . • (7) 

Black ball drawn from the first, white ball from the next, is : 

a^bj (Oj + bj) (Oj, + bj) ; , . . . (8) 

Black and white ball occur together, is: {aibgi+bja^/{ai + bi) (o^+bo). (9) 

The sum of (5), (6), (9) is unity. This conation is required by the above 
definition. 

An event of this kind, produced by the composition of several 
events, is said to be a compound event. To throw three aces with 
three dice at one trial is a compound event dependent on the oon< 
currenoe of three simple events. Errors of observation are com- 
pound events produced by the concurrence of several independent 
errors. 

ExampxiBS. — ( 1) If the respective probabilities of the occurrence of each 
of n independent errors is p, g, r . . . , the probability P of the occurrence of 
all together isP=pxgxrx... 

(2) If, out of every 100 births, 49 are male and 51 female, what is the 
probability that the next two births shall be both boys ; both girls ; and a 
boy first, and a girl next ? Ansr. 0*2401 ; 0*2601 ; 0*2499. Hint, ^ rV(r » 
/bV ^ ANr » Aftr ■AV* 

IV. The probability of the occurrence of several events which 
cannot occur together is the sum of the probabilities of their 
separate occurrences. If p, • • • denote the separate probabilities 
of different events, the probability, P, that one of the events will 
happen is, 

P^P’^-g-^... . . . ( 10 ) 

ExAMPtiics. — (1) A bag contains 12 balls two of which are white, four 
black, six red, what is the probability that the first ball drawn will be a 
white, black, or a red one ? The probability that the ball vTill be a white is 
I, a black J, etc. The probability that the first ball drawn shall be a black or 
a white ball is 

(2) In continuation of Ex. (2), preceding set, show that the probability 
that one shall be a boy and the other a girl is 0*4998 ; and that both shall bo 
of the same sex, 0*5002. Hint. 0*2499 -h 0*2499 ; 0*2401 -I- 0*2601. 

V. If p denotes the probability that an event will happen on a 
single trial, the probability, P, that it will happen ~r times in n 
trials is 

P « ~ I) * • * ~ ^ _ pY - r. . (11) 

The probability that the event will fail on any single trial is 1 —p ; 
the probability that it will fail every time is (1 — p)". The proba- 
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bility that it will happen on the first trial and fail on the snoceeding 
» — 1 trials is p(l from (4). But the event is just as likely 

to happen on the 2nd, 3rd . . . trials as on the first. Hence the 
probability that the event will happen just once in the n trials is, 
from (4), and (10), ^ 

(p + Jp -h . . . + n times) X (1 — p)*-^ ; or, wp(l — p)^-^. (12) 

The probability that the event will occur on the first two trials 
and fail on the succeeding n — 2 trials is p^(l —p)”’~^. But the 
event is as likely to occur during the 1st and 3rd, 2nd and 4th, . . . 
trials. Hence the probability that it will occur just twice during 
the n trials is 

l)p2(l«_p)n-3^ . . . (13) 

The probability that it will occur r times in n trials is, therefore, 
represented by formula (11). 


ExAMPriES. — (1) What is the probability of throwing an ace exactly three 
times in four trials with a single die ? Ansr. -gf Hint. w. == 4 ; r = 3; 
there is one chance in six of throwing an ace on a single trial, hence p = J ; 
» - r == 1 ; 1 - p *= f . Hence, x 

(2) What is the probability of throwing a deuce exactly three times in 
three trials ? Ansr. n = 8 ; r «= 3 ; (1 -p)« “♦• = 60=l;p=i, etc. 


1^. ^ p denotes the very small probability that an event will 
happen on a single trials the probability^ P, that it will happen r 
times in a very great rt/umber, n, trials is 


p- 


r 1 


-e-^p. 


(14) 


From formula (11), however small p may be, by increasing the 
of trials, we can make the probability that the event will 
happen at least once in n trials as great as we please. The proba- 
bility that the event will fail every time in n trials is (1 — p)% and if 
p be made small enough and n great enough, we can make (1 — py* 
as small as we please.^ If n is infinitely great and p infinitely 
small, we can write w = ?i — l=w — 2=... 


.-. (1 - p)" = 1 - wp + , ^^ p^ - 


2 ! 

(1 ^py 


(npy 


e (approx.). 


(approx.) ; 

■ ( 15 ) 


^ student may here find it necessary to read over § 190} page 602. 

®The reader should test this by substituting small numbers in place of and 
large ones for tu Use the binomial formula of § 97, page 282. See the remarks on 
page L4, § 11* 
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(14) follows immediately from (11) and (15). This result is very 
important. 

EzampiiIB. — ^I f n. grains of wheat are scattered haphazard over a sur- 
face s units of area, show that the probability that a units of area will 
contain r grains of wheat is 

«• 

Thus, n . da/s represents the infinitely small probability that the small Bpa.oe 
ds contains a grain of wheat. If the selected space be a units of area, we 
may suppose each to be a triaJ, the number of trials will, therefore, be 
a /da. Hence we must substitute an/s for njp in (14) for the desired result. 

VII. The probahiUty, P, thab an event will qocwr at IiBast t 
tmuea m n trials is 

P -ip** + »p**“^(l — p) H- “■ JP)^ + . . . to (n — r) terms (16) 

For if it ccour every time, or fail only once, twice, . . . , orn ~ r 
times, it occurs r times. The whole probability of its occurring at 
least r times is therefore the sum of its occurring every time, of 
failing only once, twice, . . . , n — r times, etc. 

ExAMPiiB. — What is the probability of throwing a deuce three times at 
least in four trials? Ansr. if-y. Here =* (i)*; and the next term of (16) is 
4 X 6 X (i)*. 

Sometimes a natural process proves far too complicated to admit 
of any simplidcation by means of “ working hypotheses The 
(Question naturally arises, can the observed sequence of events be 
reasonably attributed to the operation of a law of Nature or to chance? 
For example, it is observed that the average of a large, number of 
readings of the barometer is greater at nine in the morning than 
at four in the afternoon ; Laplace {T/i&orie analytigue des Proha~ 
hilit&Sy Paris, 49, 1820) asked whether this was to be ascribed to the 
operation of an unknown law of Nature or to chance ? Again, G. 
BLirchhoCf iJHonatsberichte der Berliner A./zctdemie^ Oct., 1859) inquired 
if the coincidence between 70 spectral lines in iron vapour and in 
sunlight could reasonably be attributed to chance. He found that 
the probability of a fortuitous coincidence was approximately as 
1 : 1,000000,000000. Hence, he argued that there can be no 
reasonable doubt of the existence of iron in the sun. Mitchell 
{Phil. Trans., 57, 243, 1767 ; see also Kleiber, PMl. Mag., [5], 24, 
439, 1887) has endeavoured to calculate if the number of star 
clusters is greater than what would be expected if the stars had been 
distributed haphazard over the heavens. A. Schuster {Proc, Boy. 
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Soc.f 31, 337, 1881) has tried to answer the question. Is the number 
of harmonio relations in the spectral lines of iron greater than what 
a chance distribution would give? Mallet (Phil. Trans., 171, 1003, 
1880) and R. J. Strutt (Phil, Mag., [6], 1, 311, 1901) have asked, Do 
the atomic weights of the elements approximate as closely to whole 
numbers as can reasonably be accounted for by . an accidental co- 
incidence ? In other words : Are there common-sense grounds for 
believing the tiruth of Prout’s law, that § ** the atomic weights of the 
other elements are exact multiples of that of hydrogen ** ? 

The theory of probability does not pretend to furnish an in- 
fallible criterion for the discrimination ot an accidental coincidence 
from the result of a determining cause. Certain conditions must 
be satisfied before any reliance can be placed upon its diotum. 
Por example, a sufficiently large number of cases must be avail- 
able. Moreover, the theory is applied irrespective of any know- 
ledge to be derived from other sources which may or may not 
furnish corroborative evidence. Thus Kirchhoffis conclusion as to 
the probable existence of iron in the sun was considerably 
strengthened by the apparent relation between the brightness of 
the coincident lines in the two spectra. 

Por details of the calculations, the reader must consult the 
original memoirs. Most of the calculations are based upon the 
analysis in Laplace's old but standard Th&orie (l.c.). An excellent 
r^umS of this latter work will be found in the Plncyclo'pcBdia Metro- 
politcma. The more fruitful applications of the theory of prob- 
ability to natural processes have been in connection with the kinetic 
theory of gases and the ** law ** relating to errors of observation. 

§ 156. Application to the Kinetic Theory of Gases. 

The purpose of the kinetic theory of gases is to explain the 
physical properties of gases from the hypothesis that a gas consists 
of a great number of molecules in rapid motion. The following 
illustrations are based, m the first instance, on a memoir by 
R. Clausius {Phil. Mag., [4], 17, 81, 1859). For further develop- 
ments, O. B. Meyer’s The Kinetic Theory of Gases, London, 1899, 
may be consulted. 

■L To shov} that the probability that a single moleoule, movirtg 
in a swa/rrtb of molecules at rest, will traverse a distance sc without 
collision is 
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P = a * (17) 

where Z denotes the probable value of the free path the molecule 
can travel without collision, and xjl denotes the ratio of the path 
actually traversed to the mean length of the free path. ** Free 
path” is defined as the distance traversed by a molecule between 
two successive collisions. The ** mean free path ” is the average 
of a great number of free paths of a molecule. Consider any 
molecule moving under these conditions in a given direction. Lot 
a denote the probability that the molecule will travel a path one 
unit long without collision, the probability that the molecule will 
travel a path two units long is a .a, or and the probability that 
the molecule will travel a path x units long without collision is, 
from (4), 

P = a*, . . . . (18) 

where a is a proper fraction. Its logarithm is therefore negative. 
(Why ?) If the molecules of the gas are stationary, the value of 
a is the same whatever the direction of motion of the single mole- 
cule. From (16), therefore, 

where Z = 1/log a. We can get a clear idea of the meaning of this 
formula by comparing it with (16). Supposing the traversing of 
unit path is reckoned a ‘ ‘ trial,” x in (17) then corresponds with n 
in (16). 1/Z in (17) replaces p in (16). 1/Z, therefore, represents 

the probability that an event (collision) will happen during one 
trial. If Z trials are made, a collision is certain to occur. This is 
virtually the definition of mean free path. 


II. To show that the length of the path which amolecule^ moving 
amid a swarm of molecules at rest can traverse without collision is 
frohahly 


I » 




(19) 


where \ denotes the mean distance between any two neighbouring 
molecules, p the radius of the sphere of action corresponding to the 
distance apart of the molecules during a collision, tt is a constant 
with its usual signification. Let unit volume of the gas contain JV 
molecules. Let this volume be divided into N small cubes, each of 
which, on the average, contains only one molecule. Let X denote 
the length of the edge of one of these little cubes. Only one mole- 
cule is contained in a cube of capacity A*. The area of a cross 
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seotioii tihrough the centre of a sphere of radius p, is wp®, (13), 
page 604. If the moving molecule travels a distance X, the hemi- 
spherical anterior surface of the molecule passes through a 
cylindrical space of volume (26), page 606. Therefore, the 
probabihty that there is a molecule in the cylinder ir/o*A is to 1 as 
«rp*X is to X® , that is to say, the probability that the molecule under 
consideration will collide with another as it passes over a path of 
length X, is irp^X : X*. The probability that there will be no collision 

is 1 - From (17), 



JP 


= e 


K 

T 


1 


TF' 


m 


( 20 ) 


According to the kinetio theory, one fundamental property of 
gases is that the intermolecular spaces are very great in compari- 
son with the dimensions of the molecules, and, therefore, p^/X® is 
very small in comparison with unity. Hence also X/l is a small 
magnitude in comparison with unity. Expand e-^/* according to 
the exponential theorem (page 285), neglect terms involving the 
higher powers of X, and 


Erom (20) and (21), 

I 



“S— ; or, jP aa e A» . 

prtr 


• ( 21 ) 
. ( 22 ) 


ExA-MPiiH. — ^The behaviour of gases under pressure indicates that p is very 
much smaller than a. Hence show that ** a molecule passes by many other 
molecules like itself before it collides with another”. Hint. From the first 
of equations (22), 2 : A as a^ • Interpret the symbols. 


To show that the Tnean value of the free 'path of to 'molecules 

mowng under the same conditions as the solita/ry molecule just coTtr- 
sidered, is 




I a 


(23) 


Out of TO inoleoules which travel with the same velocity in the 
same direction as the given molecule, ne-^>' wiU travel the distance 
a; without coition, and tos-<*+ ***>/* will travel the distance x + doe 
without collision. Of the molecules which traverse the path a?, 

■» _ * ne~^(l _ ^ - je~^dx, 

of them will undergo collision iu passing over the distance dx. 
The last transformation follows directly from (21). The sum of 
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all the paths traversed by the molecules passing x and x + dx is 

jc 

^dx. 


X 

jne 


Since each molecule must collide somewhere in passing between 
the limits x = 0 and x — ao, the sum of all the possible paths 
traversed by the n molecules before collision is 


f “ a? . 
""Jo 




and the mean value of these n free paths is 


f 


-y e ” * da? = Z. 


Integrate the indefinite integral as indicated on page 205. From 
(4) we get (23). This represents the mean free path of these 
molecules moving with a uniform velocity. 


ExAMPiiKS. — (1) A moleoule moving with a velocity Y enters a space 
filled with n stationary noiolecules of a gas per unit volume, what is the prob- 
ability that this molecule will collide with one of those at rest in unit time ? 
Use the above notation. The molecule travels the space Y in unit time. In 
doing this, it meets with trnp^V molecules at rest. The probable number of 
collisions in unit time is, therefore, which represents the probability 


of a collision in unit time. 

(2) Show that the probable number of collisions made in unit time by a 
molecule travelling with a uniform velocity Y, in a swarm of N molecules at 
rest, is 

Y Yp^ 

*== — — w* a • • • « 

I A** 


(24) 


What is the relation between this and the preceding result ? Note the 
number of collisions => Yjl ; and 1. 


IV. The mt/mber of collisions mcide in unit time by cl molecule 
moving with uniform velocity in a direction which makes an angle B 
with the direction of motion of a swarm of molecules also moving 
with the same U7iiform velocity is probably 

^J2'i7 sin ^9. • . • (25) 

Let V be the resultant velocity of one molecule, and 

the three component velocities, then, from the parallelopiped of 

velocities, page 125, 

v^ = -f- y^^ -i- ^ ^ \ /2g\ 

ajj = v cos Bi; — V sin 9 ^ . cos <j>i; v sin 6^ . sin '' ^ 

If one set of molecules moves with a uniform velocity, v, whose 
components are a;, y, z, relative to the given molecule moving with 
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the same uniform velocity, v, whose components are Xj, then, 

+ 2^2 + . (27) 

a; «= V cos B\ y ^ x sin 6 . cos 6 \ z ^ sin 6 . cos . (28) 

and the relative resultant velocity, v, of one molecule with respect 
to the other considered at rest, is 

F = J (x^ - x)^ + ( 2/1 ~ ^)2 + (zj^ - z)^. . (29) 

If we choose the three coordinate axes so that the a;-axis coincides 
with the direction of motion of the given molecule, we may sub- 
stitute these values in (26), remembering that cos 0°==1, sin 0® — 0, 

2/1 = 0 ; = 0 ; a?! = . . (30) 

Substitute (30) and (26) in (29), we get 

F ~ V (d t? cos 6)^ + u^sin^^ . gos'^^ + t^^sin^^ . sin^^ ; 

F = >/ v2 — 2^;2cos 6 + v^oos®^ + 

since sin®^ + cos^<f> — 1. Similarly, cos^^ + sin^^ = 1, and con- 
sequently 

V = V V 2 — 2cos^ = V J 2(1 — cos 6). 

But we know, page 612, that 1 — cos x — 2(sin ■^a;)^, hence, 

F = 21? sin . . . (31) 

Having found the relative velocity of the molecules, it follows 
directly from (24) and (31), that 

Fp^ir p^TT 

Number of collisions =» 21? sin 


F. The numbeT of collisions encountered in unit time by cl mole- 
cule momng in a swarm of molecules in all directions, is 


4 

3 


Fp‘ 


'TT 


X3 


(32) 


Let F denote the velocity of the molecules, then the different 
motions can be resolved into three groups of motions according to 
the parallelopiped of velocities. Proceed as in the last illustration. 
The number of molecules, n, moving in a direction between 6 and 
^ is to the total number of molecules, N, in unit volume as 


« : 17 = 2ir sin BdO : 4w ; or, w = sin BdB. . (33) 

Since the angle B can increase from 0® to 180“, the total number of 
collisions is 


Pp^TT ft Vp^TT 
~ 1 ?' ■ 2? “ 


^ ^ sin BdB, 


To get the total number of collisions, it only remains to integrate 
for all directions of motion between 0“ and 180". Thus if A denotes 
the number of collisions, 
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Vf}'^7r p 


■ ^ 2Fp‘^ 

sin 2 • sin 0dO = — ^ 


ttC”^ . .,6 


0 4 

cos -cidO = K- 


Isy the method of integration on page 212. 


Vp^TT 

X?~* 


ExampIji:. — ^F ind the length of the free path of a molecule moving in a 
fiwarm of molecules moving in all directions, with a velocity V. Ansr. 

Xjength of free path = VjA = |A,3,pV. . , . (34) 

For the hypothesis of uniform velocity see § 164, page 534. 


VI. Assuming that two unlike molecules oombine during a colli-- 
sion, the velocity of chemical reaction between two gases is 

^ - kNN, .... (36) 

where N and N' are the number of molecules of each of the two 
gases respectively contained in unit volume of the mixed gases, 
dx denotes the number of molecules of one gas in unit volume 
which combines with the other in the time dt) h is a constant. 
Let the two gases be A and B. Let A. and V respectively denote 
the distances between two neighbouring molecules of the same 
kind, then, as above, 


JVX3 = Arx'3 = 1. ... (36) 

Let p be the radius of the sphere of action, and suppose the mole- 
cules combine when the sphere of action of the two kinds of 
molecules approaches within 2p, it is required to find the rate of 
combination of the two gases. The probability that a B molecule 
will come within the sphere of action of an A molecule in unit time 
is Virp^J>s?^ by (24). Among the JST molecules of B, 

ir'^Vdt’ox. NN’^P^Vdt, . . (37) 


by (36), combine in the time dt. But the number of molecules 
which combine in the time dt is —dN = —dN\ or, from (37), 

dN ^ dJSr = NJSTTrp^Vdt. 

If dx represents the number of molecules in unit volume which 
combines in the time dt, 

dx^dN^dir ^ ‘TrpWNWdt. = hNH, 

by collecting together all the constants under the symbol k. This 
will be at once recognized as the law of mass action applied to 
bimolecular reactions. J. J. Thomson’s memoir, “ The Chemical 
Combination of Gases,” Phil. Mag., [6], 18, 233, 1884, might now 
be read by the chemical student with profit. 
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§ 157. Errops of Obseriration. 

If a number of experienced observers agreed to test, indepen- 
dently, the accuracy of the mark etched round the neck of a litre 
jQask with the greatest precision possible, the inevitable result 
would be that every measinrement would be different. Thus, we 
might expect 

1-0003; 0-9991; 1-0007; 1*0002; 1-0001; 0-9998;... 
Exactly the same thing would occur if one observer, taking every 
known precaution to eliminate error, repeats a measurement a 
great number of times. The discrepancies doubtless arise from 
various unknown and therefore uncontrolled sources of error. 

We are told that sodium chloride crystallizes in the form of 
cubes, and that the angle between two adjoining faces of a crystal 
is, in consequence, 90°. As a matter of fact the angle, as measured, 
varies within 0*6° either way. No one has yet exactly verified 
the Gay Lussac-Humboldt law of the combination of gases ; nor 
has any one yet separated hydrogen and oxygen from water, by 
electrolysis, in the proportions required by the ratio, 2H2 : Og. 

The irregular deviations of the measurements from, say, the 
arithmetical mean of all are called accidental errors. In the 
following discussion we shall call them errors of observa- 
tion*' unless otherwise stated. These deviations become more 
pronounced the nearer the approach to the limits of accurate 
measurement. Or, as Lamb^ puts it, the more refined the 
methods employed the more vague and elusive does the supposed 
magnitude become ; the judgment flickers and wavers, until at 
last in a sort of despair some result is put down, not in the belief 
that it is exact, but with the feeling that it is the best we can 
make of the matter”. It is the object of the remainder of this 
chapter to find what is the best we can make of a set of discordant 
measurements. 

The simplest as well as the most complex measurements are 
invariably accompanied by these fortuitous errors. Absolute 
agreement is itself an accidental coincidence. Stanley Jevons 
says, it is one of the most embarrassing things we can meet 
when experimental results agree too closely”. Such agreement 
should at once excite a feeling of distrust. 


1 H. Lamb, Presidential Address. B. A meeting, 1904 ; JVcUttre, 70, 872, 1904. 
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The observed relations between two variables, therefore, should 
not be represented by a point in space, rather by a circle around 
whose centre the different observations will be grouped (f'ig. 165). 
Any particular observation will find a place 
somewhere within the circumference of the 
circle. The diagram (Eig- 166) suggests our old 
illustration, a rifleman aiming at the centre of a 
target. The rifleman may be likened to an ob- 
server ; the place where the bullet hits, to an 
observation ; the distance between the centre 
and the place where the bullet hits the target 
resembles an error of observation. A shot at the centre of the 
target is thus an attempt to bit the centre, a scientific measure- 
ment is an attempt to hit the true value of the magnitude 
measured (Maxwell). 

The greater the radius of the circle (Pig. 166), the cruder and 
less accurate the measurements ; and, vice versd, the less the 
measurements are affected by errors of observation, the smaller 
will be the radius of the circle. In other words, the less the skill 
of the shooter, the larger will be the target required to record his 
attempts to hit the centre. 

§ 158. The “Law” of Errors. 

These errors may be represented pictorially another way. 
Draw a vertical line through the centre of the target (Pig. 166) 
and let the hits to the right of this line represent positive errors 
and those to the left negative errors. Suppose that 600 shots are 
fired in a competition ; of these, ten on the right side were be- 
tween 0*4 and 0*5 feet from the centre of the target ; twenty shots 
between 0*3 and 0*4 feet away ; and so on, as indicated in the 
following table. 



Positive 
Deviations from 
Mean between 

Number 
of Errors. 

Percentage 
Number 
of Errors. 

Negative 
Deviations from 
Mean between 

Number 
of Errors. 

Percentage 
Number 
of Errors. 

0'4 and 0*5 

10 

2 

0*4 and 0*6 

10 

2 

0'3 azrd 0*4 

20 

4 

0*3 and 0*4 

20 

4 

0*2 and 0*3 

40 

8 

0*2 and 0*8 

40 

8 

O’l and 0*2 

80 

16 

0*1 and 0*2 

80 

16 

0*0 and 0*1 

100 

20 

0*0 and 0*1 

100 

20 
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Plot, as ordinates, the numbers in the third column with the 

means of the two corresponding limits in 
the first column as abscissae. The curve 
shown in Pig. 166 will be the result. 

By a study of the last two diagrams, 
■we shall find that there is a regularity in 
the grouping of these irregular errors which, 
Fio. 166.— l^pbabUity ^ matter of fact, becomes more pro- 

nounced the greater the number of trials 
we take into consideration. Thus, it is found that — 

1. Small errors are more frequent than large ones. 

2. Positive errors are as frequent as negative errors. 

3. Very large positive or negative errors do not occur. 

Any mathematical relation between an error, cc, and the frequency, 
or rather the probability, of its occurrence, must satisfy these 
characteristics. When such a fuiqLCtion, 

y = f(P)> 

is plotted, it must have a maximum ordinate corresponding with no 
error ; it must be symmetrical with respect to the 2 /-axis, in order 
to satisfy the second condition ; and as ac increases numerically, 
y must decrease until, when x becomes very large, y must become 
vanishingly small. Such is the curve represented by the equation, 

y he ~ *‘‘**^, .... (1) 
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where h and k are constants.^ The graph of this equation, called 
the probability curve, or curve of frequency, or curve of errors, 

is obtained by assigning arbitrary constant 



values to h and h and plotting a set of corre- 
sponding values of x and y in the usual way.^ 
I. To find a meaning for the constant h. 
Put a; =» 0, then y that is the maximum 

ordinate of the curve. Now put ^ = 1, and 
make k successively 1, 2, 3, 4. Plot cor- 

responding values of x and y, as shown in 
Pig. 167. Another plan is “to bend a loop of 


wire into the form of one of the curves, and 

B^q. 167.— Probability place a lamp behind it so as to throw 

Curves {K constant, fc , , , , , , 

variable). the shadow upon the screen. The loop and 


lamp might be easily made to move in such 


1 Use Table XVII., page 626. 

* E. B. Sargaut, *‘Tbe Education cf Examiuers," Nature^ 70, 63, 1904. 




§ 158. PROBABILITY AND THE THEORY OF ERRORS. 613 

a manner that the shadows in the successive positions gave 
the whole series of curves.” If we agree to dehne an error as 
the deviation of each measurement from the arithmetical mean, Ic 
corresponds with those measurements which coincide with the 
mean Itself, or are affected by no error at all. The height at 
which the curve cuts the 3 /-axis represents the frequency of oc- 
currence of the arithmetical mean ; h has nothing to do with the 
actual shape of the curve beyond increasing the length of the 
maximum ordinate as the accuracy of the observations Increases. 

JJ. To pnd a meaning for the constant h. Put h ^ X, and plot 
corresponding values of x and y for a: »» + 0*3, ± 0-4:, + 0*5, ± 0*6, 
. * . when h ^ 1, 2, 3, . . as shown in Pig. 168. In this way, 

it will be observed that although all the curves cut the ^-axis at 





Pio. 168. — Probability Curves {k constant, h variable). 


the same point, the greater the value of A, the steeper will be the 
curve in the neighbourhood of the central ordinate Oy- The 
physical signification of this is that the greater the magnitude of 
h, the more accurate the re- 
sults and the less will be the 
magnitude of the deviation 
of individual measurements 
from the arithmetical mean 
of the whole set. Hence 
Gauss calls h the absolute 
measure or modulus of 
precision. 

III. When h and k both 
varyt we get the set of 
curves shown on Pig. 169. 

KK 



Pig. 169. — Probability Curves (h and fc 
both variable). 
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A good shot will get a curve enclosing a very much smaller area 
than one whose shooting is wild. 

We must now submit our empirical ‘*law** to the test of 
experiment. Bessel has compared the errors of observation in 
470 astronomical measurements made by Bradley with those 
which should occur according to the law of errors. The results 
of this comparison are shown in the following table : — ^ 


Magnitude of Error in 
Parts of a Second of 
Arc, between : 

Number of Errors of each 
Magnitude. 

Observed. 

Theory. 

0 and 0*1 

94 

95 

0*1 and 0*2 

88 

89 

0*2 and 0*3 

78 

78 

0*8 and 0*4 

68 

64 

0*4 and 0*5 

51 

50 

0*5 and 0*6 

86 

86 

0*6 and 0*7 

26 

24 

0*7 and 0*8 

14 

16 

0*8 and 0*9 

10 

9 

0*9 and 1*0 

7 

6 

above 1*0 

8 

5 


This is a remarkable verification of the above formula. The theory, 
be it observed, provides for errors of any magnitude, however 
large ; in practice, there is a limit above which no error will be 
found to occur. The dots in Fig. 170 represent the “observed 
errors*’ in some determinations of the velocity of light. The 
graph, plotted from the error curve 

y = 8*9c~ 0*026*2^ 

as you can see, is almost a faithful representation of the actual 

errors. Airy and Newcomb have also 
shown that the number and magnitude 
of the errors affecting extended series 
of observations are in fair accord with 
theory. But in every case, the number 
of large errors actually foimd is in excess 
of theory. To quote an instance. S. Newcomb examined 684 ob- 



^ Taken from Encke's i>aper in the Berliner Aatronomiaches Jdhrbuchf 249, 1834 ; 
or, Taylor's Sdeatijic Memoira^ 2, 317, 1841. 
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servations of the transit of Mercury. According to the ‘‘law’* of 
errors, there should be 5 errors numerically greater than + 27". 
In reality 49 surpassed these limits. You can also notice how the 
“big” errors accumulate at the ends of the frequency curve in 
Fig. 170. 

The theory assumes that the observations are all liable to the 
same errors, but differ in the accidental circumstances which give 
rise to the errors.^ Equation (1) is by no means a perfect repre- 
sentation of the law of errors. The truth is more complex. The 
magnitude of the errors seems to depend, in some curious way, 
upon the number of observations. In an extended series of 
observations the errors may be arranged in groups. Each group 
has a different modulus of precision. This means that the mod- 
ulus of precision is not constant throughout an extended series of 
observations. See Enoyo. E. Y. Edgeworth’s art. “Law of 

Error,” 28, 280, 1902. But the probability curve represented by 
the formula 

y ^ ke- 

may be considered a very fair graphic representation of the law 
connecting the probability of the occurrence of an error with its 
magnitude. All our subsequent work is based upon this empirical 
law ! J. Venn in his Logic of Chance, 1896, calls the “ exponential 
law of errors,” a law, because it expresses a physical fact relating to 
the frequency with which errors are found to present themselves in 
practice ; while the “ method of least squares ” is a rule showing 
how the best representative value may be extracted from a set of 
experimental results. H. Poinoar6, in the preface to his Thermo- 
dynamique, Paris, 1892, quotes the laconic remark, “ everybody 
firmly believes in it (the law of errors), because mathematicians 
imagine that it is a fact of observation, and observers that it is a 
theorem of mathematics ”. 

Adrian (1808) appears to have been the first to try to deduce 
the above formula on theoretical grounds. Several attempts have 
since been made, notably by Gauss, Hagen, Herschel, Laplace, 
etc., but I believe without success. 


^ Some observers* results seem more liable to these large errors than others, due, 
perhaps, to carelessness, or lapses of attention. Thomson and Tait, I presume, would 
call the abnormally large errors “ avoidable mistakes 

KK * 
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§ 159. The Ppobability Integral. 


Let Xq, Xj^f Xq, . . .X be a series of errors in ascending order of 

magnitude from Xq to x. Let the differences between the succes'* 
sive values of x be equal. If x is an error, the probability of 
committing an error between Xq and x is the sum of the separate 
probabilities — . . ., ,(10), page 501, or 

P = 1c{e-^W + + ...) = * . (1) 

If the summation sign is replaced by that of integration, we must 
let dx denote the successive intervals between any two limits Xq 
and X, thu 


h 

dx 


r e--^^dx, 

J*0 


Now it is certain that all the errors are included between the limits 
+ CO, and, since certainty is represented by unity, we have 


Im /•+ OD 


k 

dx' 


ill 

h 


(2) 


from page 345. Or, 

7 ^ ^ 

» “ • dx. .... (3) 

Substituting this value of A; in the probability equation (1), pre- 
ceding section, we get the same relation expressed in another 
form, namely, 

(4) 

a result which represents the probability of errors of observation 
between the magnitudes x and x -j- dx. By this is meant the ratio : 


IT umber of errors between x and x + dx 
Total number of errors 

The symbols y and IP are convenient abbreviations for this cumbrous 
phrase. For a large number of observations affected with accidental 
errors, the probability of an error of observation having a magnitude 
X, is, 

. (5) 

which is known as Gauss’ law of errors. This result has the 
same meaning as 2 / = of the preceding section. In (4) dx re- 

presents the interval, for any special case, between the successive 
values of x. For example, if a substance is weighed to the 
thousandth of a gram, dx — 0*001 ; if in hundredths, dx = 0*01, 
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etc. 


The probability that there will be no error ia 

h . dx 



( 6 ) 


the probability that there will be no errors of the magnitude of a 
milligram is 


O-OOlh 




TT 

The probability that an error will lie between any two limits Xq 
and X is 


^ 

The probability that an error will lie between the limits 0 and x is 

e-u^^dx, ... (9) 

VTT Jo 

which expresses the probability that an error will be numerically 
less than x. We may also put 

■P - . . . (10) 

V^T Jo 

which is another way of writing the probability integral (8). In 
(8), the limits ajy and x ; and in (9) and (10), ± x. By differentia- 
tion and the usual method for obtaining a minimum value of any 
function, we find, from (1), that y, in y = is a minimum 

when 


a;2 


1 

2A2 


4- . . . + xj 



But we have seen that the more accurate the observations the 
greater the value of h. The greater the value of h, the smaller 
the value of is a minimum when h is a maximum. 

This is nothing but Legendre’s principle of least squares : 
The most probable value for the observed quantities is that for which 
the sum of the squares of the individual errors is a mini/mum. 
That is to say, when 

+ a?!® -H *2^ + . . . + = A MINIMUM, . (11) 

where Xj^, x^, x„, represents the errors respectively affecting the 

first, second, and the ?ith observations. 

To illustrate the reasonableness of the principle of least squares 
we may revert to an old regulation of the Belgian army in which 
the individual scores of the riflemen were formed by adding up the 
distances of each man's shots from the centre of the target. The 
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smallest sum won ‘*le grand prix” of the regiment. It is not 
difficult to see that this rule is faulty. Suppose that one shooter 
scored a 1 and a 3 ; another shooter two 2's. It is obvious that 
the latter score shows better shooting than the former. The shots 
may deviate in any direction without affecting the score. Conse- 
quently, the magnitude of each deviation is proportional, not to 
the magnitude of the straight line drawn from the place where 
the bullet hits to the centre of the target, but to the area of the 
circle described about the centre of the target with that line as 
radius. This means that it would bo better to give the grand 
prize to the score which had a minimum sum of the squoures of 
the distances of the shots from the centre of the target.^ This 
is^ nothing but a graphic representation of the principle of least 
squares, formula (11). In this way, the two shooters quoted above 
would respectively score a 10 and an 8. 

§ 160. The Best Representative Value for a Set of 

Observations. 

It is practically useless to define an error as the deviation of 
any measurement from the true result, because that definition 
would imply a knowledge which is the object of investigation. 
What then is an error ? Before we can answer this question, we 
must determine the most probable value of the quantity measured. 
The only available data, as we have just seen, are always as- 
sociated with the inevitable errors of observation. The measure- 
ments, in consequence, all disagree among themselves within 
certain limits. In spite of this fact, the investigator is called 
upon to state dejmitely what he considers to be the most probable 
value of the magnitude under investigation. Indeed, every chemical 
or physical constant in our text-books is the best representative value 
of a more or less extended series of discordant observations. Por in- 
stance, giant attempts have been made to find the exact length of 
a column of pure mercury of one square millimetre cross-sectional 
area which has a resistance of one ohm at 0** G. The following 
numbers have been obtained : 

106*33 ; 106*31 ; 106*24 ; 

106*32 ; 106*29 ; 106*21 ; 

106*32 ; 106*27 ; 106*19, 


1 See properties of similar figures, page 603. 
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centimetres (J. D. Everett’s Illustrations of the 0,Q.S, System of 
Units, London, 176, 1891). There is no doubt that the true value 
of the required constant lies somewhere between 106*19 and 
106*33 ; but no reason is apparent why one particular value should 
be chosen in preference to another. The physicist, however, must 
select one number from the infinite number of possible values be- 
tween the limits 106T9 and 106*33 cm. 

X What is the best reyres&ntaUve nailue of a set of discordant 
results ? The arithmetical mean naturally suggests itself, and 
some mathematicians start from the axiom : the arithmetical 
mean is the best representative value of a series of discrepant 
observations Various attempts, based upon the law of errors, 
have been made to show that the arithmetical mean is the best 
representative value of a number of observations made under the 
same conditions and all equally trustworthy. The proof rests 
upon the fact that the positive and negative deviations, being 
equally probable, will ultimately balance each other as shown in 
Ex. (1), below.i 

ExAMPma. — (1) If Oi, . ,,a^ are a series of observations, a their 
acithmetioal mean, show that the algebraio sum of the residual errors is 

iflry — O) + (dg — <t) + • • + (®»i “ “ 0. • . (1) 

Hint. By definition of arithmetical mean, 

ai+Oa+...+ a« 

a —> ■; or, na — ai + da + ***+^ 

ft 

Distribute the n o’s on the right-hand side so as to get (1), etc. 

(2) Prove that the arithmetical mean makes the sum of the squams of 
the errors a minimum. Hint. See page 560. 

JEn passant, notice that in calculating the mean of a number 
of observations whiob agree to a certain number of digits, it is not 
necessary to perform the whole of the addition. Tor example, the 
mean of the above nine measurements is written 
106 -i- ^*33 -f *32 -f *32 -I- *31 + *29 ■+ *27 + *24 + *21 + *19) =» 106*276. 

XX. The best representative value of a constant intervals When 

1 O. Hinrichs, in his Tht Abaol-wte Atomic Weights of the OheamcaZ EZememts, 
criticizes the selection (and the selectors) of the arithmetical mean as the beat re- 
presentative value of a set of discordant observations. He asks : If we cannot nro 
the arithmetical mean of a large number of simple weighings of actual shillings as the 
true value of a (uew) shilling, how dare we assume that the mean value of a few 
determinations of the atomic weight of a chemical element will give ns i-h trim 
But there seems to he a misunderstanding somewhere. P. Y. Edgewo^ nas 
Choice of Means,” PhU. Mag., 16}, SM, 268, 1887, and several articles on related 

subjects in the same joumsd between 188S and 1889. 
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the best representative value of a constant interval x in the ex- 
pression Xn — Xq -h nx (where w. is a positive integer 1, 2 . . .), is to 
be determined from a series of measurements Xq, x^, x^, . . .» such 
that 

Xi ^ Xq + x; Xq ^ Xq + 2x ; , , , x^ :=* Xq + nx, 
where x^ denotes the fxst observation, x^ the second reading when 
TO = 1 ; a?2, the third reading when to 2 ; . . . The best value for 
the constant interval x has to be computed. Obviously, 

X = x-j^ Xq f X = X2 “ Xj^ j , . , x =* — x„ _ 

The arithmetical mean cannot be employed because it reduces to 


to 

the same as if the first and last term had alone been measured. 
In such cases it is usual to refer the results to the expression 

_ _ - 1) (X, - a,) + (n - 3) (g.. 1 - ga) + ■ . ■ 

- 1) ’ 

which has been obtained from the last of equations (4), page 327, 
by putting 

= ^(to) = 1 + 2+ ... +TO = ^n(n + 1 ) j 

2(a;®) = + 2^ + ... + to 2 =s ^to(to + 1) (2to + 1) ; 

5(2/) ” + 072 + x„; %(xy) = S(to£c„) = rCi + 2a72 + . . . + na>„. 

If TO is odd, the middle measurement does not come in at all. 
It is therefore advisable to make an even number of observations. 
Such measurements might occur in finding the length of a rod at 
different temperatures ; the oscillations of a galvanometer needle ; 
the interval between the dust figures in Eundt’s method for the 
velocity of sound in gases ; the influence of CH2 on the physical and 
chemical properties of homologous series of organic chemistry, etc. 

Examples. — ( 1) In a Kundt’s experiment for the ratio of the specifio 
heats of a gas, the dust figures were recorded in the laboratory notebook at 
30-7, 43*1, 55*6, 67*9, 80*1, 92*3, 104*6, 116*9, 129*2, 141*7, 154*0, 166*1 centi- 
metres. What is the best representative value for the distance between the 
nodes? Ansr. 12*3 cm. 

(2) The following numbers were obtained for the time of vibration, in 
seconds, of the “ magnet bar ” in Gauss and Weber’s magnetometer in some 
experiments on terrestrial magnetism *. 3*25 ; 9*90 ; 16*65 ; 23*35 ; 30*00 ; 36*65 ; 
43*30; 50*00 ; 66*70 ; 63*30 ; 69*80 ; 76*65; 83*30 ; 89*90 ; 96*66 ; 103*15 ; 109*80 ; 
116*65 ; 123*25 ; 129*95 ; 136*70 ; 143*35. Show that the period of vibration is 
6*707 seconds. 

(3) An alternative method not dependent upon “ least squares ” is shown 
in the following example : a swinging galvanometer needle ** reversed ” at (o) 
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10 min. 9*90 seo. ; (6) 10 min. 23*20 seo. ; (c) 10 min. 86*4:5 sec. ; (d) 10 min. 
49*80 sec. ; (e) 11 min. 8*25 seo. ; {/) 11 min. 16*60 see., required the period of 
oscillation. Subtract (a) from (d) and divide the result by S. We get 13*300 ; 
subtract (b) from (e). We get 18*350 ; similarly, from (c) and (/) we get 18*883. 
Mean sc 18*844 = period of oscillation. 


§ 161. The Probable Error. 


Some observations deviate so little from the mean that we may 
consider that value to be a very close approximation to the truth, in 
other cases the arithmetical mean is worth very little. The question, 
therefore, to be settled is. What degree of confidence may we have in 
selecting this mean as the best representative value of a series of ob* 
servations ? In other words, How good or how bad are the results ? 

We could employ Gauss* absolute measure of precision to answer 
this question. It is easy to show that the measure of precision of 
two series of observations is irvoersely as their ajccuraoy. If the 
probabilities of an error oii, lying between 0 and 1^ and of an error 
between O and Z^, are respectively 



U 


e - \Wd(h^x^ ; Pg 





it is evident that when the observations are worth an equal degree 
of confidence, =» Pg. 

Z^Ztj *** ^2^2 * ^^9 * ^2 ** ^2 * ^1* 

or the measure of precision of two series of observations is in- 
versely as their accuracy. An error Zj will have the same degree 
of probability as an error I 2 when the measure of precision of the 
two series of observations is the same. Eor insta ce if /i-i = 4^2* 
Pg when Z 2 = 4Zi, or four times the error will be committed in 
the second series w’ith the same degree of probability as the single 
error in the first set. In other words, the first series of obser- 
vations will be four times as accurate as the second. On account 
of certain difficulties in the application of this criterion, its use is 
mainly confined to theoretical discussions. 

One way of showing how nearly the arithmetical mean repre- 
sents all the observations, is to suppose all the errors arranged 
in their order of magnitude, irrespective of sign, and to select a 
quantity which will occupy a place midway between the extreme 
limits, so that the number of errors less than the assumed error is 
the same as those w hi ch exceed it. This is called the probftble 
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eprop, not ‘‘the most probable error/* nor “the most probable 
value of the actual error**. 

The probable error determines the degree of confidence we may 
have in using the mean as the best representative value of a series 
of observations. Eor instance, the atomic weight of oxygen (H = 1) 
is said to be 16*879 with a probable error + 0*0003. This means 
that the arithmetical mean of a series of observations is 15*879, 
and the probability is ^ — that is, the odds are even, or you may bet 
£1 against £1— that the true atomic weight of oxygen lies between 
15*8793 and 15*8787. 

Referring to Fig. 171, let MP and AT'P* be drawn at equal dis" 
tances from Oy in such a way that the area bounded by these 
lines, the curve, and the rc-axis (shaded part in the figure), is equal 
to half the whole area, bounded by the whole curve and the a;-axis, 
then it will be obvious that half the total observations will have 
errors numerically less than OM\ and half, numerically greater 

than OMi that is, OM re- 
presents the magnitude of 
the probable error, MP its 
probability. 

The way some investi- 
gators refer to the smallness 
of the probable error affect- 
ing their results conveys the 
impression that this canon 
has been employed to em- 
phasixe the accuracy of the work. As a matter of fact, the probable 
error does not refer to the acomracy of the worTc nor to the mag- 
nitude of the errors, but only to the proportion in which the errors 
of different magnitudes occur. A series of measurements affected 
with a large probable error may be more accurate than another 
series with a small probable error, because the second set may be 
affected with a large constant error (^.v.). 

The number of errors greater than the probable error is equal 
to the number of errors less than it. Any error selected at ran- 
dom is just as likely to be greater as less than the probable error. 
Hence, the probable error is the value of a; in the integral 

• • • ( 1 ) 

page 517. From Table X., page 621, when P « /ia? =» 0*4769 ; 
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or, if r is the probable error, 

h/r « 0-4769. 

Now it has already been, shown that 

hdx 

y “ 


-/ 


IT 


-a2*S 


f • 


( 2 ) 

( 3 ) 


From page 500, therefore, the probability of the occurrence of the 
independent errors, ajj, a?a, is the product of their separate 

probabilities, or 

p = -»«»:■). . . . (4) 

For any set of observations in which the measurements have been 
as accurate as possible, h has a maximum value. Differentiating 
the last equation in the usual way, and equating dPjdh to zero, 

... ( 6 ) 

Substitute this in (2) 

r - ± 0-6746 • • (6) 

But is the sum of the squares of the true errors. The true 

errors are unknown. By the principle of least squares, when 
measurements have an equal degree of confidence, the most prob- 
able value of the observed quantities are those which render the 
sum of the squares of the deviations of each observation from the 
mean, a minimum. Let denote the sum of the squares of 

the deviations of each observation from the mean. If n is large, 
we may put > but if is a limited number, 

S(v2) < S(a;2) ; • (7) 

AH we know about is that its value decreases as n increases, 
and increases when increases. It is generally supposed that 

the best approximation is obtained by writing 

^ n * " w TO — 1 
Hence, the probable error, r, of a single observation is 

r _ ± 0-6745 J obseevation (8) 

which is virtually Bessel'a formula, for the probable error of a 
single observation. S(«*) denotes the sum of the squares of ^ 
formed by subtracting each measurement from the 
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arithmetical mean of the 'whole series, n denotes the number of 
measurements actually taken. The probable error, 12 , of the arith- 
metical mean of the whole series of observations is 


JS o»+ . . am. observations (9) 

The derivation of this formula is given as Ex. (2), page 531. 
The last two results show that the probable error is diminished 
by increasing the number of observations. C®) C®) are only 

approximations. They have no signification when the number of 
observations is small. Hence we may write f instead of 0*6746. 
Eor numerical applications, see next section. 

The great labour involved in the squaring of the residual errors 
of a large number of observations may be avoided by the use of 
Peter’s approximation formula. According to this, the prob- 
able error, r, of a single observation is 


r = ± 0*8453 


Jn(n - 1)' 


SIKOHiE OBSERVATION (10) 


where S(+ denotes the sum of the deviations of every observa- 
tion from the mean, their sign being disregarded. The probable 
error, i2, of the arithmetical mean of the whole series of observa- 
tions is 


i2 = + 0*8453 


S(4- v) 
njn - 1 ’ 


Alili OBSERVATIONS (11) 


Tables YI. to IX., pages 619 to 623, will reduce the labour in 
numerical calculations with Bessel’s and with Peter’s formulae. 


§ 162. Mean and Average Errors. 

The arbitrary choice of the probable error for comparing the 
errors which are committed with equal facility in different sets of 
observations, appears most natural because the probable error 
occupies the middle place in a series arranged according to order 
of magnitude so that the number of errors less than the fictitious 
probable error, is the same as those which exceed it. There are 
other standards of comparison. In Germany, the favourite method 
is to employ the mean error, which is defined as the error whose 
square is the mean of the squares of all the errors^ or the ** error 
which, if it alone were assumed in all the observations indifferently, 
would give the same sum of the squares of the errors as that which 
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actually exists We have seen, on page 616, (6), that the ratio. 


Ue ^^doD, 


TT 


Number of errors between x and x + dx Ji 
number of errors ** 

Multiply both sides by «^and we obtain 

Sum of squares of errors between x and x + dx ^ o »2 * j 
Total number of errors *** ® 

By integrating between the limits + oo and — oo we get 


Sum of squares of all the errors 
Total number of errors 




^ Vir J - < 

Let m denote the mean error, then, by integration as on page 343, 


rri’^ 


- — • 


( 1 ) 


and from (2) of the preceding section, we get 

r = 0*6746w. . . • (2) 

Prom (8) and (9), preceding section, the mean error, nn, which 
affects each single observation is given by the expression 

- 2 1 ; • • singijB obsbbvation (3) 

and the mean error, Jlf, which affects the whole series of results, 


M 


ALIi OBSERVATIONS (4) 


n(n - 1)- 

The mean error must not be confused with the ** mean of the 
errors,*’ or, as it is sometimes called, the average error another 
standard of comparison defined as the mean of all the errors re- 
gardless of sign. If a denotes the average error, we get from 
page 235, 


a 


S(+ v) 


n 


^TTjO 


hj. 


= ; r — 0’8454o. 


TT 


( 6 ) 


The average error measures the average deviation of each 
observation from the mean of the whole series. It is a more 
useful standard of comparison than the probable error when the 
attention is directed to the relative accuracy of the individual 
observations in different series of observations. The average error 
depends not only upon the jOToportion in which the errors of differ- 


* Some writers call our ** average error ” the mean error, ’ and. our ‘ mean error 

the “ error of mean square ”. 
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ent magnitudes occur, but also on the magnitude of the individual 
errors. The average error furnishes useful information even when 
the presence of (unknown) constant errors renders a further appli- 
cation of the “theory of errors of questionable utility, because it 
VTill allow us to compare the magnitude of the constant errors 
affecting different series of observations, and so lead to their dis- 
covery and elimination. 

The reader -will be able to show presently that the average error, 
Ay affecting the mean of n observations is given by the expression 


A « 


Utjn 


( 6 ) 


This determines the effect of the average error of the individual 
observations upon the mean, and serves as a standard for comparing 
the relative accuracy of the means of different series of experiments 
made under similar conditions. 


ExampiiBS. — ( 1) The following galvanometer deflections were obtained in 
some observations on the resistance of a cirouit : 37*0, 36*8, 86*8, 36*9, 37*1. 
Find the probable and mean errors. This small number of observations is 
employed simply to illustrate the method of using the above formulae. In 
praiotical work, mean or probable errors deduced from so small a number of 
observations are of little value. Arrange the following table : — 


Number of 
Observation. 

Deflection 

Observed. 

Departure from 
Mean. 


1 

37*0 

-1-0*08 

0*0064 

2 

36*8 

- 0*12 

0*0144 

3 

86*8 

- 0*12 

0*0144 

4 

36*9 

~ 0*02 

0*0004 

6 

37*1 

+ 0*18 

0*0824 


Mean = 36*92 ; 2 ( 0 *) =« 0*0680. 


The numbers in the last two columns have been calculated from those in 
the second. Since n >■ 5, and writing f for 0*6745. 

Mean error of a single result ■■ + « + 0*13. 

Mean error of the mean «» + » + 0*068. 

Probable error of a single result *• ± ** + 0*087. 

Probable error of the mean =* 4* ^2— = + 0*039. 

Average error of a single result « + 2^ a + 0*104. 

Average error of the mean a ± a Hh 0*0465. 
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The mean exxor of the arithmetical mean of the whole set observations is 
written, 86*92 + 0*058 ; the probable error, 86*92 ± 0*089. It is nxmeoessaxy 
to inolnde more than two signifioant figures. You will find the Tables on. 
pages 619 and 620 convenient for the numerical work. 

(2) F. Rudberg {JPogg. Ana., 41, 271, 1887), found the coefficient of expansioxi 
a of dry air by different methods to be a x 100 » 0*8618, 0*8654, 0*8644, 0*8650, 
0*8658, 0*8636, 0*3651, 0*3643, 0*3648, 0*8645, 0*8646, 0*3662, 0*8840, 0*8902, 
0*3652. Required the probable and mean errors on the assumption that the 
results are worth an equal degree of confidence. 

( 8 ) From Ex. ( 8 ), page 161, show that the mean error is the abscissa of 
the point of inflexion of the probability curve. For simplicity, put h « 1. 

(4) Cavendish has published the result of 29 determinations of the mean 
density of the earth {JPhil. Trana,^ 88 , 469, 1798) in which the first significant 
figure of all but one is 5:— 4*88; 6*60; 6*61; 6*07; 5*26; 6 * 66 ; 6*36; 6*29; 
6*58 ; 6 * 66 ; 6*67 ; 6*63 ; 6*62 ; 6*29 ; 5*44; 5*34 *, 6*79 ; 6*10 ; 6*17 ; 6*89 *, 6*42 ; 
6*47; 6*63; 6*34; 6*46; 6*30; 6*75; 6 * 68 ; 6*85. Verity the following 
results: Mean =s 5*46 ; 2S( + ■*?)= 6*04; 2(v®) ■« 1*367 ; if =« ±0*041 ; +0*221 ; 

±0*0277 *, r =« ±0*149 ; a»0‘18 ; A « ±0*033. 

The relation between the probable error, the mean error, the 
average error, and the absolute measure of an error can be ob- 
tained from (2), page 523 ; (2), page 516 ; and (5), page 516. We 
have, in fact, if modulus, h — 1*0000 ; mean error, m ■■ 0*7071 ; 
average error, a — 0*5642 ; probable error, r — 0*4769. 

The following results are oonvenient in combining measurements 
affected with different mean or probable errors : 

2. The mean error of the sum or diffebengb of a n/wniber of 
ohservaUons is equal U> the square root of the sum of the squares of 
the mean errors of each of the observations. Let %, represent 
two independent measurements whose sum or difference combines 
to make a final result 3i, so that 

AC +• ^2* 

Let the mean errors of and be and respectively. If 
M denotes the mean error in X, 

X ± Jif =* (a?i ± + (rCj ± Wg). 

.*. ± Jf = ± mi± m^. 

However we arrange the signs of Jl/, in the last equation, 

we can only obtain, by squaring, one or other of the following ex- 
pressions : — 

Jflfa = 4 . 2 wiW 2 + ; or, 

it makes no difference which. Hence the mean error is to be found 
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by taking th.e mean of both these results. That is to say, 

JkP ss + mg® ; or, -M" = + N/m^i® + 

because the terms containing + mj^m^ and — m^^mg cancel each other . 
This mftfl.na that the products of any pair of residual errors (m-img, 
mimg, . . .) in an extended series of observations will have positive 
as often as negative signs. Consequently, the influence of these 
terms on the mean value will be negligibly small in comparison with 
the terms m^^, wig®* WI 3 ®, ...» which are always positive. Hence, for 
any number of observations, 

— m^® + mg® + - . , j or, ^ ± is/ (wii® + wig® + .»•). (7) 

From equation ( 2 ), page 625, the mean error is proportional to the 
probable error JB, m^ to r^, . , ., hence, 

JS® = r^® -h rg® + . . . ; or, ** ± J (^i® + Wg® + . . .). (8) 

In other words, the probable error of the sum or £>iffbb.bnoi: of two 
qzLontities A and B respectively affected with probable errors i; a 
and ±^b w 

B,^ ± Va® + 6®. ... (9) 

EzAMPiiBS. — (1) The molecular weight of titaniuia chloride (Ti0l4) is known 
bo be 188*545 with a probable error + 0*0092, and the atomic weight of chlorine 
35*179+0*0048, what is the atomic weight of titanium? Ansr. 47*829:1: 
0*0213. Hints. 

188*646 - 4 X 85*179 = 47*829; B, «= •J (0*0092)a + (4 x 0*0048)a « ± *0213. 

It will be obvious that we shall ignore the advice given in § 94, pages 273 

to 276, if we are not very oamful in the interpretation of the probable error in 
these illvstrative examples. 

(2) The mean errors affecting and 9, in the formula 12 =« Ze(9g — Sj) are 
respectively + 0*0003 and + 0*0004, what is the meaun error affecting 0^ — 
and 3(9a — ®i) ? Ansr. + 0*0005 and + 0*0015. 

II, The probable error of the product of two quantities A and 
B respectively affected with the probable errors + a and + 6 19 

•B “ + ^/ (A6)® + (H<x)®. . . (19} 

If a third mean, C, with a probable error, + c, is included, 

-B = ± •J {BCay + (AC6)® + {ABcf, . , (11) 

Examfues. — ( 1) Thorpe found that the molecular ratio 
4Ag : TiOl4 = 100 : ^*017 ± 0*0031. 

Hence determine the molecular weight of titanium tetrachloride, given the 
atomic weight of silver =» 107*108 + 0*0031. Ansr. 188*583 ± 0*0144. Hint. 

■R =* ± >/ { (4 X 107*108 X 0*0031)* + (44*017 x 4 x 0*0031)*}. 

(2) The specific heat of tin is 0*0537 with a mean error of + 0*0014, and 
the atomic weight of the same metal is 118*150 + 0*0089, show that the mean 
error of the product of these two quantities (Dulong.and Petit’s law) is 6*34 + 
0*1654. 
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A 


III. The probable error of the quotient {B A) of two qtiantities 
and B respectively affected with the probable errors + a and ±.bis 


B 



• 0 


( 12 ) 


Ezampjles. — ( 1 ) It is known that the atomic ratio 

On ; 2Ag = 100 : 839*411 ± 0*0089, 

what is the atonoiio weight of copper given Ag »» 107*108 ± 0*0081 ? Ansr. 
63*114 ± 0*0020. Hint. 

R *. ± + (Q'0Q62)^ ^ 339*411 = ± 0*0020. 

Ou : 2 X 107*108 — 100 : 389-411 ; .*. On « 63*114. 

( 2 ) Suppose that the maximum pressure of the aqueous vapour, in the 
atmosphere at 16** is found to be 8*2000, with a mean error ± 0*0024, and the 
maximum pressure of aqueous vapour, at the dewpoint, at 16**, is 18*8000, 
with a mean error of + 0*0012. The relative humidity, h, of the air is given 
by the expression h = Show that the relative humidity at 16^ is 

0-6074 ± 0*0002. 


IV. The probable error of the pboportion 

A ; jB »=» O : X, 

where A, B^ C, are quantities respectively affected with the probable 
errors ± a, ± 6, ± o, is 


B 




(13) 


ExamfIiB:. — S tas found that AgOlO, furnished 26*080 + 0*0019 % of 
oxygen and 7 4*920 + 0*0003 **/(, of AgOl. If the atomic weight of oxygen is 
16*879 + 0*0008, what is the molecular weight of AgOl? Ansr. 142*303 + 0*0066. 
Hints. 26*080 : 74*920 8 x 16*879 ; a; ; .*. a » 142*803. 


R=± 


^ I ^ ^ — ) + (47*637 X 0*001 )*■»+ (74*92 x 8 x 0*0009)« | 


If the proportion be 

A :B 


V 26 * 0 b 

O + a? : D + aj. 


the probable error is given by 


B 





B'^c^ + A^d'^ 
{A --By • 


(14) 


Exampm. — S tas found that 31*488 ± 0*0006 grams of NH 4 OI were equiva- 
lent to 100 grams of AgNOj. Hence determine the atomic weight of nitrogen, 
given Ag = 107*108 ± 0*0081; 01=36*179 + 0*0048; H«l; 0,=47*637 ± 0*0009. 
Ansr. 13*911 ± 0*0048. 

Xili 
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V. The probable error of the arithmetical mean of a series of 
observations is invoersely as the square root of their n/wmber, Ijet 
be the probable errors of a series of independent 
obseryatiohs a^, a^. , a^, which have to be combined so as to 

make up a final result u. Liet the probable errors be respectively 
proportional to the actual errors da^, da^ . . . da,,. The final result 
is a function such that 


u = f(aj^f a^f • > >» ®n)* 

The influeuce of each separate variable on the final result may be 
determined by partial differentiation so that 


du 


bu - bu . 


(16) 


where da-y, da ^, , . . represent the actual errors committed in 
measuring a^^ a ^, . . . ; the partial differential coefficients determine 
the effect of these variables upon the final result u ; and du re- 
presents the actual error in u due to the joint occurrence of the 
errors da^, da ^^ , . . Put R in place of du \ in place of etc. ; 
square (15) and 


since cross products are negligibly small, 
of n observations is 


+ • . .t • • ( 1 ®) 

The arithmetical mean 


u «« + ^2 + • » » + 

n * 

therefore, 

bj^_bu 1. . „o »-i2 + r224-. . . + r„* 

ba^ - 

But the observations have an equal degree of precision, and there- 
fore, rjS — rg2 ^ . a. » rK 



This result shows how easy it is to overrate the effect of multi- 
plying observations. If JB denotes the probable error of the mean 
of 8 observations, four times as many, or 32 observations must be 
made to give a probable error of ^JR ; nine times as many, or 72 
observations must be made to reduce B to etc. 


ExampliBss. — ( 1) Two series of deterzn.ina>tions of tlie atoxuic weight of oxygen 
by a certain process gave respectively 15*8726 ±0-0(X)58 and 16*8769 ±0*00058. 
Hence show that the atomic weight is accordingly written 16*87476 ±0*00041. 



531 


§ 163. PBOBABIIilTY ANB THE THEORY OE ERRORS. 


(2) In the preceding section, § 161, given formula (8) deduce (9). Hint. 
Use (17), present section. 

(S) Deduce Peter’s approximation formulee (10) and (11), § 161. Hint. 
Since 2 (£b®)/» «= 36(‘u®)/(» — 1), page 624, we may suppose that on the average 
2(a;): s/n — S(v) : fJn — 1, etc. "Sflafn is the mean of the errors, and if j^ln=* 
probability integral, page 522, =*= XJh it follows' from (2), page 528, ^ =* 
0*8453 etc. See also (2) page 516. 

(4) Show that when n is large, the result of dividing the mean of the 
squa>res of the errors by the square of the mean of the errors is constant. 
Hint. Show that 

( 18 ) 


This has been proposed as a test of the fidelity of the ohservatious, and of the 
accuracy of the arithmetical work. For instance, the numbers quoted in the 
example on page 554 give S(o)ss55*53; 2(v*) as 854*85 ; nssl4; constant = 1*60. 
The canon does not usually work very well with a small number of observa- 
tions. 

(5) Show that the probable (or mean) error is inversely proportional to 
the absolute measure of precision. Hint. Prom (1) and (2) 


r 


X constant; 


roc 


1 

3t* 


(19) 


§ 163. Numerioal Values of the Probability Integrals. 

We have discussed the two questions : 

1. What is the best representative value of a series of measure- 
ments affected with errors of observations ? 

2. How nearly does the arithmetical mean represent all of a 
given set of measurements affected "with errors of observation ? 

It now remains to inquire 

3. Sow closely does the arithmeticcbl vnecuv, cifpproxwncLte to the 
absolute truth ? To illustrate, we may use the results of Crookes' 
model research on the atomic weight of thallium (Phil. Trans.f 163, 
277, 1874). Orooke’s determination of this constant gave 
203*628; 203*632; 203*636; 203*638; 203*639 1 

203*642; 203*644; 203*649; 203*660; 203*666;/^®®'“* 

The arithmetical mean is only one of an infinite number of possible 
values of the atomic weight of thallium between the extreme limits 
203*628 and 203*666. It is very probable that 203*642 is not the 
true value, but it is also very probable that 203*642 is very near 
to the true value sought. The question ** How near?** cannot be 
answered. Alter the question to ** 'What is 'the probability that 
the truth is comprised between the limits 203*642 + x?** and the 
answer may be readily obtained however small we choose to make 
the number x. 

Iili * 
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First y suppose that the absolute measure of precision y hy of the 
arithmetical mean is hnovm. Table X. gives the numerical values 
of the probability integral 

g rhx 
Nr J 0 

where P denotes the probability that an error of observation will 
have a positive or negative value equal to or less than aj, h is the 
measure of the degree of precision of the results. 

^When h is unity, the value of P is read off from the table 
directly. To illustrate, we read that when x = +0*1 P — *112; 
when a; = + 0*2 P = *223 ; . . meaning that if 1,000 errors are 
committed in a set of observations with a modulus of precision 
=* 1, 112 of the errors will lie between +• 0*1 and — 0*1, 223 
between + 0*2 and — 0*2, etc. Or, 888 of the errors will exceed 
the limits + 0*1 ; 777 errors will exceed the limits + 0*2 ; . . . When 


h is not unity, we must use 


02 - ^ 
h h » 


in place of 0*1, 0*2. 


Exa-MPIiBS, — ( 1) If hx ~ 0*64, P, from the table, is 0*6346. Hence 0*6846 
denotes the probability that the error x will be less than 0'Q4:fh, that is to 
say, 63*46 of the errors will lie between the limits + 0’64/fc. The remaining 
36*54 will lie outside these limits. 

(2) Required a probability that an error will be comprised between the 
limits + 0*3 {h = 1). Ansr. 0*329. 

(3) Required the probability that an error will lie between — 0*01 and 
+ 0*1 of say a milligram. This is the sum of the probabilities of the limits 
from 0 to — 0*01 and from 0 to + 0*1 {h — 1). 

(4) Required the probability that an error will lie between + 1*0 and + 
0*01. This is the difierenoe of the probabilities of errors between 1*0 and zero 
and between 0*01 and zero (h — 1). Ansr. ^(0*842T — 0*0113) =» 0*4157. 

This table, therefore, enables us to find the relation between the 
magnitude of an error and the frequency with which that error will 
be committed in making a large number of careful measurements. 
It is usually more convenient to work from the probable error JR 
than from the modulus h. More practical illustrations have, in 
consequence, been included in the next set of examples. 

Second, suppose that the probable error of the arithmetical mean 
is lcnown» Table XI. gives the numerical values of the probability 
integral 

ax 
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where P denotes the probability that an error of observation of a 
positive or negative value, equal to or less than a?, will be com- 
mitted in the arithmetical mean of a series of measurements with 
probable error r (or JR). This table makes no reference to h. To 
illustrate its use, of 1 ,000 errors, 54 will be less than -j^JB ; 500 
less than JR ; 823 less than 2R ; 957 less than 3i2 ; 993 less than 
4 jB ; and one will be greater than 6JR. r (or JR) =*» a/fe, where h is 
a measure of the precision and a is a constant of value 0*4769. 

Ez;a.mpls:s. — ( 1 ) A series of results are represented by 6*9 with a probable 
error i 0*25. The probability that the probable error is less than 0*26 is J. 
What is the probability that the actual error will be less than 0*76. 
Here xjJR = 0*76/0*26 »=* 3. From the table, p 0*9570 when xfR «« 8 . 
This means that 96*7 */o of the errors will be less than 0*76 and 4*3 
greater. 

( 2 ) D. Gill finds the solar parallax to be 8*802^' + 0*006. What is the 
probability that the solar parallax may lie between 8*802" ± 0*026. Here 
xjB « 0*025 ^ 0*005 « 6 . When B = 6 , Table XI., P = 0*9993. This 
means that £9993 might be bet in favour of the event, and £7, against the 
event. 

(3) Dumas has recorded the following 19 determinations of the chemical 
equivalent of hydrogen (O ■» 100) using sulphuric acid (HgSO^) with some, 
and phosphorus pentoxide (P 2 O 5 ) as the drying agent in other cases : 

i. HaSO^ ; 12-472, 12-480, 12-648, 12*489, 12-496, 12*622, 12*638, 12-546, 
12*650. 12*662 ; 

ii. PaOj : 12*480, 12*491, 12*490, 12-490, 12*608, 12-647, 12*490, 12*561, 
12-651. J. B. A. Dumas* “ Recherches sur la Composition de I’Eau,” Awn. 
Chim. Phys.^ [3], 8 , 200, 1843. What is the probability that there will be an 
error between the limits ± 0*016 in the mean (12*616), assuming that the 
results are free from constant errors ? The chemical student will perhaps see 
the relation of his answer to Prout’s law. Hints. ®/B = ^ ; B = 0*006686 ; 
X = 0*015; .*. i *= 2*63. From Table XI., when t = 2*63, P = 0*909. Hence 
the odds are 969 to 81 that the mean 12*616 is affected by no greater error 
than is comprised within the limits + 0*016. To exemplify Table X., 
h ** 0*4769 /B = 102 , hx ^ 102 x 0*015 =» 1*63. From the Table* P — 0*924 
when hx ■= 1*68, etc. That is to say, 96*9 of the errors will be less amd 
3-1 greater than the assigned limits. 

( 4 ) From W. Crookes’ ten determinations of the atomic weight of thallium 
(above) calculate the probability that the atomic weight of thallium lies be- 
tween 203*632 and 203*662. Hero x = ± 0*01; B ± = 0*0023 ; .*. 

From Table XI. , P 0*997. (Note how near this nubaber is to unity indicating 
certainty.) The chances are 882 to 1 that the true value of the atomic weight 
of thallium lies between 208*682 and 203*662. We get the same result by 
means of Table X. Thus A— 0*4769-1-0-0028— 207 ; .*. ^io; - 207 x 0*01 — 2*07. 
When fea — 2*07, P — 0*997. If 1,000 observations were made under the same 
conditions as Crookes’, we could reasonably expect 997 of them to be affected 
by errors numerically less than 0 * 01 , and only 8 observations would be affected 
by errors exceeding these limits. 
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The rules and formulae deduced up to the present are by no 
means inviolable. The reader must constantly bear in mind the 
fundamental assumptions upon which we are working. If these 
conditions are not fulfilled, the conclusions may not only be super- 
fluous, but even erroneous. The necessary conditions are : 

1. Every observation is as likely to be in error as every other 
one. 

2. There is no perturbing influence to cause the results to have 
a bias or tendency to deviate more in some directions than in 
others. 

3. A large number of observations has been made. In practice, 
the number of observations may be considerably reduced if the 
second condition is fulfilled. In the ordinary course of things from 
10 to 25 is usually considered a suf&cient number. 


§ 16$. Maxwell’s Law of Distribution of Molecular Yelooities. 


In a preceding discussion, the velocities of the molecules of a 
gas were assumed to be the same. Can this simplifying assump- 
tion be justified? 

According to the kinetic theory, a gas is supposed to consist of 
a number of perfectly elastic spheres moving about in space with a 
certain velocity. In case of impact on the walls of the bounding 
vessel, the molecules are supposed to rebound according to known 
dynamical laws. This accounts for the pressure of a gas. The 
velocities of all the molecules of a gas in a state of equilibrium are 
not the same. Some move with a greater velocity than others. 
At one time a molecule may be moving with a great velocity, at 
another time, with a relatively slow speed. The attempt has been 
made to find a law governing the distribution of the velocities of 
the motions of the difierent molecules, and with some success. 
Maxwell’s law is based upon the assumption that the same relations 
hold for the velocities of the molecules as for errors of observation. 
This assumption has played a most important part in the develop- 
ment of the kinetic theory of gases. The probability y that a mole- 
cule will have a velocity equal to v is given by an expression of the 
type : 


y = 



-ay 


( 1 ) 


Very few molecules will have velocities outside a ceirtain re- 
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stricted range. It is possible for a molecule to have any velocity 
whatever, but the probability of the 
existence of velocities outside certain 
limits is vanishingly small. The 
reader will get a better idea of the 
distribution of the velocities of the 
molecules by plotting the graph of 
the above equation for himself. Re- 
member that the ordinates are pro- 

portional to the number of molecules, abscissas to their speed. 
Areas bounded by the a;-axis, the curve and certain ordinates will 
give an idea of the number of molecules possessing velocities 
between the abscissae corresponding to the boundary ordinates. In 
Fig. 172 the shaded portion represents the number of molecules 
with velocities lying between and 1’6 Fq. 

ExAnpnBt. — By the ordinary methods for finding a maximum, show from 
(1), that 2 ^ is a maximum when « as a. 



Returning to the study of the kinetic theory of gases, p. 504, 
the number of molecules with velocities between v and is 

assumed to be represented by an equation analogous to the ex- 
pression employed to represent the errors of mean square of page 
525, namely, 

where N represents the total number of molecules, a is a constant 
to be evaluated. 


J. To find a vahie for the constant a m terms of the am&rage 
velocity Vq of the molecnles. Since there are dN molecules with a 
velocity v, the sum of the velocities of all those dN molecules is 
vdN, and the sum of the velocities of all the molecules must be 




2a 



from (2). Where has N gone ? The average velocity Fq is one 
j^Tth of the sum of the velocities of the N given molecules. Hence, 

.... (3) 


II. To find the a/o&rage velocity of the moleoules of a gas. Ry a 
well-known theorem in elementary mechanics, the kinetic energy of 
a mass m moving with a velocity v is Hence, the sum of the 
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kinetic energies of the dN molecules will be ^(mdlTyd^^ because 
there are dN molecules moving with, a velocity v. From (2), there- 
fore, the total kinetic energy (J*) of all the molecules is 


T 


j: 


: OO 


. dN * 


2Nm 


.8 


7 


n r* 
-wj 0 


. e 






a 




3if ■ . . - W 

where M = Nm =■ total mass of N molecules each of mass m. The 
total kinetic energy of N molecules of the same kind is 


T = ^mv\ + ^mv\ -b ... -h ^mv]r =■ -J- 


V, 


2 


+ v^). (5) 


The velocity of mean square, 27, is defined as the velocity whose 
square is the average of the squares of the velocities of all the N 
molecules, or. 


27* = 


v\ + vl 




T = \mNW = \mU\ 


N » • • - - 2 

from (5). Agaia, from (4) and (6), tre have 

F. -^=.0-9213«7. 


TT 


( 6 ) 


(7) 


Most works on chemical theory give a simple method of proving 
that if p denotes the pressure and p the density of a gas, 

p ^ VP. . . . . (8) 

This in conjunction with (6) allows the average velocity of the 
molecules of a gas to be calculated from the known values of the 
pressure and density of the gas, as shown in any Textbook on 
Physical Chemistry. 

The reader is no doubt familiar with the principle underlying 
Maxwell’s law, and, indeed, the whole kinetic theory of gases. I 
may mention two examples. The number of passengers on say 
the 3.10 p.M. suburban daily train is fairly constant in spite of the 
fact that that train does not carry the same passenger two <^ays 
running. Insurance companies can average the number of deaths 
per 1,000 of population with great exactness. Of course I say 
nothing of disturbing factors. A bank holiday may require pro- 
vision for a supra-normal traffic, and an epidemic will run up the 
death rate of a community. The commercial success of these 
institutions is, however, sufficient testimony of the truth of the 
method of averages, otherwise called the statistical method 
of investigation. The same type of mathematical expression is 
required in each case. 
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It will thus be seen that calculations, based on the supposition 
that all the molecules possess equal velocities, are quite admissible 
in a first approximation. The net result of the ** dance of the mole- 
cules" is a distribution of the different velocities among all the 
molecules, which is maintained with great exactness. 

G. H. Darwin has deduoed values for the mean free path, etc., from the 
hypothesis that the molecules of the same gsis are not all the same size. He 
has examined the consequences of the assumption that the sizes of the mole- 
cules are ranged according to a law like that governing the frequency of errors 
of observation. For this, see his memoir ** On the meohanical conditions of a 
swarm of meteorites ” (Phil. Trans., 180, 1, 1889). 


§ 165. Constant or Systematic Errors. 

The irregular accidental errors hitherto discussed have this 
distinctive feature, they are just as likely to have a positive as a 
negative value. But there are errors which have not this character. 
If the barometer vacuum is imperfect, every reading will be too 
small ; if the glass bulb of a thermometer has contracted after 
graduation, the zero point rises in such a way as to falsify all 
subsequent readings ; if the points of suspension of the balance 
pans are at unequal distances from the centre of oscillation of the 
beam, the weighings will be inaccurate. A change of tempera- 
ture of 6" or 6° may easily cause an error of 0*2 to 1*0 in an 
analysis, owing to the change in the volume of the standard 
solution. Such defective measurements are said to be ai'fectod 
by constant errors.' By definition, constant errors are produced 
by well-defined causes which make the errors of observation pre- 
ponderate more in one direction than in another. Thus, some of 
Dumas’ determinations of the atomic weight of silver are affected by 
a constant error due to the occlusion of oxygen by metallic silver in 
the course of his work. 

One of the greatest trials of an investigator is to detect and if 


* Personal error. This is another typo of constant error which depoutlH on th« 
personal qualities of the observer. Thus the <U(Tereuces in the of the 

astronomers at the Greenwich Observatory as to the observed time of transit of a star 
and the assumed instant of its actual occurrence, are said to vary from to of a 
second, and to remain fairly constant for the same observer. Some p«!rsi»tently road 
the burette a little high, others a little low. Vernier readings, analysee hitseil on 
colorimetric tests (such as Nessler's ammonia procoss), etc., may bo allocted by 
personal errors. 
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possible eliminate constant errors. ** The history of science teaohes 
all too plainly the lesson that no single method is absolutely to be 
relied upon, and that sources of error lurk where they are least 
expected, and that they may escape the notice of the most ex- 
perienced and conscientious worker.’* ^ Two questions of the 
grayest moment are now presented. How are constant errors to 
be detected ? How may the effect of constant errors be eliminated 
from a set of measurements ? This is usually done by modifying 
the conditions under which the experiments are performed. It is 

only by the concurrence of evidence of various kinds and from various 
sources,” continues Lord Bayleigh, ** that practical certainty may 
at least be attained, and complete confidence restored.” Thus the 
magnitude is measured under different conditions, with different 
instruments, etc. It is assumed that even though each method or 
apparatus has its own specific constant error, all these constant 
errors taken collectively will have the character of accidental errors. 
To take a concrete illustration, faulty sights *’ on a rifle may cause 
a constant deviation of the bullets in one direction ; the ** sights ” 
on another rifle may cause a constant “ error ” in another direc- 
tion, and so, as the number of rifles increases, the constant errors 
assume the character of accidental errors and thus, in the long 
run, tend to compensate each other. This is why Stas generally 
employed several different methods to determine his atomic weights. 
To quote one practical case, Stas made two sets of determinations 
of the numerical value of the ratio Ag : KGl. In one set, four senes 
of determinations were made with KGl prepared from four different 
sources in conjunction with one specimen of silver, and in the other 
set different series of experiments were made vsdth silver prepared 
from different sources in conjunction with one sample of KOI. Un- 
fortunately the latter set was never completed. 

The calculation of an arithmetical mean is analogous to the 
process of guessing the centre of a target from the distribution of 
the ** hits ’* (hig* 165). If all the shots are affected by the same 
constant error, the centre, so estimated, will deviate from the true 
centre by an amount depending on the magnitude of the (presumably 
unknown) constant error. If this magnitude can be subsequently 
determined, a simple ahthmetioal operation (addition or subtraction) 
will give the correct value. Thus Stas found that the ampunt of 


> Lord Bayleiglx'a Presidential Address, B.A. Beports, 1884 . 
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potassium chloride equivalent to 100 parts of silver in one case 
was as 

Ag : KOI - 100 : 69-1209. 

The KOI was subsequently found to contain 0*00259 per cent, of 
silica. The chemical student will see that 0*00179 has conse- 
quently to be subtracted from 69*1209. Hence, 

Ag : KOI = 100 : 69*11903. 

After Lord Rayleigh (Proc. Roy. Soc., 48, 366, 1888) had proved 
that the capacity of an exhausted glass globe is less than when the 
globe is full of gas, all measurements of the densities of gases 
involving the use of exhausted globes had to be corrected for 
shrinkage. Thus Regnault*s ratio, 1 : 15*9611, for the relative 
densities of hydrogen and oxygen was “ corrected for shrinkage ” 
to 1 : 15*9105. The proper numerical corrections for the constant 
errors of a thermometer are indicated on the well-known Kew 
certificate,*’ etc. 

If the mean error of each set of results differs, by an amount 
to be expected, from the mean errors of the different sets measured 
with the same instrument under the same conditions, no constant 
error is likely to be present. The different series of atomic weight 
determinations of the same chemical element, published by the 
same, or by different observers, do not stand this test satisfactorily. 
Hence, Ostwald concludes that constant errors must have been 
present even though they have escaped the experimenter’s ken. 

ExampIiB. — D iscuss the following: “Merely Increasing the number of 
experiments, without varying the conditions or method of observation, 
diminishes the influence of accidental errors. It is, however, useless to 
multiply the number of observations beyond a certain limit. On the other 
hand, the greater the number and variety of the observations, the more 
complete will be the elimination of the eflects of both constant and accidental 
errors.’* 


§ 166. Proportional Errors. 

One of the greatest sources of error in scientific measurements 
occurs when the quantity cannot be measured directly. In such 
cases, two or more separate observations may have to be made on 
different magnitudes. Each observation contributes some little 
inaccuracy to the final result. Thus Faraday has determined the 
thickness of gold leaf from the weight of a certain number of 
sheets. Foucault measures time, Le Chatelier measures tempera- 
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ture in terms of an angular deviation. The determination of the 
rate of a chemical reaction often depends on a number of more or 
less troublesome analyses.^ 

Fox this reason, among others, many chemists prefer the standard Os 16 
as the basis of their system of atomic weights. The atomic weights of most 
of the elements have been determined directly or indirectly with reference to 
oxygen. If H » 1 be the basis, the atomic weights of most of the elements 
depend on the nature of the relation between oxygen and hydrogen — a 
relation which has not yet been fixed in a satisfactory manner. The best de- 
terminations made since 1887 vary between H ; O = 1 : 16*96 and H : O 1 : 16*87 . 
If the former ratio be adopted, the atomic weights of antimony and uranium 
would be respectively 119*6 and 289*0 ; while if the latter ratio be employed, 
these units become respectively 118*9 and 237*7, a difference of one and two 
units 1 It is, therefore, better to contrive that the atomic weights of the 
elements do not depend on the uncertainty of the ratio H : O, by adopting 
the basis : O » 16. 

If the quantity to be determined is deduced by calculation from 
a measurement, Taylor’s theorem furnishes a convenient means 6f 
criticizing the conditions under which any proposed experiment is 
to be performed, and at the same time furnishes a valuable insight 
into the effect of an error in the measurement on the whole result. 
It is of the greatest importance that every investigator should 
have a clear idea of the different sources of error to which his 
results are liable in order to be able to discriminate between im- 
portant and unimportant sources of error, and to find just where 
the greatest attention must be paid in order to obtain the best 
results. The necessary accuracy is to be obtained with the least 
expenditure of labour. 

J. Proportional errors of simple measurements. Let y be the 
desired quantity to be calculated from a magnitude x which can be 
measured directly and is connected with y by the relation 

y “ 

fix) is always affected with some error dx which causes y to deviate 
from the truth by an amount dy. The error will then be 

(y + %) - y ** fip + dx) - f(x). 


^ Indirect results are liable to another source of error. The formula employed 
may be so inexact that accurate measurements give but grossly approximate results. 
For instance, a first approximation formula may have been employed when the 
accuracy of the observations required one more precise ; ^ may have been put 

in place of x s 8*14159 ; or the coefficient of expansion of a perfect gas has been 
applied to an imperfect gas. Such errors are called errors of method. 
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dx is necessarily a small magnitude, therefore, by Taylor s theorem, 

f(x + dx) = /(®) + /(a?) . da; + . . 
or, neglecting the higher orders of magnitude, 

d/y ^ C®) * dXt 

The relation between the error and the total magnitude of y is 

d/y f ip') • ^ 

— =3 ~ — V 

y /(^») 

All this means is that the dieferential of a function represents the 
change in the value of the function when the variable suffers an 
infinitesimal change. The student learned this the first day he 
attacked the calculus. The ratio &y\y\^ called the propoFtional, 
relative, or fractional error, that is to say, the ratio of the error 
involved in the whole process to the total quantity sought j while 
lOOdj/ : y is called the percentage error. The degree of accuracy 
of a measurement is determined by the magnitude of the propor- 
tional error. 

Magnitude of error 

Proportional Error = magnitude of quantity measured* 


Students often fail to understand why their results seem all 
wrong when the experiments have been carefully performed and 
the calculations correctly done. For instance, the molecular 
weight of a substance is known to be either 160, or some multiple 
of 160. To determine which, 0*380 (or w) grm. of the substance 
was added to 14*01 (or grms. of acetone boiling at 6^ 3*50 ) 

on Beckmann’s arbitrary scale, the temperature, in consequence, 
fell to $2 (or 3*36®) ; the molecular weight of the substance, M, is 
then represented by the known formula 


1670 


w 


- ^2) ’ 


or. M - 1670 


*380 


14*01 X *14 


323, 


or approximately 2 x 160. Now assume that the temperature 
readings may be ± 0*06* in error owing to convection currents, 
radiation and conduction of heat, etc. Let ^^*="3*65 and 6^ *sa3*31 , 


M - 1670 


0*380 

14*01 X 0*24 


188. 


This means that an error of ± in the reading of the thermometer 
would give a result positively misleading. This example is by no 
means exaggerated. The simultaneous determination of the heat 
of fusion and of the specific heat of a solid by the solution of two 
simultaneous equations, and the determination of the latent beat 
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of steam are specially liable to similar mistakes. A study of the 
reduction formula will show in every case that relatively small 
errors in the reading of the temperature are magnified into serious 
dimensions by the method used in the calculation of the final 
result. 


EslaacpiiSS.-— ( 1) Almost any text-book on optics will tell you that the 
radius of curvature, r, of a lens, is given by the formula 

r = -5L. 

f-d 

Liet the true values of / and a be respectively 20 and 15. liot / and a be liable 
to error to the extent of + 0'5, say, f is read 20*5, and a 14*5. Then the true 
value of r is 60, the observed value 51*2. Eraotional error ■»» This means 

that an error of about 0*5 in 20, «.e., 2*5 in the determination of / and a 
may cause r to deviate 15 from the truth. 

(2) In applying the formula 

F-8.e»«x>%r, 


for the influence of temperature on the velocity, F*, of a ohemioal reaction 
show that an error of 1® in the determination of Tj, at about 300® aba., will 
give a fractional error of 2*4 in the determination of F. Hint. Substitute 
2*1 =* 300, To = 273. Use Table lY. I make V = 41*52. Now put = 301. 
I get F = 43*79, etc. Hence an error of 1® will make F vary about 6 ®/^ from 
its true value. 


If we knew that an astronomer had made an absolute error of 
100,000 miles in estimating the distance between the earth and 
the sun, and also that a physicist had made an absolute error of 

the 10000.000000 ^1^ S' niile in measuring the wave length of a 
spectral line, we could form no idea of the relative accuracy of the 
two measurements in spite of the fact that the one error is the 

100 0.0 00 0^0 0,00000 o '*l^ of *lio other. In the first measurement 

the error is about i- ; ^ oo of I'll® whole quantity measured, in the 
second case the error is about the same order of magnitude as the 
quantity measured. In the former case, therefore, the error is neg- 
ligibly small ; in the latter, the error renders the result nugatory. 

It is therefore important to be able to recognise the weak and 
strong points of a given method of investigation ; to grade the 
degree of accuracy of the different stages of the work so as to 
produce the required result ; so as to have enough at all points, 
but no superfiuity. I have already spoken of the need for 
** scientific perspective*’ in dealing with numerical computations. 


EzampxiBS. — ( 1) It is required to determine the capacity of a sphere from 
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the xneasaremexit of its diameter. Det y denote the -voluine, a; the diameter, 
then, by a well-known mensuration formula, y » It is required to find 

the efieot of a small error in the measurement of the diameter on the oal- 
cnlated volume. Suppose an error is committed in the measurement, then 


y dy ^ + Saj^das + 3x{dx)^ + (da;)*}. 

By hypothesis, da; is a very small fraction, therefore, by neglecting the higher 
powers of da; and dividing the result by the original expression 

y Hr dy_ 1 /a;* + Sa5*da;\ . dy _ 
y * 6*V /* V “ ®* 

Or, the error in the calculated result is three times that made in the 
measurement. Hence the necessiiy for extreme precautions in measuring 
the diameter. Sometimes, we shall find, it is not always necessary to be so 
careful. The same result could have been more easily obtained by the use of 
Taylor’s theorem as described above. Difierentiate the origined expression 
and divide the result by the original expression. We thus get the relative 
error without trouble. 

(2) Oriticize the method for the determination of the atomic weight of 
lead from the ratio Pb : O in lead monoxide. Bet y denote the atomic 
weight of lead, ct the atomic weight of m^gen (known). It is found ex- 
perimentally that « parts of lead combine with one part of oxygen, the 
required atomic weight of lead is determined from the simple proportion 

y:a"»x:l; or, y—oas; oXfdy^adx; dyjy*»dxlx. • (2) 

Thus an error of 1 in the determination of x introduces an equal error in 
the calculated value of y. Other things being equal, this method of finding 
the atomic weight of load is, .therefore, very likely to give good results. 

(3) Show that the result of determining the atonaic weight of barium by 
precipitation of the chloride with silver nitrate is less influenced by experi- 
mental errors than the determination of the atomic weight of sodium in the 
ga.m A way. Assume that one part of silver SbS nitrate requires x parts of sodium 
(or barium) chloride for precipitation as silver chloride. Let a and b bo the 
known atomic weights of silver and chlorine. Then, if y denotes the atomic 
weight of sodium, y + bi o**® : 1 ; or,y=a® — & ; .*. as=(y + 6)/®. Differentiate, 
and substitute ysss28, b = 3&'5. 


V 



y + b ^ 
y ’ X 


dx 

2 - 64 — 

X 


» 


or an error of 1 determination of ohlorino in sodium will introduce 

an error of 2*6 7o i’a atomic weight of sodium. Hence it is a disadvantage 
to have b greater than y. For barium, the error introduced is 1*6 7o instead 

of 2-6 7 ,. ... 

( 4 ) If the atomic weight of barium y is determined by the precipitation of 

barium sulphate from barium chloride solutions, and a denotes the known 
atomic weight of chlorine, b the known combining weight of SO 4 , then when 
X parts of barium chloride are converted into one part of barium sulphate. 


y + 2a:y + b 


t . dy {b — 2ci)d® 

* * ^ ’ "y “ (1 - X) (b® - 2a)‘ 



544 


HIGHEB MATHEMATICS. § 166. 


(6) An approximation formula used in the deteirmination of the -visoosity 
of liquids is 

irTptr * 

^ Svl * 

where v denotes the volume of liquid flowing from a capillary tube of radius r 
and length I in the time £ ; p is the actual pressure exerted by the ooluixm of 
liquid. Show that the proportional error in the calculation of the viscosity 
is four times the error made in measuring the radius of the tube. 

(6) In a tangent galvanometer, the tangent of the angle of deflection of 
the needle is proportional to the current. Prove that the proportional error 
in the calculated value of the curaent due to a given error in the reading is 
least when the deflection is 45^. The strength of the current is proportional 
to the tangent of the displaced angle a:, or 




O tan x; dy 


C . dx dy 

ooa^x • y 


dx 

sin X . cos X 


To determine the minimum, put 


d /dy\ sin^g — oos^ _ 
^\y ) ™ sin^ . oos% “ ’ 


sin^g =ss cos®g, or, sin x =« cos x. 


This is true only in the neighbourhood of 45® (Table XIV.), and, therefore, in 
this region an error of observation vTill have the least influence on the final 
result. In other words, the best results are obtained with a tangent galvo- 
nometer when the needle is deflected about 45®. 

What will be the effect of an error of 0*25® in reading a deflection of 42®, 
on the calculated current ? Note that * in the above formula is expressed in 
circular or radian measure (page 606). Hence, 



0*25 (degrees) ss 
dx 


IT X 0*25 
180 

2dx 


— 0*004S6(radians). 
0*00872 


sin X . cos X sin 2g sin 84® 


0*009; i.e., 0*9%, 


since, from a Table of Natural Sines, sin 84®— 0*9945. 

(7) Show that the proportional error involved in the measurement of an 
electrical resistance on a Wheatstone's bridge is least near the middle of the 
bridge. Let 22 denote the resistance, I the length of the bridge, x the distance 
of the telephone from one end. .*. y — Rxl{l + x). Proceed as above and 
show that when g a (the middle of the bridge), the proportional error is a 
minimum. 

(8) By Newton’s law of attraction, the force of gravitation, between 
two bodies varies directly as their respective masses — — and inversely as 
the square of their distance apart, r. The mass of each body is supposed to 
be collected at its centroid (centre of gravity). The weight of one gram at 
Paris is equivalent to 980*868 dynes. The dyne is the unit of force. Hence 
Newton’s law, g =» firnjm^r'^ (dynes), may be written w = (grams), where 
a is a constant equivalent to ft x x Tn, x 980*868. Hence show that for 
small changes in altitude dwfw » - 2drjr. Marek was able to detect a differ- 
ence of 1 in 500,000,000 when comparing the kilogram standards of the 
Bureau International des Poids et Mesures. Hence show that it is possible 
to detect a difference in the weight of a substance when one scale pan of the 
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balance is raised one centimetre higher than the other. Hint. Radius of earth 
= r = 637,130,000 cm. \ to = 1 kilogrm. ; dr = 1 cm. ; 

dW _ 2 1 mi t ii- ^ 

•** ” w “ 637,130,000 ’"318, 665,000* greater 60d,0d0,006’‘ 

As a further exercise, show that a kilogram will lose 0*00008 grm., if it be 
weighed 10 cm. above its original position. Hint. Find —dw ; r has Hs 
former value ; to = 1000 grm. ; dr = 10 cm. 

JI. Proportional error of composite measurements. Whenever a 
result has to be determined indirectly by combining several different 
species of measurements — weight, temperature, volume, electro- 
motive force, etc. — the effect of a percentage error of, say, 1 per 
cent, in the reading of the thermometer will be quite different from 
the effect of an error of 1 per cent, in the reading of a voltmeter. 

It is obvious that some observations must be made with 
greater care than others in order that the influence of each kind 
of measurement on the final result may be the same. If a large 
error is compounded with a small error, the total error is not ap- 
preciably affected by the smaller. Hence Ostwald recommends 
that “a variable error be neglected if it is less than one-tenth of 
the larger, often, indeed, if it is but one-fifth 

ExAMFii&B. — (1) Joule’s relation between the strength of a current O 
(amperes) and the quantity of heat Q (calories) generated in an electric con- 
ductor of resistance 22 (ohms) in the time t (seconds), is, Q s 0‘2AC^Rt. Show 
that 22 and t must be measured with half the precision of C in order to have 
the same influence on Q. 

(2) What will be the fractional error in Q corresponding to a fractional 
error of 0*1 in JE2 ? Ansr. 0*001, or 0*1 ®/o. 

(3) What will be the percentage error in C corresponding to 0*02 ®/o in Q ? 
Ansr. 0*01 

(4) If the density s of a substance be determined from its weights (w, to^ 
in air and water, and remembering that s » Wi({to — ^i), show that 

da _ to ( dw-y dv>\ 

TO — TOj TO )‘ 

(5) The specific heat of a substance determined by the method of mixtures 
is given by the formula 

t»ic(02“^i) 

m(0-e2) ’ 

where m is the weight of the substance before the experiment ; the weight 
of the water in the calorimeter ; c the mean specific heat .of water between 
^2 and 01 ; 0 is the temperature of the body before immersion; 0^ the initial 
temperature reached by the water in the calorimeter; 0a the temperature of 
the system after equalization of the temperature has taken place. Supposing 
the water equivalent of the apparatus is included in what will be the 
effect of a small error in the determination of the different temperatures on 
the result ? 


MM 
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First, error in Show that <is/s = — If an error of say 0*1® 

is made in a reading and 9^ — = 10®, the error in the resulting specific heat 

is about 1 ®/^ If a msiXimum error of 0*01 ®/^ is to be permitted, the tempera- 
ture must be read to the 0*0001®. 

Seoond^errorintf. Show that d^/s » — d9/(9 — 0^). If a maximum error in 
the determination of « is to be 0*1 ®/^, when 9 — 9^ = 50®, 9 must be read to the 
0*05®. n an error of 0*1® is made in reading the temperature and 9 — 6* » 50^, 
show that the resulting error in the specific heat will be 0*2 ®/o. 

Third, error in Show that ds/s = de^KB^ — ®i) + dej(d — 92). It the 
maximum error sJlowed is 0*1 ®/o and 92—9i=10®, 9 — 9i=50®, show that 9^ 
must be read to the rfv** > *^hile if an error of 0*1® is made in the reading of 
®a» show that the resulting error in the specific heat is 1*2 ®/o< 

(6) In the preceding experiment, if » 100 grams, show that the 
weighing need not be taken to more than the 0*1 gram for the error in s to be 
within 0*1 ®/o ; and for m, need not be closer than 0*5 gram when m is about 
50 grams. 

Since the actual errors are proportional to the probable errors, 
the most probable or mean yalue of the total error du, is obtained 
from the expression 

(**)’- 

from (16), § 162, page 630. Note the squared terms are all positive. 
Since the errors are fortuitous, there will be as many positive as 
negative paired terms. These will, in the long run, approximately 
neutralize each other. Hence (3). 

ExampxiBS. — ( 1) Divide equation (8) by ti^, it is then easy to show that 



from the preceding set of examples. Hence show that the fractional error in 
Q, corresponding to the fractional errors of 0*0S in O, 0*02 in M and 0*08 in t, 
is 0*07. 

(2) The regular formula, for the determination of molecular weight of a 
substance by the freezing point method, is M as KtofS, where AT is a constant, 
M the required molecular weight, w the weight of the substance dissolved in 
100 grams of the solvent, 9. the lowering of the freezing point. In an actual 
d^ermination, to = 0*5189, 9 *■ 0*296, — 19 (Perkin and Kipping’s Organic 

Chemistry), what would be the effect on M of, an error of 0*01 in the deter- 
mination of to, and of an error of 0*01 in the determination of 9? Also show 
that an error of. 0*01 in the determination of 9 affects M to an extent of 
— 8*89, while an error of *01 in the determination of to only affects M to the 
extent of 0*94. Hence show that it is not neoessaocy to weigh to more than 
0*01 of a gram. 

Erom (16), § 162, page 530, when the effect of each observation 
on the final result is the same, the partial differential coefi&oients 
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are all equal. If v, denotes the sum of n observations, 6 ( 2 , ...» a,,. 

Tiu 

tt = «! + Ug + • • • + J ^ =» ^ « . . . = 1. 

X 2 

Hut, in order that the actual errors affecting each observation may 
be the same, we must have, from (17), page 630, 

du 


da^ = da^ 


with the fractional errors 


u 


dac 




da. 


( 4 =) 


u 


u 


(5) 


du 1 

'^*7« ’ 

ExampCiSss. — ( 1) Suppose the greatest allowable fractional error in Q 
(preceding examples) is 0*6 °/o, what is the greatest percentage error in each 
o£ the variables O, tt allowable under Oi^ual effects ? Here, 


dG 


2^ 


0005 


■78 


dB dt 

O ^ B ’’ t ‘ 

Ansr. 0*22 for B and t ; and 0*11 *’/o for O. 

(2) If a volume v of a given liquid flows from a long oapUlajy tube of 
radius r and length I in t seconds, the viscosity of the liquid is if » irpT*tJBvlj 
where p denotes the excess of the pressure at the outlet of the tube over 
atmospheric pressure. What would be the errors dr , du, dZ, df, necessary 
under equal effects to give ri with a precision of 0*1 7 Here, 


dp 

p ~ t 


dv 

V 




dl 

I 


0001 


>0*00045. 


It is now necessary to know the numerical values of p, f, v, r, Z, before 
dpf dt , . . . can be determined. Thus, if r is about 2 mm., the r^ius m ust 
be measured to the 0*00022 mm. for an error of 0*1 ®/o in n- B has been shown 
how the best working conditions may be determined by a study of the formula, 
to which the experimental results are to be referred. The following is a more 

°°”^f3)^he reSstance X of a cell is to be measured. Let C^, respectively 
denote the currents produced by the cell when working through two 
external resistances and r^, and let Bi, be the total msis ® 

circuit, JEJ the electromotive force of the cell is constant. our 
practical physics will tell you that 

X » t®) 

What ratio C, : will furnish the best result ? As usual, by partial differ- 

entiation, (4) above, \a ^ ^ 


(dz)» - (H do.)* + (H.ac.) 


Find values for 'dXj'dO^ aud 'dXj'dO^ from (6) , ai^ *Thus* * 

From Ohm’s law, B OB, JBS being constant. Ox : O* = «« • -«i* 

Substitute this result in (7). 

MM * 
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(i) If a mirror galvanometer is used, dCx = dC^ dG (say) = constant. 

. {dcy _ + {dOr 

. . \<UL} - BiY - I)-" 


(9) 


by substituting x ^ For a minimum error, we have, by the usual 

method. 


d / x^ — x^ \ 

~ 2a; + ij “ ® ’ 


— 2a;® — 1 =* 0 


Or, B<x = 2-2jBj ; or, Gx - 2-2C7a, from Ohm’s law. 
in (9), and we get 


dX 


420Bx\dC\ 


E 


a; =8 2*2 approx. 
Substitute this value of x 

. ( 10 ) 


which shows that the external resistance, 22j, should be as small as is consistent 
with the polarization of the battery. 

(ii) If a tangent galvanometer is used, dCfO is constant. The above 
method will not work. Hence substitute = EB^ and Oj *= EB.^ in the first 
of equations (8), we get 


{dX)‘ 




— 

Ri 



__ s/2 dC 

SCuSL • 



( 11 ) 


From this it can be shown there is no best ratio IZ, : Bx. From the last ex- 
pression we can see that the error dX decreases as iZ^ diminishes, and as B^ 
increases. Hence B .2 should be made as large and Bx as small as is consistent 
with the range of the galvanometer and the polarization of the battery. 

You can easily get the fractional errors in each case. From (10) and 
(11) respectively 

X dX dC _1 X dX 
Cx “n/m'Bi* X’ C ~2‘Bx’ X’ 


assuming in the latter case that Cx : » 3 : 1 ; so that the intermediate 

step from (11) iadX^s/2. 8iZi®/(3iZx - Bj) x dCJC. 


§ 167. ObseFYations of Different Degrees of Accuracy. 

Hitherto it has been assumed that the individual observations 
of any particular series, are equally reliable, or that there is no 
reason why one observation should be preferred more than an- 
other. As a general rule, measurements made by different 
methods, by different observers, or even by the same observer at 
different times, ^ are not liable to the same errors. Some results 


^ 1 am reminded that Dumas, discussing the errors iu his great work on the gravi- 
metric composition of water, alluded to a few pages back, adds the remarks : *‘The 
length of time required for these operations compelled me to prolong the work far into 
the night, generally finishing with the weighings about 2 or 8 o’clock in the morning. 
This may be the cause of a substantial error, for I dare not venture to assert that such 
weighingps deserve as much confidence as if they bad been performed under more 
favourable conditions and by an observer not so worn out with fatigue, the inevitable 
result of fifteen to twenty hours continued attention.” 
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are more trustworthy than others. In order -to fix this idea, 
suppose that twelve determinations of the capacity of a flask by 
the same method, gave the following results : six measurements 
each 1*6 litres ; four, 1-4 litres ; and two, 1-2 litres. The numbers 
6, 4, 2, represent the relative values of the three results 1*6, 1*4. 
1'2, because the measurement 1*6 has cost three times as much 
labour as 1*2. The former result, therefore, is worth three times 
as much confidence as the latter. In such cases, it is customary 
to say that the relative practical value, or the weight of these three 
sets of observations, is as 6 : 4 : 2, or, what is the same thing, as 
3:2:1. In this sense, the weight of an observation, or set of 
observations, represents the relaime degree of precision of that 
observation in comparison with other observations of the same 
quantity. It tells us nothing about the absolute precision, /t, of 
the observations. 

It is shown below that the weight of an observation is, in 
theory, inversely as its probable error ; in practice, it is usual to 
assign arbitrary weights to the observations. For instance, if one 
observation is made under favourable conditions, another under 
adverse conditions, it would be absurd to place the two on the 
same footing. Accordingly, the observer pretends that the best 
observations have been made more frequently. That is to say, 
if the observations ctj, • • -i have weights 
respectively, the observer has assumed that the measurement a-^ 
has been repeated times with the result a^, and that has been 
repeated times with the result 

To take a concrete illustration, Morley ^ has made three accurate 
series of determinations of the density of oxygen gas with the 
following results : — 

I. 1*42879 ± 0 000034 ; II. 1*42887 ± 0-000048 ; 

III. 1-42917 ± 0*000048. 

s 

The probable errors of these three means would indicate that 
the first series were wox'th more than the second. For experimental 
reasons, Morley preferred the last series, and gave it double weight. 
In other words, Morley pretended that he had made four series of 
experiments, two of which gave 1*42917, one gave 1*42879, and one 


IB. Morley, “On the densities of oxygen and hydrogen and on the ratio of their 
atomic weights,’* Smithsonian Contrihutiona to Knowledqe^ No. 980, 65, 1895. 
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gave 1*4:2887. The result is that 1*42900, not 1*42894, given as 
the best representative value of the density of oxygen gas. 

The product of an observation or of an error with the weight of 
the observation, is called a weighted obseryation in the former 
case, and a weighted error in the other. 

The praotioe of weighting observations is evidently open to 
some abnse. It is so very easy to be influenced rather by the differ- 
enoes of the results from one another, than by the intrinsio quality 
of the observation. This is a fatal mistake. 

r. The best valv>e to represent cu number of observations of equal 
weight, is their arithmetioal meom>» If P denotes the most probable 
value of the observed magnitudes . a«, then P — P — Oj, 

, . P — represent the several errors in the n observations. 
From the principle of least squares these errors will be a minimum 
when 

(P -- H- (P — o-a)* -f* . . • H- (P — afy*^ — « minimum. 

Hence, from the regular method for flnding minimum values, 




or the best representative value of a given series of measurements of 
an unknown quantity, is an arithmetical mean of the n observations, 
provided that the measurements have the same degree of oonfldetioe. 

U. The best vaVue to represent a number of observations of 
different weight, is obtained by multiplying each observation by its 
weight and dwidvng the swm of these products by the sum qf their 
different weights. With the same notation as before, let p^, Vs» • • 
Pm he the respective weights of the observations Oj, a^, . . ., a„. 
From the definition of weight, the quantity a^ may be considered 
as the mean of observations of unit weight ; the mean of p^ 
observations of unit weight, etc. The observed quantities may, 
therefore, be resolved into a series of fictitious observations all of 
equal weight. Applying the preceding rule to each of the resolved 
observations, the total number of standard observations of unit 
weight will loe pj^ + ^ p^; the sum of the p,^ standard 

observations of unit weight wiU be ; the sum of p^ standard 
observations, Hence, from (1), the most probable value 

of a series of observations of different weights is 

P' « + P3<^2 + . . . + 

Pi + Pa + p,. 


( 2 ) 
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Note the formal resemblanoe between this formula and that for 
finding the centre of gravity of a system of particles of different 
weights arranged in a straight line. 

Weighted observations are, therefore, fictitious results treated 
as if they were real measurements of equal weight. With this 
convention, the value of P' in (2) is an arithmetioal mean some- 
times called the general or probable mean. 

III. The weight of cm observation is irvoersely as the sqttare of 
its probable error. Let a be a set of observations whose probable 
error is JB and whose weight is unity. Let p 2 » • • •> 

^ 2 » * • •» respective weights and probable errors of a series 

of observations a^^ a^, . . a^, of the same quantity. By definition 
of weight, is equivalent to observations of equal weight. From 
(17), page 630, 




B JB3 



Exampms. — ( 1) If n observations have weights p#, . . .,p«, show that 


® * .fk$) 

DifEerentiate (2) suooessively with respect to o^, n,, . . . and substitate the 
results in (16), page 580. 

(2) Show that the mean error of a series of observations of weights, pj, pa, 


. • Pm 1® 


M 


+ 



3e(pa;‘'*) 

{n-l)2{py' 


Hint. Proceed as in § 161 but usep*® andpv*-* in plaoe of and u® respectively. 
If the sum of the weights of a series of observations is 2(p) ^40, and the sum 
of the products of the weights of each observation with the square of its 
deviation from the mean of nine observations is 2(p£o’^) a>0*3998, show that 


Jkf = ± 0 035. 

(3) The probable errors of four series of observations are respectively 1*2, 
0*8, 0-9, 1*1, what are the relative weights of the corresponding observations ? 
Ansr. 7 : 16 : 11 ; 8. Use (3). 

(4) Determinations of the percentage amount of copper in a sample of 
malachite were made by a number of chemical students, with the following 
results: (1) 39*1 ; (2) 88*8, 88*7, 38*6; (3) 39*9, 39*1, 89 *8 ; (4) 37*7, 87*9. If 
these analyses had an equal degree of confidence, the mean, 38*8, would best 
represent the percentage amount of copper in the ore — ^formula (1). But the 
analyses are not of equal value. The first was made by the teacher. To this 
we may assign an arbitrary weight 10. Sets (2) and (3) were made by two 
different students using the electrolytic process. Student (2) was more ex- 
perienced than student (3), in consequence, we are led to assign to the former 
an arbitrary weight 6, to the latter, 4. Set (4) was made by a student pre- 
tipitating the copper as CuS, roasting and weighing as OuO. The danger 
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of loss of OuS by oxidation to OUSO 4 during ■washing, leads us to assign to 
this set of results an arbitrary weight 2 . From these assum^tionSt show that 
38’91 best represents the percentage amount of copper in the ore. iFor the 
sake of brevity use values above 37 in the calculation. From formula (2), 

~sr ~ 1*91* Add 87 for the general mean. It is unfortunate when so fantastic 
a method has to be used fox calculating the most probable value of a constant 
of Nature,” because a redetermination is then urgently required. 

(5) H. A. Rowland (Proc. Amer. Acad., 15, 75, 1879) has made an exhaus- 
tive study of joule’s determinations of the mechanical equivalent of heat, and 
he believes that loule’s several values have the weights here appended in 
brackets : 442-8 (0) ; 427-6 (2) ; 426-8 (10) : 428-7 (2) ; 429-1 (1) ; 428-0 (1) ; 
426-8 (2) ; 428-0 (8) ; 427-1 (3) ; 426-0 (5) ; 422-7 (1) ; 426-3 (1). Hence Rowland 
concludes that 426-9 best represents the result of Joule’s work. Verify 
this. Notice that Rowland rejects the number 442-8 by giving it zero 
weight. 

( 6 ) Fncke gives the 8*60816" ± 0*087 as the value of the solar parallax ; 
D. G-ill gives 8*802" + 0*006. Hence the merit of Hncke’s work is to the 
merit of Gill’s work, as (0-005)® : (0-037)® = 26 : 1369 = 1 : 64-76- Or JS54-76 may 
be bet in favour of Gill’s number against £1 in favour of Fncke. 

lY. To Gombine severed arith/rneticed means each of which is 
affected with a known •probable (or mean) error, into one general 
mean. One hundred parts of silver are equivalent to 

4:9'5365 ± 0 013 of NH^^Cl, according to Pelouze ; 

49*523 + 0 0055 ,, „ Marignao ; 

49*5973 + 0 0005 „ „ Stas (1867) ; 

49*5992 ± 0 00039 „ „ Stas (1882), 

where the first number represents the arithmetical mean of a series 
of experiments, the second number the corresponding probable 
error. How are we to find the best representative value of this 
series of observations ? The first thing is to decide what weight 
shall be assigned to each result. Individual judgment on the 
“ internal evidence ’* of the published details of the experiments 
is not always to be trusted. Nor is it fair to assign the greatest 
weight to the last two values simply because they are by Stas. 

L. Meyer and K. Seubert, in a paper Die Atomgewichte d&r 
Elemente, aus der Originalzahlen neu bereohnet, Leipzig, 1883, 
weighted each result according to the mass of material employed 
in the determination. They assumed that the magnitude of the 
errors of observation were inversely as the quantity of material 
treated. That is to say, an experiment made on 20 grams ol 
material is supposed to be worth twice as much as one made on 
10 grams. This seems to be a somewhat gratuitous assumption. 
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One way of treating this delicate question ip to assign to each 
arithmetical mean a weight inversely as the square of its mean 
error. F. W. Clarke in his “ Recalculation of the Atomic Weights/* 
Smithsonian Miscellaneous Collections^ 1075, 1897, employed the 
probable error. Although this method of weighting did not suit 
Morley in the special case mentioned on page 649, Clarke con- 
siders it a safe, though not infallible guide. Let A, R, (7, . . ., be 
the arithmetical mean of each series of experiments; a, A, c, . . 
the respective probable (or mean) errors, then, from (2), 


General Mean === 



Probable Error s= 




( 5 ) 

( 6 ) 


Exa&efziIss. — (1) From the esiperimental results just quoted, show that 
the best value for the ratio 

Ag : NH4OI is 100 : 49*6983 ± 0*00031. 

Hint. Substitute A = 49*5365, a = 0*013 ; B « 49*523, h =« 0*0055 ; O = 49*5973, 
c = 0*0005 ; D = 49*5992, d = 0*00039, in equations (5). 

(2) The following numbers represent the most trustworthy results yet pub- 
lished for the atomic weight of gold (H =»1) : 195*606 + 0*0099 ; 196*711+0*0224 ; 
195*808 ±0*0126; 195*624 + 0*0224; 195*896 ± 0*0131 ; 195*770 + 0*0082. Hence 
show that the best representative value for this constant is 196*743 + 0:0049. 

(3) In three series of determinations of the vapour pressure of water 
vapour at O'* Regnault found the following numbers : 

I. 4*54; 4*54; 4*62; 4*64; 4*62; 4*54; 4*62; 4*60; 4*50; 4*64. 

II. 4*66; 4*67; 4*64; 4*62; 4*64; 4*66; 4*67; 4*66; 4*66. 

III. 4*64 ; 4*64 ; 4*54 ; 4*58 ; 4*68 ; 4*67 ; 4*58. 

Show that the best representative' value of series I. is 4*526, with a probable 

error + 0*0105 ; series II., 4*653, probable error + 0*0105 ; series III., 4*561, 
probable error + 0*0127. The most probable value of the vapour pressure of 
aqueous vapour at 0° is, therefore, 4*582, with an equal chance of its possess- 
ing an error greater or less than 0*0064. 

As a matter of fact the theory of probability is of little or 
no importance, when the constant, or systematic errors are greater 
than the accidental errors. Still further, this use of the probable 
error cannot be justified, even when the different series of ex- 
periments are only affected with accidental errors, because the 
•prohahle error only shows how uniformIiY an exyerirnionter has 
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conducted a eertadn process, a/nd not how su/itable that process is for 
the regui/red purpose. In combining difterent sets of determina- 
tions it ia still more unsatisfactory to calculate th.e probable error 
of the general mean by weighting the individual errors according 
to Clarke’s criterion "vdien the probable errors differ very consider- 
ably among themselves. For example, Clarke page 126) 

deduces the general mean 186*316 dt 0*0086 for the atomic weight 
of barium from the following results : 

136*271 ± 0 0106 ; 136*390 ± 0*0141 ; 135*600 ±l 0*2711 ; 


136*563 ± 0*0946. 

The individual series here deviate from the general mean more 
than the magnitude of its probable error would lead us to suppose. 
The constant errors, in consequence, must be greater than the 
probable errors. In such a case as this, the computed probable 
error ± 0*0086 has no real meaning, and we can only conclude 
that the atomic weight of barium is, at its best, not known more 
accurately than to five units in the second decimal place. ^ 

V, Mecm and probable errors of obser^vations of different degrees 
of aocuraey. In a series of observations of unequal weight the 
mean and probable errors of a single observation of unit weight 
are respectively 


m 


± V » - 1 * 


and r »= + 0*6745 


(7) 


'y n - 1 ’ • 

The mean of a series of observations of imequal weight has the 
respective mean and probable errors 


M 






Bud -B =» + 0*6745 




^(pv^) 


( 8 ) 


(n - 1) :§(P) ’ ^ _ 1) 

lExAirPTiTn. — An angle was measured under diiSerent conditions fourteen 
times. Th.e observations all agreed in giving 4*^ 15', but for seconds of a>ro 
the following values were obtained (the weight of each observation is given in 
brackets) : 46"-00 (S) ; 31"*25 (4) : 42"*50 (6) ; 45"-00 (3) ; 37"*60 (3) ; 88"*83 (8) ; 
27"-60 (3) : 4S"*38 (S) : 40"-63 (4) ; 36"*26 (2) ; 42"-60 (3) ; S9"*17 (3) ; 46"-00 (2) ; 
40"*88 (3). Show that the mean error of a single observation of unit weight 
s i 9"*475, the mean error of the mean 39" *78 is 1"*397. Hint. 2 ( 27 )= 46 
2(pt7)« « 1167*08 ; « « 14 ; 2(pu) = 1880-00. 


The’ mean and probable errom of a single observation of weight 
p are respectively 


m 






(n — l)p * 


and r 


± 0-6745 


/_^L£2!L 

V (» - i)p- • 


( 9 ) 


I'W.O.twdd’s.rai^onCaurke’swoTk (k<i.)inthe 2 M<. Okan., as, 187 , 1897 . 
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EsampIiXJ. — I n the preceding examples show that the mean error of an 
observation of weight (2) is ± 6" '70 ; of weight (3) is + ; of weight (4) 

± 4"*74 ; and of weight (6) ± 4"*24. 

VI. The principle of least squares for observations of different 
degr^s of precision states that ^^the most probable values of the 
observed quantities are those for which the sum of the weighted 
squares of the errors is a minimum,” that is, 

PxV-^ 4- +...+• p^n ^ minimum. 

An error v is the deviation of an observation from the arithmetical 
mean of m observations ; a “ weighted square ** is the product of 
the weight, p, and the square of an error, v, 

§ 168. Observations Limited by Conditions. 

On adding up the results of an analysis, the total weight of the 
constituents ought to be equal to the weight of the substance itself ; 
the three angles of a plane triangle must add up to exactly ISO*” ; 
the sum of the three triangles of a spherical triangle always equal 
180® + the spherical excess ; the sum of the angles of the nor- 
mals on the faces of a crystal in the same plane must equal 360®. 
Measurements subject to restrictions of this nature, are said to 
be conditioned observations. The number of conditions to be 
satisfied is evidently less than the number of unknown quantities, 
i.e.f observations, otherwise the value of the unknown could bo 
deduced from the conditions, without having recourse to measure- 
ment. 

In practice, measurements do not come up to the required 
standard, the percentage constituents of a substance do not add 
up to 100 ; the angles of a triangle are either greater or less than 
180®. Only in the ideal case of perfect accuracy are the conditions 
fulfilled. It is sometimes desirable to find the best representative 
values of a number of imperfect conditioned observations. The 
method to be employed is illustrated in the following examples. 

ExampeiBSS. — ( 1) The analysis of a compound gave the following results : 
87*2 of carbon, 44*1 of hydrogen, 19*4 7o o* nitrogen. Assuming each 
determination is equally reliable, what is the best representative value of the 
percentage amount of each constituent ? Let O, H, N, respectively denote 
the percentage amounts of carbon, hydrogen, and nitrogen required, then 
G + H « 100 -N = 100*0 -19-4 « 80*6. .*. 20 + H = 117*8; O -i- 2H = 124*7. 
Solve the last two simultaneous equations in the usual way. Ansr. C =36*97 7o 5 
H=43*86 ®/o; N = 19*17 7o* Note that this result is quite independent of 
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any hypotlieais as to the structure of matter. The ohemioal student will 
know a better way of correcting the analysis. This example will remii3<i ui 
bow the atomio hypothesis introduces order into apparent chaos. Some 
analytical chemists before publishing their results, multiply or divide their 
percentage results to get them to add up to dOO. In some cases, one comsti** 
tuent is left undetermined and then oalculated by difference. Soth practices 
are objectionable in exact work. 

(2) The three angles of a triangle A, B, G, were measured with the result 
that A=i51° ; RaaSd** 20' ; 0 = 34:® 56'. Show that the most probable values 
of the unknown angles are A — 61® 56' ; jB=94® 16' ; 0 = 34® 49. 

(3) The angles between the normals on the faces of a cubic crystal were 
found to be respectively a = 91® 13' ; 3 = 89® 47' ; y =* 91® 15' ; 5 = 89® 42'. 
'What numbers best represent the values of the four angles ? Ansr. a =» 90* 
43' 46" ; 8 = 89® 17' 46" ; y = 90® O' 45" ; 5 = 89® 67' 45". 

(4) The three angles of a triangle furnish the respective observation 
eqLuations : .4 = 36® 25' 47" ; B = 90® 86' 28" ; O = 62® 57' 67" ; the equation 
of condition requires that A H- B + O — 180® = 0. Let ajj, a^, scj, respectively 
denote the errors affecting A ,B, O, then we must have 

“f* U/g " 12. . . • « • 

J. If the observations are equally trustworthy, = Zc, say. Sub* 

stitute this value of asj, in (1), and we get 3 Zb + 12 = O; or, Z; = — 4 ; 

A = 86® 25' 43" ; B = 90® 36' 24" ; C = 63® 57' 68". 

The formula lor the mean error of each observation is 






w + q 


where denotes the number of unknown quantities involved in the n- ob 
sexvation equations ; q denotes the number of equations of condition to be 
satisded. Consequently the w unknown quantities reduce to zo -- q inde- 
pendent quantities. denotes the sum of the squares of the differences 

between the observed and calculated values of B, C. Hence, the mean 
error = ± a/TS = ± 6"-93. 

II, If the observations have different zoeigMs. Let the respective weights 
of A, B, C, be Pi = 4 ; pa = 2 ; p, = 3. It is customary to assume that the 
magnitude of the error affecting each observation will bo inversely as its 
weight. (Perhaps the reader can demonstrate this principle for himself.) 
Tnstead of aJi = Xg = iCa = Zc, therefore, we write rcj = ; ajg = ; CBg =■ \k. 

Ekom (1), therefore, 13Zc -f 144 = O ; Zs= — 11 *07 ; ajj = — 2" *77 ; asa = — 6" *54 ; 
!Ba = - 3"*69. 


m = Mean error = -I- A/ — 

— y n ~ to - 


ox m 


Hence 


L_. 

•+■ 2 

±, 11*62. The mean errors respectively affecting a, 6, c, are 

. WWW 

«,,_± 


A ■» 86® 26' 44"*23±5"*76 ; B=90® 36' 22"*46 + 8"*15 ; O = 52® 67' 53"*S1 +; 6"*65- 

It is, of course, only permissible to reduce experimental data, in 
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this manner when the measurements have to be used, as the basis 
for subsequent calculations. In. every case the actual measure- 
ments must be stated along with the cooked ” results. 

§ 169. Gauss’ Method of Solving a Set of Linear Observation 

Equations. 

In continuation of § 108, page 328, let a;, y, z, represent the 
unknowns to be evaluated, and let ng, . . Cj, Cg, 

jKj, JEi^y . . represent actual numbers whose values have been 
determined by the series of observations set forth in the following 
observation equations : 

a^x + b-^y + c^z =* ; 

a^x + h^y 

b^y + c^z = B ^ ; 
a^x + b^ + c^z — B^. 

If only three equations had been given, we could easily calculate 
the corresponding values of Xy y, z, by the methods of algebra, but 
these values would not necessarily satisfy the fourth equation. 
The problem here presented is to find the best possible values of 
Xf Zy which will satisfy the four given observation equations. 
We have selected four equations and three unknowns for the sake 
of simplicity and convenience. Any number may be included in 
the calculation. But sets involving more than three unknowns are 
comparatively rare. We also assume that the observation equa- 
tions have the same degree of accuracy. If not, multiply each 
equation by the square root of its weight, as in example (3) below. 
This converts the equations into a set having the same degree of 
accuracy. 

1 . To convert the observation equatioTis into a set of normal 
equations solvable by ordinary algebraic processes. Multiply the first 
equation by the second by the third by a^y and the fourth by 
a^. Add the four results. Treat the four equations in the same 
way with ij, feg* ^ 4 » with c^y Cg, O 3 , c^. Now write, for the 
sake of brevity, 

[aa\ == a^ -H a^ + a^^ 4 - a^^ ; [66]i = ^ 1,2 . 

a^JR^ 4" a^B^ 4* ^3-^3 4 " a^It^y ^2'®2 b^B^ b^JEt^ y 

and likewise for [cc]^, [ 6 c]i, The resulting equations are 
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laa]i(D + \cbb\y 4 - lac]^z = 

{ab\x + [bb\y + [bc\z = - 

[ao\x + \bG\y + [pc]^z « [cB]i. , 

These tliree equations are called norjDaal equations (first set) in 

21. To solve the normal equations. We can determine the 
values of aj, y, js, from this set of simultaneous equations (2) by 
any method we please, determinants (§ 179), cross-mu Itiplioation, 
indeterminate multipliers, or by the method of substitution.^ The 
last method is adopted here. Solve the first normal equation for 
Xt thus 

(C — r - . I ^ ^ 


[flKtJ, 


Substitute this value of x in the other two equations for a second 
set of normal equations in which the term containing x has dis- 
appeared. 

+ {[^1 - = ([6iJ]x - [^[-i*]x) J 

([“‘’I -^Mx)^- ([o-^Jx- ^^[»-B]x)- 

For the sake of simplicity, write 

[66], = [661 - [^[“«-]x ; Mx - Mx - j^;[Hx ; 


[6.], = [6o]x-^[a61; 
1^ 


Ml 


[6iJ], = [blt\ - J [cB], - [cB], - ; 

The second set of normal equations may now be written : 

[55]2S/ + Ibc]^ = [6i^]2 n 
[bG\y + [ccja^ « [cjKJg. J * * * 

Solve the first of these equations for y^ 

\p 0~\2 . 

*'--[66]/ + [66],- • • 




( 6 ) 


Substitute this in the second of equations (4), and we get a third 
set of normal equations. 


1 The eq[uations cannot be solved if any two are identical, or can be made identical 
by niriltiplyiug tbrough 'with a constant. 
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which may be abbreviated into [pG]^^ = [c-RJs* Hence, 

[oc], 

[66]2, \ho\j . . [cc] 3 , . . . are called auxiliaries. Equations (3) 

(5), (7), collectively constitute a set of elimiaatiou equations : 

y> [ao]i [<K»]i 
_ 

feSs 

Ms 


X 




y 


2r = 




(7) 


The last equation gives the value of z directly; the second gives 
the value of y when z is known, and the first equation gives the 
value of X when the values of y and z are known. 

Note the symmetry of the coefficients in the three sets of normal 
equations. Hence it is only necessary to compute the coefficients 
of the first equation in full. The coefficients of the first horizontal 
row and vertical column are identical. So also the second row and 
second column, etc. The formation and solution of the auxiliary 
equations is more tedious than difficult. Several schemes have 
been devised to lessen the labour of calculation as well as for test- 
ing the accuracy of the work. These we pass by. 

JTF. The weights of the vaVu&s of x, y, z. Without entering 
into any theoretical discussion, the respective weights of z, y, and x 
are given by the expressions : 

p, =■ M, ; p - y.[ccjj ’ -P. “ - M’Mi" 

III, The mean errors ajfecting the values of y, z. Let 

a^x + b^y + c^z — ; 

+ b^ + Ci^Z “ ^2 * 


Let M denote the mean error of any observed quantity of unit 
weight, 


AT =» + -1 



S n — w 

+1 

1! 

l%{pv^) 
S n — w 


for equal weights ; I 


for unequal weights 


(9) 


J 

where n denotes the number of observation equations, w the number 
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of quantities x, y, z, . , . Here w « 3, w = 4. Let M^.. M„ re- 
spectively denote the mean errors respectively ajffeoting a;, z. 


■MT ^ HA- 


M 


M 




Jp, 


s/p,' 


( 10 ) 


Ex/lmfiiXss. — ( 1) Find the values of the constants a and b in the formula 

y =s a + bx, ..... (11) 

from the following determinations of corresponding values of x and y : — 

y =» 3-6, 6*7 8-2 10*3, . . . ; 

« = 0. 88 182, 274,. . . 

We want to find the best numerical values of a and b in eq[uation (11). Write 
X for a, and y for b, so as to keep the calculation in line with the preceding 
discussion. The first set of normal equations is obviously 

\aa\x -H \ab\y — \aR\ ; and [ah\x + \bb\y = [6i2]x. 

[a&T [uR]i . [dR3a 

• ■ “ - - [aak^ + laa\' 

Again, laa\ ^ 4 ; [66]i =* 115,944 ; lab\ » 544 ; [aR]i =» 27*7 ; ibB\ = 4,816*2 ; 
[bb^z = 4,853*67 ; =. 115,961*4. x = 3*52475 ; y = 0*02600 ; or, reconvert- 

ing X into a, and y into b, (11) is to be written, 

y = 3*525 + 0*026aJ. 



h. 

Difference between 
Calculated and 
Observed. 

Square of Difference 
between Calculated 
and Observed. 

Calcolated. 

Observed. 

0 

3*525 

8*5 

+ 0*026 

0*000626 

88 

6*725 

6*7 

+ 0*026 

0*000626 

182 

8*075 

8*2 

- 0*125 

0*016626 

274 

10*375 

10*3 

+ 0*076 

0*006626 


0*0225 


.*. Af sas + 0*106. 

Weight of 6 = py s. 4=1,960 \ Mb =± 0*106/ ^/41,960 = ± 0*0004. 

Weight of a =. p* = =» 1*5 ; Afa =» + 0*106/ VFB' = ± 0*087. 

(2) The following equations were proposed by 0. F. Gauss in his Theoria 
nruitus corporum coelestium, (Hamburg, 1809 ; Gauss’ Werke, 7, 240, 1871) to 
illustrate the above method : 


» — y + 2« = 8; 405+ p + 4« = 21;'\ 

8a; + 2p - 6* = 6 ; - 05 + 3p + 3ar = 14. /* * * ' ^ 

Hence show that as = + 2*470 ; p = + 3*661 ; = + 1*916 ; 2(v*) = 0*0804 ; 
M = ± 284 ; p* = 246 ; p^ = 136 ; p, = 639 ; M* = ± 0*057 ; M, = + 0*077 ; 
Mx s 0*089. Hint. The first set of normal equations is 

27a! + 6p = 88 ; 6a! + 15p + # = 70 ; p + 64* = 107. 

(3) The following equations were also proposed by O. F. Gauss (Z.<s.) to 
Illustrate his method of solution : a: — p + 2*a 8, with weight 1 ; 8x + 2p — 5* 5, 
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with weight 1 ; ^ » 21, with weight 1 ; — 2a3 + Gy 4- 6« =■ 28, with 

weight J. By the rule, multiply the last equation by J and we get 

set (12). Show that a: s + 2*47 with a weight 24*6 \ y =s+ B‘55 with a weight 
13*6 ; and s == + 1*9 with a weight 53*9. It only remains to substitute these 
values of x, y, s, in (14) to find the residuals v. Hence show that M =3 ± 295. 
Proceed as before for Mxt My, Mg. 

(4) The length, I, of a seconds pendulum at any latitude L, may be re- 
presented by A. O. Clairaut’s equation : 2 = Lo + A sin^L, where I*q and A are 
constants to be evaluated from the following observations : 

Xf = O® O', 18* 27', 48* 24', 58* 15', 67* 4' ; 

I « 0*990564, 0*991150, 0*993867, 0*994589, 0*995325. 

Hence show that I »=■ 0*990555 + 0*005679 sin®£». Hint. The normal equa- 
tions are, 

X + 0*44765 y = 0*993099 ; x + 070306 y = 0*994548. 

(5) Hinds and Galium {Jottm. Amer. 0}iem. Soc.^ 24, 848, 1902) represent 
their readings of the percentage strength, y, of a solution of iron with the 
photometric readings, x, of the intensity of transmittefd light by the formula 
y{x + b) =s a. The readings were 

a? = 3*8, 4*3, 4*7, 5*3, 6*0, 6*7, 7*4, 8*1, 8*7, 9*7 ; 

y X lO’* = 8*64, 7*57, 6*92, 6*06, 6*28, 4*70, 4*22, 3*79, 3*62, 3*13. 

The authors state that a = 0*2965 ; b — 0*375. The probable error of one 
determination of y is given as 0*000034, or as 3 parts in 10,000,000. Use (9). 

The above is based on the principle of least squares. A quicker 
method, not so exact, but accurate enough for most practical pur- 
poses, is due to Mayer. We can iUustrate Mayer’s method by 
equations (12). 

First make all the coefficients of x positive, and add the results 
to form a new equation in x. Similarly for equations in y and z. 
We thus obtain, 

9a5 — y — « 15 ; 5aj -f- 7y -= 37 ; x + y + 14iZ == 33. 

Solve this set of simultaneous equations by algebraic methods 
and we get x «= 2*4:85; y == 3*511; z =» 1*929. Compare these 
values of x, y, z, with the best representative values for these 
magnitudes obtained in Ex. (2), above. 

V. JSrrors affecting two or more dependent observations. There 
is a tendency in computing atomic weights and other constants for 
all the errors to accumulate upon the constant last determined. The 
atomic weight of fluorine is obtained from the ratio : OaFg : OaSO^. 
The calculation not only includes the experimental errors in the 
measurement of this ratio, but also the errors in the atomic weight 
determinations of calcium and sulphur. It has been pointed out 
by J. D. van der Plaats {Compt. Rend., 116, 1362, 1893) that with 
sufOicient experimental data the given ratio can be made to furnish 
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three atomic weights over whioh the errors of observcution a«re 
equally distributed, and not accumulated upon a single factor. 
E. W. Glarhe (Anter. Gh&m. 27, 32, 1902) illustrates the 

method by calculating the seTen atomic weights : silver, chlorine, 
bromine, iodine, nitrogren, sodium and potassium — given O — 16 ; 
H = 1*0079 — ^£rom thirty ratios arranged in the form of thirty 
linear equations, thus, 

Ag : Br « 100 : 74 080 ; 100 Br « 74*080 Ag ; 

KCIO 3 : Oa = 100 : 39*154 ; .*. 39*154 K + 39*154 01 - 2920*608 ; 

These thirty linear equations are reduced to seven normal equa- 
tions as indicated above. By solving these, the atomic weights of 
the seven elements are obtained with the errors of observation 
evenly distributed among them according to the method of least 
squares. 

"When two observed quantities are afflicted with errors of ob- 
servation and it is required to find the most probable relation 
between the quantities concerned, we can proceed as indicated in 
the following method. The observed quantities are, say, 

S^- 0 * 6 , 0 - 8 , 1 * 0 , 1 * 2 ; 

X 0*4, 0*6, 0*8, 0*9, 

and we want to find the best representative values for a and b in 
the equation 

^ ax ^ b. 

You can get approximate values for a and b by the graphic method 
of page 355 ; or, take any two of the four observation equations 
and solve for a and b. Thus, taking the first and third, 

0*5 — 0*4a + 5 ; 1*0 — 0*8a + 5 ; a ^ 1*25 ; 5 — 0. 

Let a and ^ be the coirectiona required to make these values 
satisfy the conditions of the problem in hand. The required 
equation is, therefore, 

y mm (1-26 + a)aj + 

Insert the observed values of x and.y, so as to form the four 
observation equations ; 

0*6 * (1*25 - 1 - a)0*4 + 1*0 =. (1*26 + a)0*8 + yS; 

0*8 - ( 1*26 + a ) 0*6 + 1-2 =. ( 1*26 + a ) 0*9 + (Bi 

Erom these wo get the two normal equations 
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01260 = 2-70a + 4: 0^; 0 0975 =» l-97a + 2*7yS. 
a » + 0-089 ; /? = - 0 029. 

And finally 

a = 1-26 + 0-089 = + 1-339 ; b = 0-000 - 0-029 = - 0 029. 

The best representative equation for the above observations is 
therefore, 

y l-339aj — 0-029. 

See A. P. Ravenshear, Nature, 63, 489, 1901. The above method is given 
by M. Mexriman in A Textbook on, the Method of Least Squares, New York, 
127, 1891 ; W. H. Keesom has given a more general method in the Com- 
munAcations from the Physical Laboratory at the University of Leiden, SuppL. 
No. 4, 1902. 

§ 170. When to Reject Suspected Obsenrations. 

There can be no question about the rejection of observations 
which include some mistake, such as a wrong reading of the 
eudiometer or burette, a mistake in adding up the weights, or a 
blunder in the arithmetical work, pro'vided the mistake can be 
detected by check observations or calculations. Sometimes a 
most exhaustive search will fail to reveal any reason why some 
results diverge in an unusual and unexpected manner from the 
others. It has long been a vexed question how to deal with 
abnormal errors in a set of observations, for these can only be 
conscientiously rejected when the mistake is perfectly obvious. 
It would be a dangerous thing to permit an inexperienced or 
biassed worker to exclude some of his observations simply because 
they do not fit in vnth the majority. “ Above all things,** said 
S. W. Holman in his Discttsswn on the Precision of Measure- 
ments, New York, 1901, the integrity of the observer must be 
beyond question if he would have his results carry any weight 
and it is in the matter of the rejection of doubtful or discordant 
observations that his integrity in scientific or technical work 
meets its first test. It is of hardly less importance that he should 
be as far as possible free from bias due either to preconceived 
opinions or to unconscious efforts to obtain concordant results.** 
Several criteria have been suggested to guide the investigator 
in deciding whether doubtful observations shall be included in the 
mean. Such criteria have been deduced by W. Chauvenet, Hagen, 
Stone, Pierce, etc. None of these tests however is altogether 
satisfactory. Chauvenet* s criterion is perhaps the simplest to 

KN * 
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understand and most convenient to use. It 13 an attempt to 
show, from the theory of probability, that reliable observations 
will not deviate from the arithmetical mean beyond certain limits. 
We have learned from ( 2 ) and ( 6 ), page 523, 

» 0-6745 

h y n — 1 


If a? -=» rt, where rt represents the number of errors less than x 
which may be expected to occur in an extended series of observa- 
tions when the total number of observations is taken as unity, r 
represents the probable error of a single observation. Any mea- 
surement containing an error greater than x is to be rejected. If 
n denotes the number of observations and also the number of 
errors, then nP indicates the number of errors less than rt, and 
n(l — P) the number of errors greater than the limit rt. If this 
number is less than any error rt will have a greater probability 
against than for it, and, therefore, may be rejected. 

The criterion for the rejection of a doubtful observation is, 
therefore. 


f ^ > O 


n(l - P); 


2?t -- 1 


2 


= r e “ ‘^dt. 

TTJO 


( 1 ) 


2 — - a. y ^ 2^ 

By a successive application of these formulse, two or more doubt- 
ful results may be tested. The value of t, or, what is the same 
thing, of P, and hence also of n, can be read off from the table of 
integrals, page 622 (Table XI.). Table XII. contains the nu- 
merical value of x/r corresponding to different values of w. 


ExA-MPiiSS.— (1) The result of 13 determinations of the atomic weight of 
oxygen made by the same observer is shown in the first column of the sub- 
joined table. Should 19*81 be rejected? Galoulate the other two columns of 
the table in the usual way. 


Observation. 

JS. 


Observation. 

MU 

”■■■ ' ■ ■ 1 

16*96 

-0*26 

0*0676 

15*88 

-0*34 

0*1166 

19*81 

-f-8-69 

12*8881 

15*86 

-0*36 

0*1296 

16*95 

-0*27 

0*0729 

16*01 1 

-0*21 

0*0441 

16*96 

-0*27 

0*0729 

15*96 

-0*26 

0*0676 

15-91 

-0*31 

0*0961 

16*88 

-0*34 

0*1156 

16*88 

-0*34 

0*1166 

16*93 

-0*29 

0*0841 

16*91 

1 

-0*31 

0*0961 





Mean of 18 observations b 16*22 ; » 13*9659. 
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The deviatioa of the suspected observation from the mean, is 3 ’59. By 
Ohauvenet's criterion, probable error = r = 0’7281, rt = 13. From Table XII., 
xjr 3*07, oj ssa 3*07 x 0*7281 = 22*7. Since the observation 19’81 deviates 
from the mean more than the limit 22*7 allowed by Ohauvenet’s criterion, 
that observation must be rejected. 

(2) Should 16*01 be rejected from the preceding set of observations ? 
Treat the twelve remaining after the rejection of 19*81 exactly as above. 

(8) Should the observations 0*3902 and 0*3840 in F. Rudberg’s results, 
page 527, be retained ? 

(4) Do you think 203*666 in W. Orookes* data, page 581» is afieoted by 
some ** mistake ” ? 

(5) Would H. A. Rowland have rejected the “442*8** result in Joule*s 
work, page 552, if he had been solely guided by W. Ohauvenet’s criterion ? 

(6) Some think that ** 4*86 '* in Cavendish’s data, page 527, is a mistake. 
Would you reject this number if guided by the above oiiterion ? 

These examples are given to illustrate the method of applying 
the criterion. Nothing more. Any attempt to establish an arbi- 
trary criterion applicable to all oases, by eliminating the knowledge 
of the investigator, must prove unsatisfactory. It is very question- 
able if there can be a better guide than the unbiassed judgment 
and common sense of the investigator himself. The theory you 
will remember is only “ common sense reduced to arithmetic 

Any observation set aside by reason of its failure to comply 
with any test should always be recorded. As a matter of fact, the 
rare occurrence of abnormal results serves only to strengthen the 
theory of errors developed from the empirical formula, y^ke~ ***“. 
There can be no doubt that as many positive as negative chance 
deviations would appear if a sufficient number of measurements 
were available.^ ** Every observation,” says O. L. Gerling in his 
Die Ausgleichtmgs--Iiech/n/imgen der praktischen G-eometriey Ham- 
burg, 68, 1843, “ suspected by the observer is to me a witness of 
its truth. He has no more right to suppress its evidence under the 
pretence that it vitiates the other observations than he has to shape 
it into conformity with the majority.*’ The whole theory of errors 
is founded on the supposition that a sufficiently large number of 
observations has been made to locate the errors to which the 
measurements are susceptible. When this condition is not ful- 
filled, the abnormal measurement, if allowed to remain, would 
exercise a disproportionate influence on the mean. The result 


1 F. Y. BdgewortTi has an interesting paper ** On Discordant Observations ” in the 
Pha. Mag. f5], 23 , 364, 1887. 
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would then be less aioouxate than if the abnormal deviation bad 
been rejected. The employment of the above criterion is, therefore, 
permitted solely because of the narrow limit to the nrnnher of ob- 
servations. It is true that some good observations may be so lost, 
but that is the price paid to get rid of serious mistakes. 

It is perhaps needless to point out that a suspeoted observation 
may ultimately prove to be a real exception requiring further 
researcL To ignore such a result is to reject the clue to a new 
truth. The trouble Lord Rayleigh recently had with the density of 
nitrogen prepared from ammonia is now history. The “ ammonia 
nitrogen was found to be i;^th part lighiter than that obtained 
from atmospheric air. Instead of putting this minute ** error " on 
one side as a ** suspect,” Lord Rayleigh persistently emphasized 
the discrepancy, and thus opened the way for the brilliant work of 
W. Ramsay and M. W. Travers on ** Argon and Its Companions ”, 



OHAFTBB X. 

THE OALOULUS OP VABIATIONS. 

*' Natura operatur per modos faoiliores et: expeditiones/'-^P. db 
Fbbhat.^ 

§ 171. Diflferentials and Yariations, 

Nearly two hundred years ago Maupertius tried to show that 
the principle of least action was one which best exhibited the 
wisdom of the Oreator, and ever since that time the fact that 
a great many natural processes exhibit poaximum or minimnm 
qualities has attracted the attention of xtatural philosophers. In 
dealing with the available energy of chemical and physical phen- 
omena, for example, the chemist seeks to find those conditions 
which make the entropy a maximum, or the free energy a mini- 
mum, while if the problems are treated by the methods of ener- 
getics, Hamilton’s principle : 

** If a Bystsm of bodies is at A at the time ij, and at B at the time 
< 3 , it will pass from to B by such a path that the mean valne of the 
difference between the kinetic and potential energy of the system in 
the interval ^ is a minimum " 

is used. Problems of this nature often require a more powerful 
mathematical tool than the differential calculus. The so-called 
calculus of yariations is used. 

If it be required to draw a curve of a certain fixed length from 
0 to id (Fig. 173) so that the area bounded by OB, BA^ and the 
curve may be a maximum. The inquiry is directed to the nature 
of the curve itself. In other words, we want the equation of the 
curve. This is a very different kind of problem from those 


^ Nature works by the easiest and readiest means." — ^P. de Fermat in a letter to 
IL de la Ohambre, 1662. 
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hitherto considered where we have sought what special values 
must be assigned to certain variables in a given expression in 
order that this function may attain a maximum or minimum 
value. 

Whatever be the equation of ihe curve, we know that the area 
must be furnished by the integral lydx ; or [f{x)dx. The problem 
now before us is to find what must be the form of f(x) in order 
that this integral may be a maximum. It is easy to see that if 
the form of the function y — f(x) is variable, the value of y can 
change infinitesimally in two ways, either 

(i) By an increment in the value of the independent variable 
x; or 

(ii) By a change in the form of the function as it passes from 
the shape f(x) to, say, the shape (p(x) ; or, to be more explicit, say 
from y — sin x to, say, y — tan x. 

The first change is represented by the ordinary differential dy ; 
the second change is called a variation, and is symbolized, in 
Lagrange’s notation, by 8y. Consequently, the differential 

dy =» f(x + dx) - /(a?) ; 

while the variation 

8y = (pCx) - J^x). . . . (1) 

Care must be taken that the symbol ** 8’* is only applied to those 

•g measurements which are produced by a 
change in the form of the function. The 
change, dy, is represented in Big. 173 
by dy »= NQ — MP ; the change 8y by 
^ 8y = Mr - MP ; dx = MN \ 8x - MM. 
^ It is not difl&oult to show from the above 
diagram that the symbols of differentia- 
tion and variation are interchangeable, so that 

dSy = Sdy. .... (2) 



§ 172 . The Yariation of a Funotion. 

To find the variation — not the differential — of a function. Let 
y be the given function. Write y + Sy in place of y, and subtract 
the new function from the old, and there you have it. We at once 
recognize the formal analogy of the operation with the process of 
differentiation. Thus, if 


u y". 
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the variation of u is 

8» (y +8y)* - y“ = ^8y, . , (S) 

by Taylor’s theorem, neglecting the higher order of infinitesimals. 
Let ns adopt Newton’s notation, and write y for dyjdx ; y for 
d^jdx^ ; . . then, if 

^ Ay. y). 

when y changes to y + Sy, y becomes y + Accordingly 


S» = ^8j, 




or. 




dm. 






by the extension of Taylor’s theorem, neglecting the higher powers 
of small magnitudes. You will remember that ** S, ” on page 19, 
was used to represent a small finite change in the value of the in- 
dependent variable, while here ‘‘S'* denotes an infinitesimal 
change in the form of the function. 

To evaluate Sy, Sy, 8y you follow exactly the same methods. 


8,; - _. ^y f^) dy dSy , <i!>8y . 

"" \S/ dx dv dx ’ °da^ “ » • • • (5) 

So far as I know the verb “ to variate ** or “to vary,” meaning to 
find the variation of a function in the same way that “ to differ- 
entiate ” means to find the differential of a function, is not used. 


§ 173. The Variation of an Integral with Fixed Limits. 


where 


Let it be required to find the variation of the integral 

U-fV.da; . . . . 

J *0 

• • •) ; /(®» y» Pi y> - )• 


C6) 

(7) 


The value of U may be altered either by 

(i) A change in the limits x^ and Xq ; or, 

(ii) A change in the form of the function. 

Wo have already seen that if the end values of the integral are 
fixed, any change in the independent variable x does not affect the 
value of U. Let us assume that the limits are fixed or constant. 
The only way that the value of U can now change is to change 
the form of F = /(• • •)• variation of V is SF, and, by the 

above-mentioned rule. 
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For tlie sake of brevity, let us put 




and we get 

m =|;8F. dx =[*(P8S, + 0^ + + . . )dx. (10) 

Liet us now integrate term by term. We know of old (A), page 
205, that 

L ^ t I d/u 

BO that if we put Q ^ ui dQ = du ; dSy = dv ; v = y , then 

\Q^dx^QSy-^dx;, 

similarly, by a double application of the method of integration by 
parts, we find that 

f_d28y d8y CdB dSy. ^dSy dB^ {dm^ _ 

^ ^dx "■ J daj • 'dx^^ “ ”■ "dx^y 

and consequently, after substituting the last two results in (10), 
we get 

The last two terms do not involve any integrations, and depend 
upon the form of the function only. Let represent the aggregate 
of terms formed when Xq is put for a?; and the aggregate of 
terms when is put for x ; then (11) assumes the form 

hU =Ii - Jo + • • • (12) 

J*o 

where K. has been put in place of the series 


dy > ••• 


dQ d^B 
^ dx^ 


(13) 


The variation when the function V includes higher derivatives than 
y, is found in a similar manner. 


§ 174. Maximum or Minimum Yalues of a Definite Integral. 

Perhaps the most important application of the calculus of varia- 
tions is the determination of the form of the function involved in a 
definite integral in such a manner that the integral, say. 
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J7_r V.ax, . . . (14=) 

shall have a maximam or a mmimnm value. In order to find a 
maximum or a minimum value of a function, we must find such a 
value of X that a small ohange in the value of x will produce a change 
in the value of the function which is indefinitely small in com- 
parison with the value of x itself. We must have 

S d =» 0 ; and -4- J KBydx = 0. • (15) 

This requires that 


1X0 


Ix-Io 


and I JS^dx = 0, 

J *0 

for if each member did not vanish, each would be determined by 
the value of the other. Since Sy is arbitrary, the second condition 
can only be satisfied by making 

dQ d^B 


(16) 


0 ; or. 


p- 


0 . 


dx^ dx^ “ 

Most of your troubles in connection with this branch of the calculus 
of variations will arise from this equation. It is often very re- 
fractory sometimes it proves too much for us. The equation then 
remains unsolved. The nature of the problem will often show 
directly, without any further trouble, whether it be a maximum or 
a minimum value of the function we are dealing with ; if not, the 
sign of the second differential coefficients must be examined. The 
second derivative is positive, if the function is a minimum ; and 
negative, if the function is a maximum. Hut you will have to look 
up some text-book for particulars, say B. Williamson's Integral 
Calculus y London, 463, 1896, 

ExamphiKS- — ( 1) What is the shortest line between two points ? A straight 
line of course. But let us see what the calculus of variations has to say about 
this. The length of a curve between two points whose abscissas are and Xg, 
is, page 246, 




c. 


This must be a minimum. Here IF is a function of y. 
except dQ/dx vanish from (17), and we get 

dQ 

^-0: or.O- 

where C is constant. But, by definition (9), 

dV 


. (18) 
BEence all the terms 

. . . (19) 


Q 


O, 


. ( 20 ) 
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since V =« Vl + dV = (1 + t • Accordingly* 

y = (1 + ^2)0^ ; ... ^3(1 _ O^) = 1 ; ... ^ « a, . . (21) 

where a must be constant, since G is constant. Hence, by integrating ^ a, 
we a&t 

^ ( 22 ) 

where b is the constant of integration. The reg[uired cuirve is therefore a 
straight line (8), page 90. Again, from (16) and (20), 


2;-r« 




~ -JTTi? 


Vo 


5^0- 


. . (2S) 


If the two given points are fixed, S^i = 0, and =* 0, hence — Iq vanishes. 
Let iBg, ^o> Vit 1^^ fixed points. Then, 

~ 5 Vx CKCi + 6. • • • » (24) 

If only Xq, and are given, so that y^ and y^ are undetetxained, we have, by 
the differentiation of (24), y^ = a. Hence, by substitution in (23), 



a 


(Syx - Syo) 


O. 


(25) 


Since dy and Sy are arbitraxy, (25) can only be satisfied v^hen a =» 0. The 
straight line is then y =tb. This expresses the obvious fact that when two 
straight lines are parallel, the shortest distance between fihLem is obtained by 
drawing a straight line perpendicular to both. 

(2) To find the “ curve of quickest descent ” from one given point to 
another. Or, as Todhunter puts it, ** suppose an indefinitely thin smooth tube 
connects the two points, and a heavy particle to slide do'wn this tube ; we 
require to know the form of the tube in order that the time of descent may be 
a minimum”. This problem, called the hrachistochreyne = shortest ; 

cAroraosss time), was first proposed by John Bernoulli in June, 1696, and the 
discussion which it invoked has given rise to the calculus of variations. Any 
book on mechanics will tell you that the velocity of a body which starts from 
rest is, page 876, Ex. (4), 

^ ““ >/2py, . , r • • (26) 

where the axis y is measured vertically downwards, and the as-axia starts from 
the upper given part. The time of descent is therefore 


• * tan 

as yon will see by glancing at page 569, (6). Accordingly, we take 

v — /l + 

.... (28) 

so that Y only involves y and y. Hence, for a minimum, we have 

7> n. dV d /dF\ 

= • • ( 20 ) 

When Fdoes not contain x explicitly, the complete differential of the function 
is evidently = /(y. f . • • ♦), (30) 


^ dy BF dy dy dy ^ -dy 


dx 


*dx 


cLx 


+ • . I 


(31) 
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as indicated on page 72. Multiply (17) through with dyjdx, and subtract 
the result from (HI). The P terms vanish, and 

remains. This may be written more concisely, 

dV 

' + 


dx da\dx'o[x'~^y) 


^ 


which becomes, on integration, 

where O is the constant of integration- Particular cases occur when P, Q, or 
R vanish. The most useful case occurs, as here, when T" involves only y and 
y. In that case, (29) reduces to 




i^rom (28) we get 

r-vse. 




+ C; .-. 


= 0; 


(33) 


(34) 


(36) 

(36) 



+ 3/®) * " * ^7^1 + y'^) 

Consequently, 

y{X + y®) ass constant, say = 2a. 

. ( 2a - y ^ ^ \ y 

\dai) ” y * dy"^ ^2o - y) ^ ij2ay - j/®* 

On integration, using (17), page 198, 

» = a vers “ \/2y + 6, (87) 

where b is an integration constant. This is the 
well-known equation called the cycloid (Fig. 174). 

The base of the cycloid is the as-axis, and the 
curve meets the base at a distance 6, or, Oa;, 

Pig. 174, from the origin. When b 
that « « 0, when 6 a 0. Now 

r r 2/i»yi ^oSyo l .. . 

~ - g.'-) Jy.(i - M ° 

But the extreme points are fixed so that ffy© and 5yj vanish, hence, Jj - Jq also 
vanishes. If only the abscissa of the lower point is given, not the ordinates, 
Jo vanishes, as before, and therefore, 

J a ^ /S9l 

But Jiy-^ is arbitrary, hence, if J^ is to vanish, must be zero. This means 
that the tangent to the cycloid at the lower limiting point must be horizontal 
with the <r-axis. 


Fio, 174. 

0, the origin is at the upper point so 


§ 175. The Yariation ef an Integral with Yariable Limits. 

The preceding problem becomes a little more complex if we as- 
sume that we have two given curves, and it is required to find ** the 



574 


HIGHER MATHEMATICS. 


§175. 


ourv© of quickest descent ’* from ttie one given curve to the other. 
Here we have not only to hnd the path of descent, but also the 
point at which the particle is to leave one curve and arrive at the 
other. The former part of the question is evidently work for the 
calculus of variations, and the latter is readily solved by the differ- 
ential calculus : given the curve, to find its position to make t a 
minimum. The value of the integral 


U-^V^Vdx, .... (40) 

J *0 

not only changes when y is changed to y -H Sy, but also when the 
limits and become -i- dajj, and + dx^ respectively. The 
change of the limits augments U by the amount 


dcr = 


as^ + 


J *1 


T^. dx 


-J 


*0 + «**0 


Fo . da? ; 


(41) 


or, neglecting the higher powers of dx^ and dx^, U receives the 
increment 

dU = V-^dx-^ — V^dxQ. . . • (42) 

The total increment of U is therefore 


Total incr. TJ ’bs dtXJ + ZTJ ^ F, dic. — T^QdXg +81 F. dx, (43) 

J *0 

In words, the total increment which a quantity receives from the 
operation of several effects is the sum of the increments which each 
effect would produce if it acted separately. This is nothing but the 
principle of the superposition of small motions, pages 70 and 400, 
under another guise. 

The Tna.-girm inn- mir>iTm im condition is that the total increment 
be zero. This can only obtain when F^ = 0, and Fq == 0. We 
thus have two new conditions to take into consideration besides 
those indicated in the preceding section. 


Exa&EFiii!. — Find the ** curve of quickest descent ’* from one given curve bo 
another. Ex. (2), page 672, has taught us that the curve of quickest descent ” 
is a cycloid. The problem now before us is to fbad the relation between the 
cycloid and the two given curves. We see from (15) and (48) that the maxi- 
mum-minimum condition is 

VjdXi — VodXf, + Ji - Jo + I -^Sj/das «= O. . . . (44) 

J *0 

Eut we can use the results of Ex. (2), page 573, equations (38) and (38), there- 
fore the •mfl.TiTn nm - minim Him condition becomes 
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As before, (29) bolds good, oonsequently, 

) = "• • • 

Remembering 1 »b&t tbe end values of tbe curve aoce x^, let y 

suffer a variation Sy so that 

T^y+ By (48) 

with fixed limits, and, at the same time, sJq, y^, and o^, yj, respectively become 
a^, Fq, and <C;|, Let us find how Sy^ and Sy^ are affected when the values 
of X change respectively to Xq + dxQ, and x^ + da^. By Taylor’s theorem, 
instead of y^ becoming F^, we have F^ changed to 

„ dF, 1 d®F, 

**" djc, ^1+ 27 ‘ + . . . • • • (49) 

or, from (4) an^ (48), 

(Vi + ^Vi) + • <*®i) + • •• • • ( 60 ) 

Neglecting the higher powers of da^ and the product Sy^, da^, 

Fj becomes y^ + Syj + yidaj,, . . , . (61) 

as a result of the variation and of the change of x^ into x^ 4 - da^. 

Let the equation of one of the curves be 

y •••» 4 (62) 

then the abscissa of the end value of F^ is changed into/(a 5 i + dscj) after the 
variation. Consequently, after variation, 

Vi + SPi + ^idajj ""/{Xi + da^) -«/(a?i) +/'(a^)da;x, 
ioj Taylor’s theorem. From (50) we can cancel out the y’s and 

^Vx = { Aa^) “ (53) 

remains. A similar relation holds good between Syg and da; 0 . 

Let us return after this digression to (47), and, in order to fix our ideas, 
let the two given curves be 

Vi =* »»aa + « : yo — wi»0 + 6 ; yi s m ; 2^0 • (64) 

From (53) we have 

«yi — (w* - i^dx^ ; By^^ » (n - yQ)dXf,. , , . ( 66 ) 

Substitute these values in (47), and 

{^ 1 + ~ Vi)}^ “ - ^o)}^o “ 0 - • ( 66 ) 

Since dxi and dx^ are arbitrary, the coefficients of dx^ and dXf^ must be 
separately zero in order that (56) may vanish. 

.-.1 +^i»» — 0; 1 + — 0; oi^. ^ • (67) 

Now compare this result with (18), page 96, and you will see that the two 
given curves are at right angles with the ** curve of quickest descent”. 

§ 176. Relative Maxima and Minima. 

After the problem of the brachistoobrone had been solved, 
/James Bernoulli, brother of John, proposed another variety of 
problem — the so-called isoperimetrical ^oblem—of which the fol- 
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lowing is a type : Find the maximum or minimum values of a certain 
integral, C7^, when another integral, CJg, involving the same vari- 
ables has a constant value. The problem proposed at the beginning 
of this chapter is a more concrete illustration. Here, 827^ must 
not only vanish, but it must vanish for those values of the vari- 
ables which make constant. It will be obvious that if XJ^ be 
a maximum or a minimum, so will TJ-^ aU^ also be a maximum 
or a minimum ; a is an arbitrary constant. The problem therefore 
reduces to the determination of the maximum or minimum values 
of Oj -j- Of If 

CTi =* J^V^dic ; Us = * • • (®®) 

Oi -I- a Us will be a maximum or a minimum when 

f ^(Fi + VsCi)d£G = 0, . . . (59) 

mf ^0 

is a maximum or a minimum. ^Hien CT’g is knov^n, a can be 
evaluated. 


ExAMPriBj. — Find the curve of given length joining two faced points so 
that the area bounded by the curve, the os-axis, and the ordinates at the faced 
points may be a maximum. Here we have 

Di = : Di + (®) V ... ( 60 ) 

as indicated on page 246. Here then 

Fi + aFa = p + on/ 1 + j/®. .... (61) 

We require the maximum value of the integral 

+ + . . (62) 

F is a function of p and p, hence from (19) we must have 

F=J>2?+0; 




... i, + aVr+l? = ^ + O.; 

By a transposition of terms. 


V + 




'X9 


1 1 ^ . /dyy (y - 0,)« 

^ ^ \datj (p - Oi)a* •• Kdas) “ - (y - o,)*' 


(63) 

(64) 

( 66 ) 


which becomes, on integration, 

0! - C?a = n/o® - (y - Oi)a; or, (a? - Ca)* + (y - Oi)* = a*. . (66) 

This is obviously the equation of a circular line. The limits are fixed, and 
therefore 1^ = O. The constants a, and can be evaluated when 
the fixed points and the length of tie curve are known. 
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§ 177. The Differentiation of Definite Inte^aJs. 

I must now make a digression. I want to show how to find the 
differential coeflQoient, dufda^ of the definite integral u = \f{x, a)dx 
between the limits and when and y^ are functions of a. 
Let /'(a?, a)dx become /(«, a) after integration, we have therefore 

“ - ®) - /(yo. “)• • (67) 

Hence, on partial differentiation with respect to y^, when is 
constant ; and then with respect to when y-^ is constant, we get 
liu d ^ ^ 'du d 

«)• (68) 

Now suppose that a suffers a small increment so that when a be- 
comes a -i- h, u becomes u + k, then, keeping the limits constant, 

Incr. V = j{ /'(a?, a + h) —f(x, a))dx. . . (69) 

Dividing by 8a, and passing to the limit, we have 

Inor. « _ pi/Ca:, a + K)-f(x, a), .,du CJ>i d/'(x,a) 

Inor. a Jy, h “®' • ■ d<i”Jy (^0) 

If both yi and yQ are functions of a, then dujda must be the 
sum of three separate terms, (i) the change due to a ; (ii) the change 
due to 3 /i ; and (iii) the change due to These separate effects 
have been evaluated in equations (68) and (70), consequently. 




(72) 


The higher derivatives can be obtained by an application of the 
same methods. 


§ 178. Double and Triple Integrals. 

We now pass to double integrals, say, 

C7=/JFda;d2/, .... (73) 

where F is a function of «, y, z, p, and and 

dz dz 

P = ■ • • (74) 

We apply the same general methods as those employed for single 
integrals, but there are some difficulties in connection with the 
limits of integration of multiple integrals. Let hz denote the varia- 
tion of z which occurs when the form of the function connecting z 
with £C, and y is known, x and y remaining constant during the 

oo 
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variation. Further, let SF" denote the variation of F, and 5 U the 
variation of (7, when z becomes Bz ; then by the preceding methods* 


dp^ +^8g = P8» + QSp + HSg, 

where we have put for the sake of oonvenience, 

dF 


P = 




• O - i2 - 


(75) 


(76) 


dSz _ dSz 


dx 




-^'^dxdy. 


(Try 


(78) 


(79) 


We therefore write, from (75), 

8t7- Jj8r*>% = JJ(^Sa 4- <? 

Still keeping on the old track, 

The differential coefficients writh inspect to x and y are complete. 
We get, on integration with respect to y, 

where *s on page 232, represents the value of ItBz when 

Vi 8ind are each substituted in place of y, and the latter then 
subtracted from the former. Again, from (70) followed by a trans- 
position of terms, we get 

• (80) 

where j^(^S«)yJ denotes the value of (^QBz^y when and are 

each substituted in place of y, in Qdx, and the latter subtracted from 
the former. Hence, we may write 

q; f;[( 08 *)g 2 - 

By substituting (79) and (81) in place of (78), we get 

- n;('’ - s - * nLH> * I 

If the limits and are constant, y^ and vanish, and we can 
neglect the last term. If the hmits also change, we must 


(81) 


(82) 
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add on a new term in aooordanoe with the principles laid down in 
§176. 

For the maximnm-minimum condition, BU ot (82) can only 
vanish when the coefficient of Sz, namely, 

_ dQ dJEi 

The solution of this partial difiEerential equation famishes z in terms 
of X, y, and arbitrary fanctions ; the latter must be so determined 
that the remaining terms of (82) vanish. 

For the triple integral 

U =. lllYdxdydZf . . . (84:) 

where F is a given function of os, y, z, p,gi,r; and; is a function 
such that 

du du du 


We have also 
As before, 

where 


m — i^iiVdxdyde. 


SV- NSu + P 


d8u 


,dSu 


jdBu 


dco^ + 


N 


dV 


dV 


du * ^ dp* ^ 


dq 


; B 


dr* 


(85) 

( 86 ) 

(87) 

( 88 ) 


and the variation works out to 


SJT- JJJ(j7 _ ^ - g _ 4 

dxdydz 


(89) 


For the maximum-minimum condition, we must solve the 
partial differential equation 

__ dP dQ dR _ 


and fit the arbitrary constants so that the remaining terms of dU 
vanish. A complete exposition of the subject would be quite outside 
the limits of this volume. J. H. JelleVs An Elementary Treatise on 
the Calculus of Variations, Dublin, 1860, is a good text<book; 
O. Bolza, in his Lectv/res on the Calculus of Variations, Chicago, 
1904, has a review of modern theory. 


J. H. van der Waals seeks the maximum value of a triple integral in his 
BifiHre Oemische, Leipzig, 34, 1900, but the physical conditions of the problem 
enable the solution of (90) to be obtained in a simple manner. 

OO * 
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** Operations involving intense mental efiort may frequently be re- 
placed by the aid of other operations of a routine character, 
with a great saying of both time and energy. By means of the 
theory of determinants, for example, certain algebraic opera- 
tions can be solved by writing down the ooe£Q.cients according to 
a presoribed scheme and operating with them mechanically,” — 
E. Maoh. 

§ 179. Simultaneous Equations. 

This chapter is for the purpose of explaining and illustrating a 
system of notation which is in common use in the different branches 
of pure and applied mathematics. 

2. MoTTiogeTieous sirimlta/neous equations in two unknowns. 

The homogeneous equations, 

a^x + fejy « 0 ; ^ ^ 0, . . (1) 

represent two straight lines passing through the origin. In this 
case (§ 29), aj « 0 and ^ » 0, a deduction verified by solving for 
X and y. Multiply the first of equations (1) by and the second 
by bj. Subtract. Or, multiply the second of equations (1) by 
and the first by Subtract. In each case, we obtain, 

x{a^\ - Ugbi) =* 0 ; « 0. . • (2) 

Hence, a? « 0 ; and y *s 0 ; or, 

- Vi « 0 ; and ajb^ - * 0. . , (3) 

The relations in equations (3) may be written, 

joj, bJ « 0; andjaa, bgj^O, . . (4) 

I ^2» ^2 1 I I 

where the left-hand side of each expression is called a determinant. 
This is nothing more than another way of writing down .the differ- 
ence of the diagonal products. The letters should always be taken 
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in cyclic order so that b follows a, c follows 6, a follows c. In the 
same way 2 follows 1, 3 follows 2, and*l follows 3. 

The products 0163, are called the eleznexEta of the determinant ; 

Oj, U3, &2, are the oonstitueiits of the determinants. Commas may or may 
not be inserted between the constituents of the horizontal rows. When only 
two elements are inyolved, the determinant is said to be of the second order. 


From the above equations, it follows that only when the de- 
termi/nant of the coefficients of two homogeneous equations i/n x and 
y is equal to zero can x and y jpossess vaVms differing from zero. 

11. Jjinear and homogeneous equations in three tmknowns. 

Solving the linear equations 

a-^x + "h ^ “b • • C^) 

for X and y, we get 


X = 


Of^h^ “* b-^a^ 


y 


0\O>^ — c^a 




( 6 ) 


b’^a^ 

If af >2 ” = 0, a? and y become infinite. In this case, the two 

lines represented by equations (5) are either parallel or coincident. 
When 

•“ ^2^1 .. Cjdo ” Ct^a-i 

0 ‘ 


X 


00 ; y 




0 


cx>. 


the lines intersect at an Infinite distance away. 
(5) to the tangent form, page 90, 




X 




y 


— ■J'X — 
^3 


Beduce equations 


( 7 ) 


but since a^b 2 — b^^a^ =« 0, =» tangent of the angle 

of inclination of the lines ; in other words, two lines having the 
same slope towards the as-axis are parallel to each other.^ 

When the two lines cross each other, the values of x and y in 
(6) satisfy equations (5). Make the substitution required. 

®lC^l®2 “ ^2^1) "i" “ ®2^b.) "i” ®l(^l^2 ““ ®2^l) ” 

®2(*1^2 - * 2 ^ 1 ) + ^2(®i<*a - ^ 2 ^ 1 ) + <?2(«l^a “ «2*l) 0 , 

or, writing 

X " ^ and y « • • • • C®) 

we get a pair of homogeneous equations in X, Y, 21, namely, 
a-f21 + b<^Y + C-^Z 0 j a^Y. + bfY + o^Z = 0. 


^Thus the definition, *' parallel lines meet at infinity," means that as the point 
of intersection of two lines goes further and further away, the lines become more and 
more nearly parallel. 
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Equate ooeffioients of like powers of the variables in these ideutioal 
equations. 

: Cj — fla = : <^a» 

or, from (8) and (6), 

■“ I I • I I • I ^1 ^x I • • • (10) 

1 62 Oa I I <?2 fl^a I I ^2 ^2 1 

The three determinants on the right, are symbolized by 

( 11 ) 

where the number of columns is greater than the number of rows.^ 
The determinant (11), is called a matrix. It is evaluated, by 
taking the difference of the diagonal products of any two columns. 

The results obtained in (10) are employed in solving linear 
equations. 

EzampIiKb. — ( 1) Solve 4 as Sjf "m 7 ; Qx — lOy a 19. 

X:T:Z-, 6, - 7 I : I- 7. 4 1 : 1 4. 5|; 

1-10, -19 1 1-19, 8 1 |S,-10| 

=* —165:55 : — 65 ; or xss+3 and ysa — l, 

(2) Solve 20a; — 192f » 28 ; 19a; — 202 ^ » 16. Ansr. a; « 4, 8. 

(3) Solve the observation equations : 

•5a; — •2y = *4 ; *14a; + -Sy =» 1*18. Ansr. a; « 2, y « 8. 

(4) Solve ^x — ly at 6 I io; — ^ s — 1. Ansr. x am 24, y »> 18. 

The condition that three straight lines represented by the 
equations 

a^x + 4- Ci*=0 ; + c, — 0, (12) 

may meet in a point, is that the roots of any two of the three 
lines may satisfy the third (§ 32). In this case we get a set of 
rimultaneous equations in X, T, 

+ OyZ~ Oi2^ + o^Z = + c^Z ** 0, (13. 

by writing a? =» ZjZ and y *» "YIZ in equations (12). From the 
last pair, 

JST : Y z Z = I bg, ^ 2 1 ' I ® 2 > ® 2 1 • I ® 2 > !• • (^^i 

I ^8» I I ®s» 1 1 ®a> I 

Sut these values of x and y, also satisfy the first of equations (3), 
hence, by substitution, 

®x I ^2> ^ 2 1 + ^ 1 1 ^ 2 1 + I ^2 1 “ • (^®) 

l^s* <?sl ^21 \^Zf ^sl 

^ It is eostomary to call the vertical oolanms, simply ** oolonma ’* ; the horizontal 
rows, “rows". 



§ ISO. DETERMINANTS. 683 

which is more conveniently written 

Ai 0i — 0, • . • • (16) 

Cj 

^3 ^3 ^3 

a determinant of the third order. 

It follows directly from equations (13), (14:), (16), only when 
the determinant of the coefficients of three homogeneous equations 
in X, y, z, is equal to zero, can x, y, z, assess values diffierimg from 
zero. This determinant is called the eliminant of the equations. 
Each determinant in (14) is called a Bubdetepminant, or minor 
of (16). 

§ 180. The Expansion of Determinants. 

It follows from (15) and (16), that 

i a-y hy Cy = ” 1 * ^ 2 ^ 3 ®!"!“ ^3 ^ 1^2 “ ^ 1 ^ 8^2 “ (^'^) 

I ^2 ^2 ^2 

I "3 ^3 ^8 

A determinant is expanded, by taking the product of one letter 
in each horizontal row with one letter from each of the other rows. 
The first element, called the leading element, is the product of 
the diagonal constituents from the top left-hand comer, i,e., Uyb^CQ ; 
its sign is taken as positive. The signs of the other five terms ^ 
are obtained by arranging alphabetically, and observing whether 
they can be obtained from the leading element by an odd or an 
even number of changes in the subscripts ; if the former, the 
element is negative, if the latter, positive. For example, a^b^ ®8» 
is obtained by one interchange of the subscripts 2 and 1 in the 
leading element ; is, therefore, a negative element ; a^^y 

requires two such transformations, 2 and 1, and 2 and 3, hence 
its sign is positive. 

Examplidb. — (1) Show 12 2 2j-i2-i-12 4-8-'4 — 6 — 8es4. 

Ir.il 

(2) Show 10 h «|-.2a^>c. 

I 6 O a I 

I 0 a 0 1 

^ The number of elements in a determinant of the second order is 2 x 1, or 2 I 
of the third order 3 x 2 x 1, or 8 !, of the fourth order. 4 I, etc. 
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§ 181. The Solution of Simultaneous Equations. 

Continumg the discussion in § 179, let the equations 

+ + V = a3aj + &32/ + C3«f = 4?s, (18) 

be multiplied by suitable quantities, so that y and z may be elimi- 
nated. Thus multiply the first equation by Aj, the second by Aq, 
the third by A 3 , where A^, Ag, Ag, are so chosen that 

^jAj H- 62A2 + = 05 "t" ®2'^2 ^8-^3 “ 9. (^9) 

Hence, by substitution, 

® 2-^2 "b ^ 3 -^ 3 ) “ ^ 1 “^! "b dfgAg ■+• dgAg. ( 20 ) 


Equations (19) being homogeneous in A^, Ag, Ag, we get, from (10), 


Aj ; Ag : Ag — I 62 &g I 

• I ^8 I * I ^2 I* 


1 ^2 ^3 1 

I Cg Cj 1 1 Cj C2 1 


Substituting these yalues of A^, A 
as in equations (14), (16), (16), 

2, A 3 , in equations ( 20 ), we 

get. 

X Otj fej Cj = 

dj Cj • . • . 

( 21 ) 

^2 ^2 ^2 

^2 ^2 ^2 


^3 ^3 ^8 

^3 63 Cg 



In the same way, on multiplying by JBg, J^g, and by (7j, O 2 , O 3 . 

3 ^ I 1 ~ I I » ^ I ^1 I ~ I ^1 !• (22) 


I ^2 dg Cg I I CC>2 ^2 ^2 I I ®2 ^2 ^2 I I ®2 ^2 ^2 I 

I ^3 ^8 ®3 I 1 ^3 I I ®8 ^3 I I ^3 ^8 ^8 I 

ExA-MPriSS. — Solve the following set of equations : 

(1) 5a: + Sy 4- Si? as 48 ; 2a; + 6^ — 3s ss 18 ; 8a; — Sy+ 2^=21. From (21) 

a;aa|48 8 84-6 8 8 ^= 8 ; 

1 18 6 -8 2 6 -8 

1 21 -8 2 8 -S 2 

similarly y ^ 5; a <= 6. 

( 2 ) H. E. Boscoe and O. Sohorlemmer {Treatise on Chemistry^ 1 , 704, 
London, 1878) use the following set of equations in the analysis of a mixture 
of gases containing O 2 H 4 , OsHg, and OeBEj gases: 

a; + y + « s= a ; 2a; + 8y + 6;? s 5 ; 2a; + f ^ + If-s b c, 
where a, 5, c, are numbers obtained from the gas burette. Solve for a;, {^, a. 

(3) Field’s process {Jour. Ghem, 800., 10, 234, 1858) for the determination 
of chlorine, bromine, and iodine when mixed in solution involves the equations 

a; + y + X = a ; l-Sla; + y + « =* 6 ; l*637a; + l*25y + x s= c, 
where a, 6, and c are numbers determined by analysis. Similar equations 
arise in the indirect process of analysis of a mixture of sodium and potassium 
salts. Find x, y, z. 

(4) Solve the observation equations: 

*8a: + *2^ + 'Sz = 8*2; *20; + *3y + *4x = 2*9 ; *40; + -By + ‘Sx = 8*7. 

Ansr. a;B2, y = 8, xb4. 
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(5) To illustrate the solution of simultaneous equations ** by the 'writing 
do'wn of the coe£Q.cients according to a fixed soheme and operating upon them 
according to a prescribed scheme,” take the proof of (2), from (1), page 444, 
as an exercise. In equation (1) take z as an independent 'variable and solve 
the t'wo simultaneous equations for dxjdz and dyids. Hence, 


\Q, 

1 


. 

Si 

Pi 

P 2 

dsc 

d/y 

dz 


Qi 

’ dz 

•Px 

<9i 

’ • •|«1 -Bi 

riB, p.j' 

= -p-- 

Qi\ 


Qz 


P 2 

Qz 

l«9 B. 

1 |b, pJ 

P 2 

Qz\ 


which has the same form as (2), page 445. 


§ 182. Test for Consistent Equations. 


It is easy to find values of x and y in the two equations 

a^x + bjT/ + Oj == 0 ; + Cg = 0, 

as shown in § 179, ( 6 ) ; similarly, values for x, y, and z in the 
equations 


dr-jjD + “b "t” — 0 f ^2^ ”i” ^3 ® > 

< x ^ + + C30 + <^3 = 0, 

can be readily obtained, and generally, in order to find the value 
of 1, 2 , 3, . . . unknowns, it is necessary and suf&oient to have 
1, 2, 3, . . . independent relations (equations) respectively between 
the unknowns. 

If there are, say, three equations and only two unknowns, it is 
possible that the values of the unknowns found from any two of 
these equations will not satisfy the third. For example, take the set 

3a? — 2y « 4 ; 2a; + % «» 24 ; a? + 3 ^ 2. 

On solving the first, two equations, we get a; = 4, 2 / »= 4. But these 
values of x and y do not satisfy the third equation. On solving the 
last two, a; — — 8 , y «== 10 , and these values of x and y do not satisfy 
the remaining equation. In other words, the three equations are 
inconsistent. Consequently, it is a useful thing to be able to find 
if a number of equations are consistent with each other ; in other 
words, to find if values of x and y can be determined to satisfy aU 
of a given set of equations. For instance, is the set 
a^x + hjy + ©1 “ 0 ; + ftgy + Cj = 0 ; + h^y + C 3 — 0, (23) 

consistent ? From the first two equations, page 681, we get 




(24) 


Substitute these values of x and y in the last of equations (23), the 
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two unkaowns disappear, and, if the equations are consistent, 

remains. Hut this result is obviously the expansion of the de- 
terminant 

Oj 0| I ** 0, • • • (S25) 

^2 ^2 1 

^8 ^8 ^8 I 

and this in consequence called the eliminant of the three given 
equations. Hence we conclude that three equations are consistent 
with each other only when the deterrmnant of the coefficients and 
absolute term of the three linear eqtsations in x, y, e, is eqtud to 
zero. 


Exampijbs. — (1) Sliow that the following equations are consistent with 
one another, 

X + y — ssaO ; »— y + s»«2; y + s — a;»i4; + 

Hint. The elixninant is |1 1—1 01 = 0. 

1-112 
-1114 
1116 

(2) A point oscillates freely in space under the action of a force directed 
from the origin of the coordinates. The equations of motion are 

<Pa 5 _ d?y „ S?z „ 


Find the path of the point. First solve the equations as in Ex. (4), page 442. 

x>=Oi cos qt+ C 4 sin qt; y—O^ oos qt-¥ C» sin qt; C 3 00 s qt + Oy sin qt. 
Now eliminate t, because time does not determine the form or position of 
the path. Now cos qt, and sin qt, may be regarded as independent variables 
to be treated as *' unknowns Of course two equations would be sufficient 
lor the elimination, but three are given and all must be satisfied. For con- 
sistency we must have 

I « Oy O4I-O. 

y OA 

• oA 

When the determinant is expanded, the result is a linear homogeneous equa- 
tion in X, y, and 0 which is the equation of a plane passing through the 
origin, and whose position is determined by the constants O. Suppose the 
plane to be rotated so that it coincides with the a:y-plane, then s = 0. Solve 
for oos qt, and sin qt, and substitute the results in the well-known equation (19), 
page 611, sin* qf+oos* ql=l. The equation is of the second degree. Expand 
and put Oa* + Ob* = a ; - O 4 O 8 = b ; Oi*+ O 4 * = e , (OjOb - C 2 O 4 )* — h, 

.•. aas — hxy cy ^ h. 

In the discrim in a n t 6 ® — 4ac, a and c are necessarily positive, consequently 
the curve is either an ellipse or a oirole. 
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§ 183. Fundamental Properties of Determinants. 

The student will get an idea of the peouliarities of determinants 
by reading over the following : — 

I. The value of a determinant is not altered hy changing the 
colvmms into rows, or the rows into columns. 

It follows directly, by simple expansion, that 


I«1 &ll 

— |c4 Oal; and 

*1 

— 

<*2 Os 

l«3 * 2 ! 

k ^1 

Oa &a 


6, 6a 63 

Cl ^ Cg 


It follows, as a corollary, that whatever law is true for the rows of a 
determinant is also true for the columns, and conversely. 

II. The sign, not the nwmerical value, of a determinant is altered 
by interchanging an/y two rows, or any two columns. 

By direct calculation, 

|«i &i|= ~|*i «ij; l^i Ci|= - *1 «i «! • • • (27) 

102 bjj I&2 a^\ IdCa Cjl ^3 ^ ^ 

la, <^| 6, a, c, 

III. If two rows or two columns of a determinant are identical, 
the determinant is equal to zero. 

If two identical rows or columns are interchanged, the sign, not the value, 
of the determinant, is altered. This is only possible if the determinant is 
equal to zero. The same thing can be proved by the expansion of, say, 

oj a. Cl =iO. 

^ 

IV. When the constituents of two rows or two columns differ by 
a constant factor, the determinant is equal to zero. 

Thus by expansion show that 

41 51 -4116-4x0-0. . . . (28) 

8 2 6 | 226 

12 3 71 3 3 7 

V. If a determinant has a row or oolwm/n of cyphers it is equal 
to zero. 

This is illustrated by expansion, 

0&|Cj| — 0. . . • . • (29) 

O 6a c. 

O 6, c,| 

VI. In order to multiply a determinant by a/ny fcbctor, multiply 
each constituent in one row or in one column by this factor 
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This is illustrated by the expansion of the follo'v^ing : 

‘ • • • * 

Og C2 ^ 

a, 63 C 3 wog 63 C 3 

FJj. Jw order to divide a determma/nt by any factor^ divide each 
constituent in one row or in one column by that factor. 

This follows directly from the preceding proposition. It is conveniently 
used in the reduction of determinants to simpler forms. Thus, 

6 98 s»9.6.2 114 =9.6. 2. 2 112. . (81) 

12 18 4 2 2 2 111 

24 27 2 481 431 

VIII, If the sign of every constituent in a row &r column is changed, 
the sign of the determinant is changed. 

I - - 5 , Cj 1. . (82) 

— eta — 63 C 3 1 

— 03 — 6 * O 3 1 

IX. One row or colwrmi ofomy determinant can be red/uced to 
wnity {Dostor*s theorem). 

This will need no more explanation than the following illustration : 

I 3461 = 12 fill I (38) 

2 8 sl |l S 2| 

6 7 91 Is 7 el 


\ 

less — 

- Oi bj Cj 

a, &3 C3 


- Oa bj Ca 

bjt Cf 


— Os bj C3 



K. If each constituent of a row or column can be expressed as 
the sum or difference of two or more terms, the determinant can be 
expressed as the svum or difference of two other determinants. 


This can be proved by expanding each of the following determinants, and 
rearranging the letters. 


«i ± JP* bi. Cl 


bi Cj 

+ 

JP bi Cl 

«a ± 2 » bj, 


c^a ba Ca 


2 ba Ca 

03 ±r, €3 


Os ba C3 


r bg 


( 84 ) 


In general, if each constituent of a row or column consists of n terms, the 
determinant can be expressed as the sum of n determinants. 


EzahfLiB:. — S how by this theorem, that 

6+0, a — h, a «= Sofcc - a* — ft® — 
c + a, 6 — c, 6 
a + h, c — a, e 


XI. The value of a determinant is not changed by adding to or 
subtracting the constituents of any row from the corresj>onding con-’ 
stitvtents of one or more of the other rows or columns. 
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Thus from X. and JJJ., 

I ^ i ^2, h 


<hi ± 2>2. 
± 6», 


Oj, 

6a» ®2 


~ I «i 2>i I ± 


which proves the rule, because the determinant on the right vanishes, 
result is employed in simplifying determinants. 

Examplbss. — (1) Shov? 1, oj, y + » « 0. 

1» « + ® 

1, z, X + y 

Add the second column to the last and divide the result "by x + y + z. 
determinant vanishes (3). 


This 


The 



y 

z 

= (» + y + «) 1 

1 

X 

B 


y 

z 

X 

y 

V 

z 

X 

y 

z 

X 


Add the second and third rows to the first and divide hy x + y z. 
(3) Why is I dj Cj I equal to I Oj + dj, I ? 


Ug + bg 


5* + «a. Cg j 

&« + <*»» c» 


(4) Show 1 4 

1 

7 

= - 23. 

3 

6 

-2 


h 

1 

8 


XII. If all 

but 

one 

of the 


cy'pherSj the determinant can be reduced to the 'prodnict of the one 
constituent, not zero, into a determinant whose order is one less than 
the original determinant. 


For example, 



11 a 6 1 - lloi 6 i|;' 

0 

0 - 

1 0 Oi 62 1 1 <>2 ^2 1 

5 

6 - 

1 0 Og 6a 1 

- 3 

1 


The converse proposition holds. The order of a determinant can be raised 
by similar and obvious transformations. 

JCIII. If all the constituents of a determinant on one side of the 
diagonal from the top left-hand comer are cyphers, the determinant 
redicces to the leading term. 


Thus. 


The determinant 
tuent a,. 


Oj Oj 0i =ai|&g Cal — OiOgCj. • • 

0 6a Cg |o Csl 

0 0 O3 

I is called the co-faotor or complement of the consti- 




§ 184. The Multiplication of Determinants. 

This is done in the following manner ; 

I I ~ I ^i^i» ^ 1^2 ^ 1 ^ 2 1 

I ^2 63 I Ma ^2 I I + ^ 2 ^ 1 . + * 2^2 I 
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The proof follows direotly on expanding the right side of the 
equation. We thus obtain, 

— I Oidi, 6163 I + I *161, oA I ; 


^ 1^2 ^ ^ 2®1 I ^ » 

^2 I ^2 ®2 


- (<*,«, - <h 1 - 

a>-x 61 X 

di 

<H h \ 

<»a 

d^ ^2 


Since the value of a determinant is not altered by writing the 
columns in rows and the rows in columns, the product of two 
determinants may be written in several equivalent forms which all 
give the same result on expansion. Thus^ instead of the right 
side of ( 38 ), we may have 

I ayd^ + 61^2, I ; I + 03^2, I, etc. 

^ 2^1 + ^2^2* ' ®2^ “I* ^2^2 I I "1" ^2^2» “i” ^2^2 I 

ExampiiSS. — ( 1) I Oj p SB I a\ + OyO^ + bjb^ I. 

I Oa I I + 6162, I 

(2) Multiply I Oj bx Cj I and fx 

I 63 I ^ ^ /s 

I 63 ^ I ^ /t 

The answer may be written in several different forms ; one form is 

I Ojdx + bx^x + ®i/n "b ^1*2 "J" "i" 6x^3 + Cxfz I* 

Oadx + b^x + <ifi* 0^2 + b^ + C3/9, a^d, + 64S3 + c^fs I 

+ bjfix "i* ^afi* *b 6389 ■!" ^xfa* "b 63^3 + ^sfa I 

This can be verified by the laborious operation of expansion. There are 

twenty-seven determinants all but six of which vanish. 

When two constituents of a determinant hold the same relative 
position with respect to the leading constituents, they are said to be 
conjugate. Thus in the last of the determinants in ( 34 ) and 
q are conjugate, so are 63 and 03, r and c^. If the conjugate 
elements are equal, the determinant is symmetpioal, if equal but 
opposite in sign, we have a skew determinant. The square of a 
determinant is a symmetrical determinant. 

§ 188. The Differentiation of Determinants. 

Suppose that the constituents of a determinant are independent 
and that 


D = 


^1 Vx — ^1^2 “ ^2yi» 
®2 Vs 
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= ( 2 ^ 2^®1 - + (« 1%2 - ® 2 %l) ; 

*■ I dx-^ I I ^2^1 1* • • • 

I ^3^2 2^2 I l«2 <^2^2 I 

If the constituents of the determinant are functions of an in- 
dependent variable, say then, writing jCj for dxfdt^ for dyjdt 
and so on, it can be proved, in the same way. 


■D = »i yx : d{p)idt = 


Vx 

+ yi 

»a Vi 

*2 

2^2 

®a- Vi 


(40) 


ExAMPEiKS. — (L) Show that if D »« I ajji I ; 

pa y>i 

d(]y^ — I dajj I I "l” Vx { 

I dx^ ^2 I I ^2 %2 ^2 ^ Vi < 2^2 

I dais Vi M^\ I®, dy, iTg «, y^ dtt^ 

d{D)/dt » I .fj y, «i I + «i Vi *i +«iyi^i- 
1^2 2^2 ^^2^2 ^2^2 «2 

l^s 2^2 ^sl ®S 2/3 *3 «3 2/8 «3 

(2) If Oj, 6a, Cj, Ofl, 6a, . . ., are constants, show that 

d|a,a: bjj/ c^z — Oidx b^y c^z + , etc., =: dsr 1 6}^ Ciz\, etc. 
I a.jB b^y Cj |3 a^dx b.^ | b^ c^z | 

1^3 6j^ CgZ bj^ CgZ 


§ 186. Jacobiaus and Hessians. 

I. Definitions. If w, VyW, be functions of the independent vari- 
ables, Xf Zf the determinant 

"bu bu bu f . . . , (4D 

bx by bz 
bv bv bv 
c>a; by bz 
bw bw bw 
bx by bz 

is called a Jacobian and is variously written, 

V* ^ ' or simply J, . , (42) 

when there can be no doubt as to the variables under consideration. 

In the special case, where the functions u, v, w are themselves 
differential coefficients of the one function, say u, with respect to 
Xf y and z, the determinant 
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b^U 

bHl 

b^u 

ba^ 

bxby 

bxbz 

bHt 

b^U 

b^U 

bybx 

by^ 

bybz 

b^U 

b^u 

b^u 


'bzTix "byds 

is called a Hessian of u and written H(u), or simply Bf. The 
Hessian, be it observed, is a symmetrical determinant whose 
constituents are the second differential ooeflBcients of u with 
respect to a?, z. In other words, the Hessian of the primitive 
function w, is the Jacobian of the first differential coefficients of -w, 
or in the notation of (42) , 

TTfoA = W W 

II. J acohia'ns and JSessians of interdependent functions. If 

u =/(v), 

55=/(®)S5: Si; “ 

Eliminate the function /'(u) as described on page 449. 


(44) 


bU bv bu bv 
bx' by by’bx^ * 


or. 


bu bu 
bx by 
bv bv 
bx by 


= 0 . 


(45) 


That is to say, ifu is a function of Vy the Jacobian of the functions 
of u and v with respect to x and y will he zero. 

The converse of this proposition is also true. If the relation (46) 
holds good, u will be a function of v. 

In the same way, it can be shown that only when the JSessian 
of u is not equal to zero are the first derivatives of u with respect to 
X and y independent of each other. 


Examples. — (1) If the denominators of (9), et seq., page 453, that is, if P, Q, 
and R vanish, show that u can be expressed as a function of v, or, u and v are 
not independent. Ansr. The expression is a Jacobian. If is a function of 
Vy the Jacobian vanishes. R vanishes if either « or t; is a function of z only ; 
•P • .0i and 12 Sill vanish if is a function of v ; and f{u, v) s 0 can be re* 
presented by v « c which contains no arbitrary function. 



§ 186 . 


DETEBMINANTS. 


593 


(2) Show that y gj = 0 ia a condition that ^ 0 shall be an in- 

tegral of JP'dz/^x + Q'dzj'By ** B. Hint. ^ is a function of x, y, e, and can be 
expressed as a function of u and v. 

(8) If P, Q, and JR are given, the Jacobian of u.and v must be pro- 
portional to P, Q and JR. This follows from the equations on page 453. 


III. The Jacobian of a fnnotion of a fimction. If Wg, are 
functions of cci and X 2 , and Xi and Xq are functions of 

By the rule for the multiplication of determinants. 


bUj^ bu^ 



• 

clOi bXi , 

^2/1 W2 


c>ai' 5 ^ 



bU2 bU2 


bU2 bU2 


bX2 bX2 

^2^1 ^^2 


^X2 by^ 


^2^1 ^ 2/2 


^2) agg) 

* 3/2) ^(®i» ^2) ^( 2 /i» 2/2) 

This bears a close formal analogy with the well-known 


. ( 46 ) 


"hu "hn 'by 

^ ~ ^ ' 5a* 

J"F. The Jacobian of implicit ^ functions. If u and v, instead of 
being explicitly connected with the independent variables x and y, 
are so related that 

P = /i(a, y, 24, v) «= 0; q y, «, v) ^ 0, 

u and V may be regarded as implicit functions of x and y. By 
differentiation 


bx bu bu bp bv - bp ^ bu bp ^ ^ 

bp bp * c)a; t)*?; * 5a ' ^ bu ' by by * 

bq bq bu bq bv ^ ^>2 bq bu bq bv ^ 

<)a ^ bu * bx bv * bx ** ' by bu by ^ t)t? ^a * 

and by the rule for the multiplication of determinants. 


bp bp 
bu bv 

X 

bu bv 
bx bx 

= — 

bp bp 
bx by 

• - . (47) 

bu ^ 


bu bv 
5y by 


c)a ^ 2 ^ 



> A function is said to be explicit when it can be expressed directly in terms of 
the variable or variables, 6,g,, » is an explicit function of x in the expression t z — 
z + a — bx*. A function is implicit when it cannot be so expressed in terms of the 
independent variable. Thus sc* -b xy « y* J » + y *■ **» aie implicit functions. 

PP 
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Hr ^(P> g) 

* ^(14, v) * ^(a?, 2/) “ “ y)’ 

A result whioh may be extended to include any number of inde- 
pendent relations. 


§ 187. Illustrations from Thermodynamics. 

Determinants, Jacobians and Hessians are continually appear- 
ing in different branches of applied mathematics. The following 
results will serve as a simple exercise on the mathematical methods 
of some of the earlier sections of this work. The reader should 
find no dif&culty in assigning a meaning to most of the coefiicients 
considered. See J. E. Trevor, Jomn. Phys. Chem., 8, 523, 678, 
1899 ; 10, 99, 1906 ; also B. E. Baynes’ Thermodynamics, Oxford, 
96, 1878. 

If U denotes the internal energy, the entropy, p the pressure, 
V the volume, T the absolute temperature, Q the quantity of heat in 
a system of constant mass and composition, the two laws of thermo- 
dynamics state that 

dQ = dU + p .dv; dQ — Td4>t . . • W 

pages 80 and 81. To find a value for each of the partial derivatives 



in terms of the derivatives of 77. 

1. When V or is constant. From (1), 

- P •^'dUfdv; Kad T . . (2) 

First, differentiate each of the expressions (2), with respeot to <f> at 
constant volume. 

/^\ ^^0 ^ T \ 

- Wa “ WA “ * 

By division, - . 

Next, differentiate each of equations (2) with respeot to v at constant 
entropy. 


( 8 ) 

w 


( 6 ) 
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By division. 


/ ^p\ 

“* - FTT* 


7i(f>7iv 

II. When either p or T is constant. We know that 

dp - If ; Md dT = ^dv + ||rf^. . (7) 

First, when p is constant, eliminate dv or d<fi between equations 
(7). Hence show that 

dv _ d<t> do 
7i<f> Tiv 

where J denotes the Jacobian c)(29, T)fb(^, 4*)» If JS denotes the 
Hessian of U, show that 

\^^/p ^v'd Kfi /liv\ \ "iiv^ 

W 5 “ \yrl ” "5^ 

<)iy2 

Finally, if T is constant, show that 

\dvj 'WW ’ W * “ \^)r ^ 


§ 188. Study of Surfaces. 

Just as an equation of the first degree between two variables 
represents a straight line of the first order, so does an equation of 
the first degree between three variables represent a surface of the 
first order. Such an equation in its most general form is 

Ax + By + Cz + I> <==> Of 
the equation to a plane. 

An equation of the second degree between three variables re- 
presents a surface of the second order. The most general 
equation of the second degree between three variables is 

Ax^ 4- By^ -I- Cz^ + Bxy + Eyz + Fzx + . . . 4- W = 0. 

All plane sections of surfaces of the second order are either circular, 
parabolic, hyperbolic, or elliptical, and are comprised under the 
generic word conicoids, of which spheroids^ paraboloids^ hyperboloids 
and ellipsoids are special cases. 

J. Thomson {Bhdl. Mag., 43, 227, 1871) developed a surface of 

PF* 
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the second degree by plotting from the gas equation 

/(p, V, T) ^ 0; or jw = JST, 

by causing p, v and T to vary simultaneously. The surface pabv 
(Fig. 175) was developed in this way. 

Since any section cut perpendicular to the T- or 0-axis is a 
rectangular hyperbola, the surface is a hyperboloid. The iso- 
thermals T, T 2 , Tg, . . . (Fig. 29, page 111) may be looked upon as 
plane sections cut perpendicular to the 0-axis at points correspond- 
ing to Tg, . . ., and then projected upon the ^-plane. In 
Fig. 176, the curves corresponding to pv and ab have been so 
projected. 

As a general rule, the surface generated by three variables is 
not so simple as the one represented by a gas obeying the simple 
laws of Hoyle and Charles. 

Yan der Waals* **«|r** surfaces are developed by using the 
variables i/r, cc, v, where ^ denotes the thermodynamic potential at 



constant volume (C7 — TV*) ; a? the composition of the substance ; 
V the volume of the system under investigation. The surface 
is analogous to, but not identical with, pabv in the above figure. 

The so-called thermodynamic surfaces of Gibbs are obtained 
in the same way from the variables t?, U", cfi (where v denotes the 
volume, U the internal energy, and 0 the entropy) of the given 
system. 

The solubility of a double salt may be studied with respect to 
three variables — temperature, 0, and the concentrations Sj fl.rtd 5^ of 
each component in the presence of its own solid. Thus a mixed 
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solution of magnesium sulphate^ MgS04, and potassium snlphatOi 
K2SO4, will deposit the double salt, MgSO4.K2SO4.6H2O, under 
certain conditions. Tbe surface so obtained is called a surface 
of solubility. The solution can also deposit other solids luider 
certain conditions. For example, we may also have crystals of 
MgS04.7H20 deposited in such a manner as to form another 
surface of solubility. This is not all. The above system may 
deposit crystals of the hydrate MgS04.6B[20, the double salt 
MgSO4.K2SO4.4H2O, or the separate components. The final 
result is the set of surfaces shown in Fig. 177 . 

The surface which is represented by the equation, 

/(a?, y, == 0 ; or. z — y), 

will exhibit the characteristic properties of any substance with 
respect to the three variables x, y, and z. The surface, in fact. 



will possess certain geometrical peculiarities which depend upon 
the nature of the substance. It is therefore necessary to be able 
to study the nature of the surface at any point when we know the 
equation of the surface. 


1 , The tangent line, and tangent plane. Let the point P(aJi5 Vn ^1) 
be upon the surface 

u =» f(x, y,z') 

The equations of a line through the point P are, page 131 , 


y-y\ 

I m 


n 


r. 


and where the line meets the surface 

n = /(a?! + ir, y^ + rn/r, z^ + nr) = 0. 
By Taylor's theorem. 


(1) 

( 2 ) 

( 3 ) 




, du du 

+ Wt H 

dy^ dz 


Ll + + . . . = 0 . (4) 

J ^ gL J 
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One value of r must be zero since P is on the surface ; and if we 
choose the line so that 






d/u, 


+ = 0 , 


( 6 ) 


d/u 

irj 1- — 

diX/^ ^^ 2^1 

another value of r will vanish ; so that for this direction another 
point, Qf will coincide with P and the line will be a tangent line. 
Equation (6) gives the relation between the direction cosines of a 
tangent line to the surface at the point PC^i ^i). Eliminating 
Z, m, and n, between (2) and (5), we get 

This equation being of the first degree in a?, y, and z represents a 
plane surface. All the tangent lines lie in one plane. Equation 
(6) is the equation of a tangent plane at the point (a^^, 

If the surface had the form 

z =» /(a?, y) .... (7) 

equation (6) would have been 




z — z 


1 * 


( 8 ) 


at the point y^, Zj). 

ExAifFiiBS. — (1) show that the tangent plane of the sphere Xj* + = r* 
at the point (a:, y, «) is a5«i + yyi + ««i=r*. Hint. 9w/3£Ci = — 2yj; 

— 2ja^. Substitute in (6) and it follows that xx^ + yyi + ezi =* x* + y® + s* = r®. 
(2) The equation of the tangent plane at the point (Xj, y^, »j) on the para- 
boloid 


. y* . , ^ 

is 


Wi 

6® 


2p(# + #i). 


(3) Show that the tangent plane to the surface (1) or (6) above Is hori* 
zontal, that is, parallel to the ajy-plane. g — 8^ *=0. Hint. When a line is 
parallel to the x-axis, the angle it makes with the axis is zero, and tan 0**=a O, 
hence we must have and “d^fdy both zero ; and ^uj'dg not zero. 

II. The normal. By analogy with (1), page 106, or by more 
workmanlike proofs which the student can discover for himself, we 
can write the condition that a plane normal to, or perpendicular to, 
the tangent of the surface /(a;, y, z) 0 at the point y^, is 


a? -a;, 
"bx 


y-vi 

bu 

by 


bz 


0; 


or. 


a? — £D 


1 


bu 

bx 


y-Vx ^ 


( 9 ) 


by 


ExAUPnns. — (1) Show that the normal to the sphere x® + y® + s® 
x/x^ as yjy^ ss gjg^. Use the results of Ex. (1) above, and substitute in (10). 


r*, IS 
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(2) The normal to the sorfaoe xym « a* at the point (a:^, y-y, Mj) is 

axBi - =» = *#1 - «i*. 

(8) Show that the equations of the normal and of the tangent to the 
curve y® »» 2a? — a?® ; ** *=■ 4® — 2x, at the point (2, 3, — 1) are respectively 
e ~ 2 a ^(y ~ 8) » « + 1 ; and e — 2 =* — 3(y — 3) =» e + 1. 

(4) We do not know the charaoteristio equation conneoting p, t?, and Z*. 
If the substance is an ideal gas, we havepv « RT. From equations (13) and 
(15), pages 81 and 82, we get the fundamental equation 

d XT ^ Tdif> “ pdVf . • • a a . (10) 

connecting v, Z7, and ^ This expression is the differential equation of some 
surface of the form 

U = /(v, ^) ; dU • • (H) 

Where — 1, and the two partial derivatives are proportional to the direction 
cosines of the normal to the surface at any point. Again, it follows from (10) 
and (11) that 

= ... (12) 

In other words the direction cosines of the normal at any point on the surface 
are proportional to 5P, — p, and —1 respectively. Hence, o, Z7, and Kp are the 
coordinates of the point on the surface, and the remaining pair of variables p 
and T are given by the direction cosines of the normal at the same point. 
The whole five quantities ji, t?, 27, IT, and p can thus be represented in a very 
simple manner. 


111. Infleoc^onal tangents. We can discuss the equations of a 
surface by the aid of the extension of Taylor’s theorem, on page 
292, and the methods described in § 101. There are an infinite 
number of lines 


a? -a?! ^ y-y\ ^ 

I ^ m n * 


(13) 


which satisfy the relations 

Z* + m* + «* - 1 ; + = 0. . (14) 

rbdso linos cut tho surf8»co at two coiucidoiit points i two cf tHoso 
lines also satisfy the relation 




2Zw.r-^ + 

t>y^ 


0 . 


(16) 


These two lines out the surface at three coincident points. These 
lines are called inflexional tangents. They are real and distinct, 
coincident, or imaginary, according as the quadratic in I, and m, 

zJL^ + 'Ttzjmi + • • • (16) 

has real and different, double, or imaginary roots. This depends 
upon whether 
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55“ • §p ~ \,S535>/ “ 1 ® point ; . (17) 

£28)o1i i]ifl6xioii8il tajigsiit to tliB surfaiOB will cut tlio curvo in throe 
coincident points at the point of contact. The inflexional tangents 
have a closer contact with the surface than any of the other 
tangent lines. At the point of contact of the curve with the tan- 
gent plane there will be a cusp, conjugate point, or a node, ac- 
cording as the above expression is positive, ;aero, or negative. 

The equations of the inflexional tangents at the point (x^, z^) 

are obtained by the elimination of I, m, and n between (13) ; the 
second of equations (14) ; and (15). If we treat the equation of 
the surface 

^ = 0> . . . (18) 
in a similar manner, we find that we must know the value of 


as well as of 


1 _ 
1 ; « 0 , 
ox 2iy dz * 


(19) 


/,> .3 «>V ^ 

• • (20) 

in order to determine the inflexional tangents. These tangents wili 
be real and different, ooinoident, or imaginary according as the 
determinant 






• 












u. 

2*. 

^0 



( 21 ) 


is neptive, positive, or zero. When the inflexional tangents are 
imaginary, the surface is either convex or concave at the point and 
conversely. Furthermore, if 



1 ; and, U 















are positive at the point P(x, y, z) the surface is concave provided 
'b^ufOx^ and bufbz have the same sign ; and convex when 
and bufbz have different signs. 



APPENDIX L 


COLLECTION OF FORMtJLiEJ AND TABLES FOR REFERENCE. 

** When for the first time I have occasion to add five objects to seven 
others, I count the whole lot through ; but when I afterwards 
discover that by starting to count from five 1 can save myself 
part of the trouble, and still later, by remembering that five and 
seven always add up to twelve, 1 can dispense with the counting 
altogether.” — E. Mach. 


§ 189. Galoulations with Small Quantities. 


The discussion on approximate calculations in Chapter Y. renders any 
further remarks on the deduction of the following foimulse superfluous. 

For the sign of equality read “ is approximately equal to,” or “ is very 
nearly equal to Let a, jS, y, . . . be small fractions in comparison with unity 
or X : 


(1 i «) (1 ± •=* 1 i « i l8 

(1 ± «) (1 ± i8) (1 ± y). .. ±a± j8 + 7 ± • 

(1 + a)'^ = 1 + 2o ; (1 + «)” ** 1 i • ♦ 

»y(l + a) n 1 + iifa. =* J(a + S). . 

1 . _ 1 . 1 


( 1 ) 

(2) 

(3) 

(^) 


1 + a; 


(1 + a)* 


« 1 4* fta ; 


^/(l + a) 


= 1 -^ 0 . 


(6) 

(6) 


(1 ± «) 

(1 + a) (1 + B) 

The third member of some of the following results is to be regarded as a 
second approximation, to bo employed only when an exceptional degree of 
accuracy is required. 

go. ai 1 ct j a® 1 + <i log a.. *..■*■ C^) 

log (1 + et) « a ss flt J<x*. .•»••»• (8) 

log (05 + a) *■ logo? + afw - (9) 


® 2a , 2 a* 

log- 4 . _ 

X — a X 3 OCr 


By Taylor’s theorem, § 98, 

sin (a; + iS) » sin 05 + ficosx — JjS^sinos- I0^ooa os + . . . 

If the angle /3 is not greater than 2^®, < *044 : < *001 ; < *00001. 

But sin X does not exceed unity, therefore, we may look upon 

sin (« + ^) a* sinos 4 - $ cos o;, 
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correct up to three decimal places. The addition of another term ** — 
will make the result correct to the fifth decimal place. 

sin a ss a ss a(l — i[d^) ; cosa as 1 ss 1 — .... (H) 

sin (oB ± /3) ss sin a5 .± j8 cos x ; cos (a? ± 3) = cos x + 0 sin x. . (12) 

tan a » o =s a(l + ; tan (a; ± 3 ) — tan x + 0 sec%. . . (13) 

ExaupziBS. — S how that the squsbre root of the product of two small 
fractions is very nearly equal to half their sum. See (4). Hence, at sight, 
>/ 24*00092 X 24*00098 24*00096. 


§ 190 . Permiitations and Gombinations. 


Each arrangement that can be made by varying the order of some or all 
of a number of things is called a permutation. For instance, there are two 
permutations of two things a and b, namely db and ha ; a third thing can be 
added to each of these two permutations in three ways so that abo, ac5, eab, 
baa, bca^ cba results. The permutations of three things taken all together is, 
therefore, 1x2x8; a fourth thing can occupy four different places in each 
of these six permutations, or, there are 1 x 2 x S x 4 permutations when four 
different things are taken all together. More generally, the permutations of 
n things taken all together is 

w(w - 1) (n - 2) . . . 8 . 2 . 1 = n I 
n I is called “ factoral n’*.^ It is generally written \ n. 

Using the customary notation to denote the number of permutations 
of n things taken n at a time, 


number of things 


p 


number of things taken — n 


P» = w! 


If some of these n things are alike, sayp of one kind, q of another, r of 
another. 


••Pfi 


n i 


p 1 ! r 1* 

If only r of the n things are taken in each set, 


( 2 ) 


„Pr = ~ 2) , . . (n — r + 1) = j- . • (3) 

Each set of arrangements which can be made by taking some or all of a 
number of things, without reference to the internal arrangement of the things 
in each group, is called a comhination. In permutations, the variations, or 
the order of the arrangement of the different things, is considered ; in com- 
binations, attention is only paid to the presence or absence of a certain thing. 
The number of combinations of two things taken two at a time is one, because 
the set db contains the same thing as ha. The number of combinations of 
three things taken two at a time is three, namely, cb, ca, be ; of four things, 
db, ae, ad, be, bd, cd. But when each set consists of r things, each set can be 
arranged in r 1 different ways. 


> It is worth remembering that n ! =sr(n + 1), the gamma function of § 136. When 
n is very great 

n ! = n'^e — *» sj 

known as Stirling’s formula. This allows ! to be evaluated by a table of logarithma 
The error is of the order of the value of n 1 
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Det nOr denote the number of oombinations of n things taken r at a time. 
We observe that the nOr combinations will produce nOr x r I permutations. 
This is the same thing as the number of permutations of n things in sets of r 
things. Hence, by (3), 


.Cr = 


n(n ~ 1) (» ~ 2) . , . — r + .1) 


“ rl (»t - r)l 

Nearly all questions on arrangement and variety can be referred to the 
standard formulae (3) and (5). Special cases are treated in any text-book on 
algebra. In spite of the great number of organic compounds continually 
pouring into the journals, chemists have, in reality, .made no impression on 
the great number which might exist. To illustrate, Hatchett’s {Phil. Trans., 
93, 193, 1803) has suggested that a systematio examination of all possible 
alloys of all the metals be made, proceeding from the binary to the more 
complicated ternary and quaternary. Did he realize the magnitude of the 
undertaking 7 

ExiAMPnxs. — (1) Show that if one proportion of each of thirty metals be 
taken, 435 binary, 4,060 ternary and 27,405 quaternary alloys would have to 
be considered. 


(2) If four proportions of each of thirty metals be employed, show that 
G,G55 binary, 247,660 ternary and 1,018,985 quaternary alloys would have to be 
investigated. 

The number of possible isomers in the hydrocarbon series involving side 
chains, etc., are discussed in the following memoirs : Cayley {Phil. Mag. [4], 
13, 172, 1857 ; 47, 444, 1874 ; or, B. A. Eeports, 267, 1875) first opened up this 
question of side chains. See also O. J. Lodge {Phil. Mag., [4], 80, 867, 1875), 
liosanitsch {Ber., SO, 1,917, 1897), Hermann {ib., 3,423), H. Bey {ib., 38, 1,910, 
1900), H. Kaufimann («&., 2,231). 


§ 191. Mensuration Formulsa. 

Beference has frequently been made to Euclid, i., 47-~FytiIiagora8* theorem. 
In any right-angled triangle, say. Fig. 184, 

Squsure on hypotenuse « Sum of squares on the other two sides. (1) 
Also to Euclid, vi., 4. If two triangles ABO and DBF are equiangular so 
that the angles at A, H, and C of the one are respectively equal to the angles 
D, E, and F of the other, the sides about the equal angles are proportional — 
Buie of similar triangles — so that 

AB : BO BE : EF; BO : OA = EF:FB; AB : AC =* DE : DF. 
as 8*1416, or, y, or, 180® ; 0 degrees of arc ; r denotes the radius of a circle. 

I. Lengths {cares and perimeters). 

C li TOnTt OB' OxBOUB (angle subtended at centre 0) = 2r sin i|A. • (3) 

Abo of Oiboxjb (angle subtended 0) «= ^fir**’* • . • • 

Pbbiicbtbb of OiBOiiBi a 2«r as V X diameter. • . • • (^) 

PaiBXMBTBB OF EiiniFSB (semiaxcs, a, 5) = 24r n/ + 6®). . • (5) 

Tbxaboiub. aa 8^ 4- — 28o oos A. • • • • • . 
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n. Areas. 

BiBCTAxrGriB (sides a, 5) = a : (6) 

PABiXiiSsiiOGBAM (sides a, b ; included angle 0) = db sin 0. , . (7) 

Bbokbus = ^ product of the two diagonals. ..... (8) 

TbzahgCiB (altitude h ; base b) I 

= 6 ~ Job sin O = js/ s{s — a) (a — b) (s - c), j 


where a, b, c, are the sides opposite the respective angles A, JB, O, ef Fig. 
178, and s = ^(a + b + c). 

SPHSAlCALi Trianolbs ss (A + S + O ir)r“, «... (10) 




where r is the radius of the sphere, A, B, O, are the angles of the triangle 
(Fig. 179). 

TRAPBSzinu (altitude h; parallel sides a, b) ~ ^h{a + 2>). . . 

PoLvoorr op n Equaii Sides (length of side a) = Jwa* cot . 

Gibcdb = wT* = X diameter squared. ...... 

Gibcuxab Sector (included angle 0) ^ arc x radius = 

GibcuxiAR Segment— area of sector - area of triangle sin 0 (16) 

The triangle is made by joining the two ends of the arc to each other and 
to the centre of the circle. 0 is angle at centre of circle. 

Parabota cut opp by Doubde Ordinate { 2 y ) — ^ xy ; 
s= I- Area of parallelogram of same base and height. 


( 11 ) 

( 12 ) 

(18) 

(14) 


} 


(16) 


Eijjipse ira.b . . . (17) 

GuRViriiiTEAR AND Irbeguzar FIGURES. See Simpson’s rule. 

SiMiiiAR Figures. The areas of similar figures are as the squares of the 
corresponding sides. The area of any plane figure is proportional to the square 
of any linear dimension. JE.g., the area of a circle is proportional to the square 
of its radius. 


m. Surfaces {omit top and base). 

Sphere ** 4irr®. . . (18) 

Otdihdbb (height A) = 2rrh (19) 

Prism (perimeter of the base p) ph (20) 

Cone or Pyramid ^ x slant height. . . . , , (21) 

SphericaXi Segment (height h) a= 2irrh. ■ • • • . (22) 
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IV. Voltuaes. 


RBCTANQuriAR Pabazix:jji:.ofifbd (sides a, b, c) =* a, b .o. 
Sphbbs: = ^ circumsoribixig cylinder ; 

= |irr® ssa 4*189r® *= ^ir diameter^. 

Sphbricai. Skgbibot (height h) *= i«-(3r - h) h^. , . , 

OzniKOSSR OB Prism = area of base >: height = irr^h. 

Cons or Pyramid » oiroumsoribing cylinder or prism ; 

= area of base x ^ height =* = l-047r®^. 


} 

9 

m 

} 


(23) 

(24) 

(26) 

(26) 

(27) 


Frustum of Bight Oirculab Oonbj = ^vh(a^ + ad + d®). 1 

a and d are radii of circular ends. j (28) 

Simidar Pigurrs. The volumes of similar solids are as the cubes of 


corresponding sides. The volume of any solid figure is proportional to the 
cube of any linear dimension. JE7.^., the volume of a sphere is proportional 
to the cube of its radius. 


V. Centres of Gravity. 

PiiANEi Triargudab Damika. Two-thirds the distance from the apex of 
the triangle to a point bisecting the base. 

Gone or Pyramid. Three-fourths the distance from the apex to the 
centre of gravity of base. 

Bayer’s “strain theory” of carbon ring compounds has attracted some 
attention amongst organic chemists. It is based upon the assumption that 
the four valencies of a carbon atom act only in the directions of the lines 
joining the centre of gravity of the atom with the apices of a regular tetra- 
hedron. In other words, the chemical attraction between any two such atoms 
is exerted only along these four directions. When several carbon atoms unite 
to form ring compounds, the “ direc- 
tion of the attraction ” is deflected. 

This is attended by a proportional 
strain. The greater the strain, the 
less stable the compound. Apart 
from all questions as to the validity 
of the assumptions, we may find the 
angle of deflection of the “direc- 
tions of attraction” for two to six 
ring compounds as an exercise in 
mensuration. 

I. To find the angle between 
these “ directions of attraction ” at 
the centre of a carbon atom assumed 
to have the form of a regular tetra- 
hedron. Xiet s be the slant height, Fia. 180. 

AB, or BOy of a regular tetrahedron (Pig. 180) ; h « EO, the vertical height ; 
/, the length of any edge, JDO ox AO; <f>, the angle JDOG, or AOO, made 
by the lines joining any two apices with the centre of the tetrahedron, 
a® ^ ss « Jja. But h divides s in the ratio 2:1, hence (§ 191), 
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(|s)a«|Z 2 . But CZ) = 2Bi> = Z; BO^AB^s; CB = h. Hence, 
h ^ I P. From a result in V, above, the middle of the tetrahedron outs OB 
at O in the ratio 8:1. 

sin = JAO OO = il/ih ; ox, <p ^ 109® 28'. . . (29) 

II. To find the cmgle of dejlection of the “ direction of attractum ’* when 2 
to 6 carbon aioms form a closed ring. From (29), for acetelyne H^O • OHj, 
the angle is deflected from 109® 28' to i(109® 28'), or 66® 44'. For tri- 
methylene, assuming the ring is an equilateral triangle, the angle is deflected 
^(109® 28' — 60®) = 24® 44'. For tetramethylene, assuming the ring is a square, 
the angle of deflection is •J(109® 28' —90®) = 9® 34'. Box pentamethyletio, assum- 
ing the ling to be a regular pentagon, the angle of deflection is J(109® 28' — 108®), 
or 0® 44'. For hexamethylene, assuming the ring is a regular hexagon, the 
angle of deflection is i(109® 28' — 120®). or —6® 76'. 

The value of the angle e, in Fig. 180, is 70® 82'. See H. Sachse ** On the 
Configuration of the Polymethylene Ring,” Zeit. phys. Chem., 10, 203, 1892. 


8 192. Plane Trigonometi^. 

Beginners in the calculus often trip over the trigonometrical work. The 
foUowing outline will perhaps be of some assistance. Trigonometry deals 
^th the relations between the sides and angles of triangles. If the triangle 
is drawn on a plane surface, we have plane trigonometry ; if the triangle is 
drawn on the surface of a sphere, spherical trigonometry. The trigonometry 
employed in physics and chemistry is a mode of reasoning about lines and 
angles, or rather, about quantities represented by lines and angles (whether 
parts of a triangle or not), which is carried on by means of certain ratios or 
functions of an angle. 

1. The measurement of angles. An angle is formed by the intersection of 
two lines. The magnitude of an angle depends only on the relative directions, 
or slopes of the lines, and is independent of their lengths. In practical work, 
angles are usually measured in degrees, minutes and seconds. These units 
are the subdivisions of a right-angle defined as 

1 right angle « 90 degrees, written 90® ; 

1 degree « 60 minutes, written 60' ; 

1 minute « 60 seconds, written 60". 

In theoretical calculations, however, this system is replaced by another. 
In Fig. 181, the length of the circular arcs P'A', BA, drawn from the centre O, 
are proportional to the lengths of the radii OA' and OA, or 

arc P'A' arc BA 

radius OA' ~ radius OA’ 

If the angle at the centre O is constant, the ratio, arc/radius, is also constant. 
This ratio, therefore, furnishes a method for measuring the magnitude of an 
angle. The ratio 

ajTo 

- 1. is called a radian. 

Two right angles -» 180® 1 = »• radians, where *■ *= 180® ■■ 8*14159. fl) 
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The ratio, arc/radius, is called the circiOar or radian meaeiire of an angola 
(Badian b unit angle.) 

2. Relation between degrees and radians. The circumference of a circle 
of radius r, is 2irr, or, if the radius is unity, Stt. The angles 860**, 160**, 90**, . . . 
correspond to the arcs whose lengths are respectively, 2ir, -r, ... If the 

angle AOP (Pig. 181) measures D degrees, or a radians, 

£> 


D** : 860** 


a : 2». D** ^S60; or, a 


860 


2ir. 


( 2 ) 


E3:ahpi:.f.s. — ( 1) PTow many degrees are contained in an arc of unit 
length? Here a 1, 

300 


D = 


67-295** « 67** 17' 44*8". 


2ir ■“ . . . . ( 8 ) 

(2) How many radians are there in 1° ? Ansr. 4r/180 ; or, 0*0175. 

(8) How many radians in 2^** ? Ansr. 0*044. 

A table of the numerical relations between angles expressed in degrees 
and radians is given on pages 624 and 625. 

3. Trigonometrical ratios of an angle as functions of the sides of a triangle. 
There are certain functions of the angles, or rather of the arc PA (Pig. 181) 




called trigonometrical ratios. Prom P drop the perpendicular PM on to OM 
(Pig. 182). In the triangle OPM, 

JkfjP perpendioulflur 

(i.) The ratio or, , is called the tangent of the angle 

POM, and written, tan POM. 

It is necessary to show that the magnitude of this ratio depends only on 
the magnitude of the angle POM, and is quite independent of the size of the 
triangle. Drop perpendiculars PM and P'M' from P and P' on to OA 
(Pig. 181). The two triangles POM and P'OM\ are equiangular and similar, 
therefore, as on page 603, MP*IOM*ssMPlOM. 

I381S6 

(ii.) The ratio jgp, or, peipendicu iar* “ cotangent of the angle 

POM, and written, cot POM. Note that the cotangent of an angle is the 
reciprocal of its tangent. 

(iii.) The ratio “ caUed the sine of the angle POM, 

and written, sin POM. 

(iv.) The ratio g “8^ 

POM, and written, cosec POM. The cosecant of an angle is the reciprocal of 
its sine. 
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(v.) Tlie ratio = hypotenuse * the cosine of the angle POM, 

and written, cos POM. 

(vi.) The ratio , is called the secant of the angle POM, 

and written, sec POM. The secant of an angle is the reciprocal of its cosine. 


ExamfijS:. — I f X be used in place of POM, show that 


sin X 


_x_ 1 *.1 

cosec »* ®“tan x * ““seole* 


The squares of any of these ratios, (sin a?)®, (cot as)®, . 
written sin®a;, cot®as . . . ; (sin as) “ (cot a?) meaning 


., are generally 
1 

sin as’ cot as’ * “* 


cannot be written in the forms sin ~ ^as, cot ^ 'as, . . . because this latter symbol 
has a different meaning. 

4. To find a numerical value for the trigonometrical ratios. 




(i.) 46* or Draw a square A.POD (Pig. 183). loin jdO, The angle 
BAO^half a right angle =46*. In the right-angled triangle PAC (Euclid, i., 

AC®=.4B® + BO*. 

Since AB and BC are the sides of a square, AB = BO, hence, 


j 10® = 2AB®=2R0® ; or, u40= \/2 . AB^ a/2 . BG. 

BC 


8in46* = fS=4s'» oos46*=45=4=r: tan 45* = 


AG */2 


AC a/2 ’ 


AB 


= 1 . 


(^) 


Pig. 185. 



(ii.) 90® or In Fig. 184, if POM is a right-angled triangle, as M 

approaches O, the angle MOP approaches 90*. When JI£P coincides with 
OB, OP^MP, and OJIif=zero. 
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- rtAo JUP ^ ___ OJH _ , ___ JkTP 

sm 90® = qp =» 1 ; cos 90® « = 0 ; tan 90 ® =q^=oo . (6) 

(iii.) 0®. In Pig. 185 as the angle MOP becomes smaller, OP approaches 

OM, and at the limit coincides with it. PCence, PM=0% OM^OP. 

MP OM MP 

sin 0®=:'Qp=0 ; cos 0®— Qp=l ; tan 0°« OM~^' * 

(iv.) 60® or ^ir. In the equilateral triangle {Fig. 186), each of the three 
angles is equal to 60®. Drop the perpendicular OM on to PQ. Then 

2PM=Pg = PO- 

By Euclid, i., 47, 

PO^ = ikfpa + MO\ . •• 4PJr-* = MO'^ + PM ; or MO ^ = SPm 
M0= \/3 .PJkf ; angle llfPO= 60®. 


- s/^ 

sm 60® = -^-Ts “ -c 


PO “2 > — jpo 2 

(v.) 80® or i-jr. Using the preceding results, 


PM 1 MO 

cos 60® ■ 13 /^ “ 'ey ! tan 60® p Nr 3. 


MP 1 


MO 


*. sin 80® = ^jQp= 2 J 30°= ^p- 


k/3 MP 1 

tan 80 »=g^=.; 7 -g. 


The following table summarizes these results : 


(7) 


( 8 ) 


Table XIV. — Numerical Values oe the Trigonometrical Batios. 


Angle. 

O® to 360°. 

300. 

46°. 

60®. 

90®. 

ISO®. 

270®. 

sine 

0 

1 

2 

1 

n/2 

n/3 

2 

1 

0 

-1 

cosine 

1 

n/3 

2 

1 

n/2 

1 

2 

0 

-1 

0 

tangent 

0 

1 

n/B 

1 

n/3" 

00 

0 

00 


To these might bo added sin 16®= — sin 18® = J(a/ 6 — 1). See 

also page 608. 

It must be clearly understood that although an angle is always measured 
in the degree-minute-second system, the numerical equivalent in radian or 
circular measure is employed in the calculations, unless special provision has 
been made for the direct introduction of degrees. This was done in example 
(6), page 544 {q_.v.). Suppose that we have occasion to employ the approxima- 
tion formula 

sin (a; -h 0) = sir sd-VQ cos a?, 

of § 189, and that a; = 35® and 0=50''. The Tables of Natural Sines, Cosines, 
Tangents, and their reciprocals, will furnish the numerical values of sin 35® 
cos 35®, but 6 must be converted into radian measure. Hence show that 

0’00926xir 

sin (aj + 0) = 8m 36° -J- jgO cos 35 . 

Hint. 50"= (H)'=( 4 ^x,,' 5 )® =0-00926°. The numerical values of sin 86° and 

QQ 
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of cos 86® to four deoixnal places are respectively 0*6736 and 0*8192. The 
value of sin (fls+0) is, therefore, *5737. 

6. Conventions as to the sig^ of the trigronometrical ratios. This subject 
has been treated on page 123. In the following table, these results are 
summarized. The change in the value of the ratio as it jpasses through the 
four quadrants is also given. 

TaBIiB XV. Slows OB' THBl TBI001T0MESTmGA.Ii HATZOS. 


If the Angle is in 
Quadrant. 

sin;):. 

COfl jr. 

tanjf. 

COtdf. 

sec X. 

cosec X* 

I /sign 
lvalue 

+ 

0 to 1 

1 to 0 

+ 

0 to oo 

4" 

oo to 0 

4_ 

1 to oo 

4~ 

oo to 1 

“•{viSe 

*4“ 

1 to 0 

0 to 1 

oo to 0 

0 to oo 

oo to 1 

4” 

1 to 00 


Otol 

1 to 0 

0 to 00 

4~ 

oo to 0 

1 to oo 

oo to 1 

lvalue 

1 toO 

•4“ 

0 to 1 

00 to 0 

0 to 00 

1 

4~ 

00 to 1 

1 to 00 



S. Trigonometrical ratios of the supplement of angle. The angle is 

180® — a;, or *■ — a;, is called the supplement 
of the angle as. In Eig. 187, let MOP = as, 
produce OM to AT. Then the angle MOI*' 
is the supplement of as. Make the angle 
P'0M'=M0P. Let OP' = OP. Drop per- 
pendiculars P'M' and PM on to JBA. The 
triangles OPM and OP'IA' are equal in all 
respects. If OJlf is positive, OM' is negative 
.*. M'P's MP ; and OM'= — OM. 
sin (180-a:) — sin(ir-aj)=sin POM' = sin M'0P«=sin aj. 
cos (180® — a;) =: — cos x ; tan (180® — a?) = — tan a;. 

Exa mpijBs. — ( 1) Find the value of sin 120®. 

sin 120® = sin (180® - 60®) » sin 60 « n/3/2. 

(2) Evaluate tan 120®. Ansr, - 

7. Trigonometrical s^tios of the complement of an angle. The angle 
90® - as, or Jir - a?, is called the complement of x. In Fig. 188, PN and PM are 
perpendiculars on OP and on OA respectively. Then OM=NP, OiSr=MP. 

«fa (90»-a)_ain (iir-«)-sin2^0i>.-^ = ^_cos *. 
cos (90®-«)=sin a?; tan (90®-a;)*oot a; cot (90®-®)— tan *. 
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8. To prove tliat sin is/cos as = tan ae. 

sin x_MP I OM_MP OP MP , 
coilc ~ OP I 0P~'UP^ 0M~ OM - *• 

9. To prove tliat sin’^a: + cos^ «= 1. In Pig. 189, by Euclid, i., 47, 
OP^^MP^ + OM^. Divide through by OP®, and 


_ OP® _ Jfpa OAT® _ /MPy /OM\ * 
“ OI"®“ OP® OP® ~\OP) ’^\OP)^ 


sin®a5 + cos®a; a= 1. 


10. To show tbat Bln (tc + y) = sin as . cos y + cos as . sin y. In Pig. 189, 
PQ is perpendicular to 0<3, the angle HPQs* angle NOQ (Euclid, i., 16 and 82) 




^ MP _PH ON _PH PQNQ OQ , 
.*. sin + — — ^+OP~PQ *OP*^OQ’OP* 

= sin as . cos y + cos as . sin y. 


11. Summary of trigonometrical formulas (for reference). The above defi- 
nitions lead to the following relations, which form routine exercises in 
elementary trigonometry. Most of them may bo established geometrically 
as in the preceding illustrations : 

Note : IT = 180® ; or, 8-14169 radians ; one radian = 57 -2968®. 


sin (^ 7 ^-^-a;)=cos as ; cos (^ir — a:) = 8in x ; 'k 

cosec (^7 — as) = sec as ; sec (J-jr — a 5 )=cosec as; V . • • 

tan (Jir - as) = cot as ; cot (Jir — os) =tan as. 

Bin(ir — as) = ain as; cos (ir — as) =— cos as ; \ 

tan (tt — as) = — tan as ; cot (w — as) = — cot as. / * * " 

sin ( J'jr ■+ as) = cos as ; cos (Jir-l-a5)= —sin as ; \ 

tan (Jit + as) = — cot as, cot (Jir+ as) = — tan as. / 

sin (ir + a;)= — sin as ; cos (ir-j-as)= — cos as ; \ 

tan (it + as) = tan as ; cot (ir ■+ as) = cot as. / 

sin ( — as) = — sin as ; cos ( — as) = cos as ; tan ( — as) = — tan as. » • 

sin as tan os ^ sin “ ^as tan - ^as 

^T" * 

When n is any negative or positive integer or zero. 

sin as = sin {wv + ( — l)"as}. ,..•••• • 

cos as = cos (2nir + as). ..•••••• • 

tan as = tan (nw-t-as). ...••••* • 

tan as = sin as/cos as ; cot as = cos as/sin as. . . . • • • 

sin®as-H costas =1. . • • • • 

QQ* 


( 9 ) 


( 10 ) 

( 11 ) 

( 12 ) 

(18) 

(14) 

(16) 

(16) 

(17) 

(18) 
(19) 
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, Bin X— n/i -- cos^ ; oos £Bss Vl — sin^. . 
cosec aj= n/1 + cot^ ; sec »= A/i + tan*a5. 
tan as 1 


Bin aB=s 


Av/l-htan^’ a/ 1 + tari^* 

sin (a? ± asin 0 . cos y + oos a . sin y. 

cos (aj + ncos Of . cos y + sin x . sin y. 

Bin (x+y) H-sin (x — y) ss2 sin x . oos y. 
sin (as+y) — sin (x — y) =*2 oos x . sin y. 
cos (aj+ 3 /) + cos (as - y) =»2 cos as . oos y. 
cos {x-hy) — cos \x — y)= — 2 sin x . sin y. 

11 x=sy, from. (23) and (24), 
sin 2as=2 sin x . cos as. 
cos 2as = oos^^ — sin’^as. . 

= 2 oos®as — 1. 

= 1 — 2 sin^ 
sin as=2 sin ^as. cos ^as. 

cos a;=2 cos^^as — 1; or, iH- cos as=2 cos^j^as. 

=1-2 sin^ias ; or, 1 — oos as = 2 sin^Jas. 
sin Sas=8 sin as — 4 sin^as. 
cos 8as= 4 costas — 8 cos as. 

If in (25) to (28), -wo suppose as4-^ = a; as — y 
Now put as for a, and y for /8, for the sake of uniformity 
sin as + sin y=2 sin i(as4-y) . cos ^{x-y). 
sin as — sin y=2 cos ^(as+y) . sin i(a 5 — y). 
cos as + cos y=2 oos ^(as+y) . cos J(as — y). 
cos X - cos y = — 2 sin i(as +y) . sin ^(as - y). 

By division of the proper formulae above, 

tan as + tan y 


tan (as + y) 
tan (as — y) 
tan 2as 


1 — tan X . tan y* 
tan as — tan y 
1 + tan as . tan y* 
2 tan as 


tan as ± tan y 


1 — tan®as* 

sin (as ± y) 
oos as . cos y* 


cot X + cot yi 


sin (as + y) 
'sin as. siny" 


oos 


cos as 


2 


; sin 


i«=V- 


— oos as 


as 


= J(a+ 
Thus, 


§ 193 . 

- ( 20 ) 

. (21) 

. (22) 

. (23) 

. (24) 

. (25) 

. (26) 
. (27) 

. (28) 

. (29) 

. (80) 
- (31) 

. (82) 
. (33) 

. (34) 

• (35) 

• ( 86 ) 

• (37) 

y=i(a - 8). 

. (38) 

. (89) 

. (40) 

. (41) 


tan ^as 




— COS 


a 

-h cos X* 


§ 193. Relations among the Hyperbolic Functions. 


cos as=cosh 4as=^(i'4.^-<.a!^. ^ 

1 1 . 

sm as = ysmh «as=g-^(at* -#-»»).. 

OOS 07+1 sin fCascosli ia5 + sinh. 

COB a? — i sin os=oob}i ix — sinb. 
cosh as=cos las ; < sinh a5=sin tas. 


(42) 

(43) 

( 44 ) 

(46) 

(46) 

(47) 


( 1 ) 

( 2 ) 

( 8 ) 

(4) 

( 6 ) 
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t&nh. x=sinli a;/cosh. x ; oofch. a;=cosh. os/siixh. a, 
cosech x—l/ainb. x; seoh a:=:l/cosh x. 
coah Osl ; sinh 0=0 ; tanh 0=0. .... 

cosh (± oo)= + CD ; sinh (± oo)= ± oo; tanh (± <») = ± 1 

^ sinh te ^ tanh a: . cosh a; _ 

Ltx^o- — X — — = 1 ; — = 1 - 


X 


— tanh X. 


} 

} 


sinh ( — a?) =a — sinh x ; cosh ( — a?) = cosh x ; tanh ( — ») = 
sinh {x + y)— sinh x . cosh y + cosh x . sinh y. 
coah {x ± y) =oosh x . cosh y ± sinh a? . sinh y, 

, , ^ tanh X ± tanh y 

tanh (» ± y) = jf+'tanh x . tanh y' 

cosh (a; + ty) = cosh x . cosh ly + sinli x . sinh ty 
a= cosh X . cos y + 1 sinh x . sin y. 
sinh (a? + ty) — sinh x . cosh ly + cosh x . sinh ly 
as sinh X . cos y + t cosh x . sin y. 
sinh X + sinh 3 / = 2 sinh ^{x + y) . cosh i{x-y). 
sinh aj — sinh y = 2 cosh i(a? + 3 /) . sinh i{x-y). 
cosh a; + cosh 3 / = 2 cosh ^(x+y) . cosh ^{x — y). 
cosh aj — cosh 3 / = 2 sinh i{x-by) . sinh ^(x-y). 
sinh 2 ® = 2 sinh x . cosh a =2 tanh a/(l — tanh®®). 
cosh 2 ® — cosh®® + sinh®® ; . . • . . 

s=s 1 -j- 2 sinh®® = 2 cosh®® — 1 ; . 
as (1 + tanh®®)/(l — tanh®®). 
cosh ® + 1 = 2 cosh®i» ; cosh « — 1 = 2 sinh®J». 
tanh ^® = sinh ®/(l + cosh ®) ; -i 

= (cosh ® - l)/ 3 inh a. / * 

sinh®® — cosh®® = 1 . ..... 

1 - tanh®® = sech®® ; coth®« — 1 = cosech®®. 
cosh ®= 1 / V (1 - tanh®®) ; sinh « = tanh ®/ ^/O- 
sinh 3® = S sinh ® + 4 sinh**®. 
cosh 3® = 4 cosh®® — 3 cosh ®. . . . 

Inverse Tvyperholic functions. If sinh -~^y — x, then y — sinh ®. 

T/ = sinh® = i(e-“-e-'*); .*. «®*- 23 ^s*-l= 0 ; e*=3/ ± + 

For rea#l voilues of flc the negative sign is excluded from siiih”^iB* 

sinh-^a=log{ 3 /+ cosh - ^y=\og{y + n/s/®-!). 

tanh-> 3 / = i log {( 1 + 3 ^)/(l -y)} ; ooth-^y = i log {(y+l)/(y-l)}. 
sech -®y= log {(1 + Vl^)/y} ; cosech -iy=log {(1 - \'l+^)ly}. 

Oudermannians. In Fig. 138, page 347, 

0 = cos— ^ sech x‘, cos 6 =sech ® ; sec Oascosh ®. 

0 $ = cos 0 + sinh ® = sec 6 + tan 0 . . . 

d = log (sec 0 tan 6 ) =log tan (ijr + i®)* • 

tanh ^=tan ^ 6 . 

when 0 is connected with ® by any of these relations 0 is said to be the 
gudermannian of » and is written gd ®. 

Analogous to Demoivre’s theorem 

(cosh ® + sinh *)** = cosh nx ± sinh nx. 


— tanh®®). 
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( 6 ) 

(7) 

( 8 ) 


(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 


(14) 

(16) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 

(23) 

(24) 

(26) 

(26) 

(27) 

(28) 
(29) 
(SO) 

Since 


(31) 

(32) 

(38) 

(34) 

(35) 

(36) 

(37) 


• i 


( 88 ) 
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It is instructive to oompare the above foromlsB Trith the corresponding 
trigonometrical functions in § 192. The analogy is also brought out by 
tabulating corresponding indefinite integrals in Tables I, and IIL, side by 
aide, A few additional integrals are here given to be verified and then added 

to the table of indefinite integrals which the student has been advised to 
compile for his own use* 


Tabub XVI.— Hypbbboho Ann Tbigonomitbical Funotions. 



Numerical values of the hyperbolic functions may be computed by means 
of the series formulae. 



APPENDIX n. 

TABLE S . 


** The human mind is seldom satisfied, and is oettainly never exeroising 
its highest functions, when it is doing the work of a calculating 
machine.” — J. 0. Maxwelii. 

CTecb results of old arithmetical operations most frequently required are 
registered in the form of mathematical tables. The use of such tables not 
only prevents the wasting of time and energy on a repetiticm of old operations 
but also conduces to more accurate work, since there is less liability to error 
once accurate tables have been compiled. Most of the following tables have 
been referred to in different parts of this work, and are reproduced here be- 
cause they are not usually found in the smaller current sets of “ Mathemat- 
ical Tables Besides those here you ought to have “ Tables of Reciprocals, 
Squares, Cubes and Roots,” ** Tables of Logarithms of Numbers to base 10,” 
” Tables of Trigonometrical Sines, Cosines and Tangents ” for natural angles 
and logarithms of the same. See page xix. of the Introduction. 

Table I. — Singular Values of Functions. 

(Page 168.) 

Table II. — Standard Integrals. 

(Page 193.) 

Table III. — Standard Integrals (Hyperbolic functions.) 

(Pages 849 and 614.) 
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Table lY.— Numerical Yalues of the Hyperbolic Sines, 

Cosines, and e-*. 



1-01005 

1-02021 

1-03045 

1-04081 

1-05127 

1-06184 

1-07251 

1-08829 

1-09417 



10 

1-10517 

11 

1-11628 

12 

1*12750 

13 

1*18883 

14 

1-15027 

15 

1-16183 

16 

MiUtMII 

17 

1-18530 

18 

1-19722 

19 

1-20925 

20 

1-22140 

21 

1-23368 

22 

1-24608 

23 

1-25860 

24 

1*27125 

25 

1*28403 

26 

1-29693 

27 

1-80996 

28 

1-32313 

29 

1-83643 

30 

1-34986 

31 

1*36343 

32 

1*37713 

33 

1*39097 

34 

1-40495 

35 

1-41907 

36 

1*43338 

37 

1-44773 

38 

1-46228 

89 

1*47698 


cosh X. 

sinha:. 

1-00000 

-00000 

1*00005 

*01000 

1-00020 

-02000 

1-00045 

-03000 

1-00080 

*04001 

1-00125 

•05002 

1-00180 

*06004 

l'*00245 

•07006 

1*00320 

*08009 

1*00405 

•09012 

1*00500 

•10017 

1*00606 

*11022 

1*00721 

•12029 

1*00846 

•18037 

1-00982 

•14046 

1-01127 

•15056 

1*01283 

-16068 

1*01448 

-17082 

1*01624 

-18097 

> 1*01810 

-19115 

J 1*02007 

*20134 

i 1*02213 

•21155 

i 1*02430 

•22178 

J 1*02657 

•23203 

} 1*02894 

•24231 

) 1*03141 

•25261 

> 1*03399 

•26294 

J 1*03667 

•27829 

i 1*03946 

•28867 

5 1-04235 

•29408 

1 1-04534 

•30452 

) 1*04844 

*31499 

> 1*05164 

•82549 

1 1-05495 

•33602 

r 1*05836 

*84659 

) 1-06188 

•35719 

i 1*06550 

•36783 

5 1*06923 

•37850 

) 1-07307 

•38921 

> 1-07702 

•89996 





e*. 

B 

cosh X. 

sinh X, 

1-49182 

0-67032 

1-08107 

0-41075 

1-50682 

•66365 

1-08523 

•42158 

1*52196 

•65705 

1*08950 

*43246 

1-53726 

•65051 

1-09388 

•44837 

1-55271 

-64404 

1-09837 

•45434 

1-56831 

.63763 

1-10297 

*46534 

1-58407 

•63128 

1-10768 

*47640 

1-59999 

■62500 

1-11250 

•48760 

1-61607 

•61878 

1-11743 

*49866 

1-63232 

•61263 

1-12247 

•60985 

1-64872 

•60653 

1-12763 

*52110 

1-66529 

•60050 

1-13289 

•63240 

1-68203 

•59452 

1-13827 

•54375 

1-69893 

•58860 

1-14377 

*55516 

1-71601 

•58275 

1-14938 

•56663 

1-73325 

•57695 

1-16510 

*57815 

1-75067 

-67121 

1-16094 

•68973 

1-76827 

•66553 

1-16690 

*60137 

1-78604 

•55990 

1-17297 

*61307 

) 1-80399 

-65483 

1-17916 

•62483 

) 1-82212 

.64881 

1-18547 

•63665 

L 1-84043 

•64335 

1-19189 

*64854 

} 1-85893 

*63794 

1-19844 

*66049 

{ 1-87761 

•63259 

1-20510 

•67251 

t 1-89648 

•62729 

1*21189 

*68459 

> 1-91554 

•62205 

1-21879 

•69675 

> 1-93479 

•61685 

1-22582 

•70897 

r 1-95424 

•61171 

1-23297 

•72126 

5 1-97388 

•50662 

1-24025 

*73363 

) 1-99372 

•60158 

1-24766 

*74607 

) 2*01875 

•49659 

1*25517 

•76858 

L 2*03399 

•49164 

1*26282 

•77117 

i 2*05443 

•48676 

1-27059 

•78384 

) 2*07508 

•48191 

1*27850 

•79669 

t 2*09594 

-47711 

1-28662 

*80941 

i 2-11700 

*47237 

1-29468 

*82232 

> 2-13828 

*46767 

1-30297 

•83530 

r 2-15977 

•46301 

1*31139 

*84838 

} 2-18147 

•45841 

1-31994 

*86153 

> 2-20340 

•45384 

1-32862 

1 

*87478 
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a;. «*. 


d oosli X. sinh ». I x. 


cosh 05 . sinh 05 . 


>44933 

>44486 

>44043 

>43605 

>43171 

■42741 

■42816 

>41895 

>41478 

>41066 

40657 

40252 

39852 

89455 

39063 


1-33743 

1-34638 

1-35547 

1-36468 

1-37404 

1-38358 

1-39316 

1-40293 

1-41284 

1-42289 

1-43309 

1-44342 

1-45390 

1-46463 


•88811 1-20 
-90152 1-21 
•91503 1-22 
•92863 1 - 28 | 
•94283 1 - 24 , 

•95612 1-25 
-97000 1-26 
•98398 1-27 
•99806 1-28 
1-01224 1-29 


1-43309 1-02652 
1-44342 1-04090 
1-45390 1-06539 
1-46463 1-06998 
1-47530 1-08468 


1-81066 
298201 1-82584 
296231 1-84121 
29229 


28365 


28083 


27804 


27627 


27253 


38674 

88289 

37908 

37531 

37168 


1-48623 

1-49729 

1-50851 

1-61988 

1-63141 


1-09948 

1-11440 

1-12943 

1-14457 

1-16983 


36788 1-64308 
36422 1-65491 
36059 1-66689 
36701 1-67904 
35345 1-59134 


1-64308 1-17520 
1-65491 1-19069 


1-66689 1-20630 
1-67904 1-22203 
1-69184 1-28788 








[j^ 























































34994 1-60379 
34646 1-61641 
1-62919 
1-64214 


1-26386 

1-26996 

1-28619 

1-30254 


1-66526 1-31903 


1-66862 1-38565 
1-68196 1-36240 


1-69567 

1-70934 


1-36929 

1-38631 


1-72329 1-40347 

1-73741 1-42078 
1-75171 1-43822 
1-76618 1-45581 
1-78083 1-47855 
1-79566 1-49143 
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HIGHER MATHEMATICS 




2*67746 

2-60135 

2-62649 

3*64990 

2*67457 

2*69951 

2*72472 

2*75021 

2*77596 

2-80200 


2-37657 2-0 
2*40146 2*1 
2*42760 2-2 
2*45397 2-3 
2*48059 2^4 

2*60746 2*6 
2*53459 2*6 
2*66196 2*7 
2*68959 2*8 
2-61748 2*9 


•18268 



2*82832 2*64563 3-0 
2*85491 2-67405 3*1 
2-88180 2-70273 3*2 
2*90897 2-73168 3*3 
2*93643 2*76091 3*4 


*17377 2*96419 
•17204 2*99224 
•17033 3-02059 
*16864 3-04925 
•16696 3*07821 

•16530 3*10747 
*16365 3*18705 
*16203 3*16694 
*16041 3*19716 
*15882 3*22768 

•15724 3*25853 
*16567 3-28970 
3*32121 
3*35306 
3*38522 


3*41773 

3*45058 

3^48878 

3*51733 

3*55123 

3*58548 

3*62009 

3*65507 

3*69041 

3-72611 


2-82020 3-6 
2-85026 3*7 
2*88061 3*8 
2-91125 3*9 

2*94217 4-0 

2 - 97340 4*1 

3 - 00492 4-2 
3-03674 4*3 
3*06886 4*4 

3-10129 4-5 
8*18403 4*6 
3-16709 4*7 
3*20046 4*8 
8*28415 4*9 

3*26816 6*0 
8*80260 6*1 
3*88718 6*2 
3*87218 6*3 
3*40762 6*4 

3-44321 6-6 
3*47923 6*6 
3*51661 5*7 
3-55234 5*8 
3-58942 6-9 


7 - 38906 

8 - 16617 

9 - 02501 
9-97418 

11*0232 

12*1825 

13 - 4637 

14 - 8797 
16-4446 
18-1741 

20-0856 

22-1980 

24-5325 

27*1126 

29*9641 

33-1155 

36*6982 

40-4473 

44-7012 

49-4024 

54-5982 

60-3403 

66-6863 

73-6998 

81-4609 

90*0171 

99-4843 

109-947 

121-610 

134*290 

148*418 

164*022 

181-272 

200*337 

221*406 

244*692 

270-426 

298*867 

330*300 

365-037 

403-429 


oosli X. sinh x. 


*10026 

*09072 

•08208 

*07427 

*06721 

*06081 

*05502 

*04979 

•04605 

*04076 

*03688 

•03337 

•03020 

•02732 

•02472 

*02237 

•02024 

*01832 

•01657 

•01500 

•01357 

•01228 

•01111 

•01005 

•00910 

•00823 

•00746 


3*76220 

4*14431 

4*56791 

5*03722 


3*62686 

4*02186 

4*46711 

4*93696 


5*55695 5*46628 

6*13229 6*05020 

6-76900 6*69473 


7 - 47347 

8 - 25273 

9 - 11468 

10 - 0677 

11 - 1216 
12-2866 
13-5747 
14*9987 

16*5728 

18-3128 

20-2360 

22-3618 

24*7118 

27-3082 

30-1784 

33*3607 

36-8567 

40-7316 

45-0141 

49-7472 

54*9781 

60*7698 

67*1486 


*00674 74*2099 
•00610 82*0140 
*00552 90*6388 
• 00499 100*171 
* 00462 110*705 


122*348 
1 135-215 
> 149-435 
1 165-151 
: 182-520 
1201-716 



7 - 40626 

8 - 19192 

9 - 05956 

10 - 0179 

11 - 0766 

12 - 2459 

13 - 6379 

14 - 9654 

16-5426 

18-2856 

20*2113 

22*3394 

24*6911 

27*2899 

30*1619 

33*3867 

86-8481 

40*7193 

45-0030 

49-7371 

54*9690 

60*7611 

67*1412 

74*2082 

82*0079 

90-6833 

100*167 

110*701 

122*344 

135-211 

149-432 

166-148 

182*617 

201-714 
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Table ¥. — Common Logarithms of the Gamma Function. 

(Page 426.) 

Table VI. — ^Numerical Values of the Factor 


0*6745<^ ^ "j . (Page 523.) 


0-6746 


2 . 

8 . 

0*6745 

0-4769 

•2029 

■1947 

•1472 

•1438 

•1211 

•1192 ; 

1 -1053 

•1041 

0-0944 

0*0936 

•0864 

•0857 

•0800 

•0795 

•0749 

•0745 

•0707 

•0703 


•1349 


8. 

9. 

0-2549 

0-2385 

•1636 

•1690 

•1298 

•1276 

•1109 

•1094 

•0984 

*0974 

0-0893 

0-0886 

•0824 

•0818 

•0768 

•0763 

•0723 

•0719 

*0686 

•0681 


Table YII. — Numerical Values of the Factor 


0-6745 

- i) 


'. (Page 524.) 



0-6746 


(s/n(n — 1)* 


2. 

8. 

0-4769 

0*2754 

•0587 

•0540 

•0314 

•0300 

•0214 

•0208 

•0163 

•0169 

0-0131 

0-0128 

•0110 

•0108 

•0094 

•0093 

•0083 

•0082 

•0073 

•0078 




0*1608 0-1231 0-1041 0-0901 0*0795 

•0465 *0435 *0409 -0386 -0365 

•0275 -0265 -0265 -0245 -0237 
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HIGHER MATHEMATICS 


Table Ylll. — ^Numerical Values of the Factor 



0 I 0-5978 0-3451 0-24=40 0-1890 0-1543 0-1804 0-1130 0-0996 

0*0891 0-0806 *0736 -0677 *0627 *0588 *0646 -0518 *0483 *0457 

•0434 -0412 -0393 *0376 *0360 *0345 *0331 . -0319 *0307 *0297 

•0287 -0277 *0268 ^0260 *0252 -0245 -0238 -0282 *0225 ^0220 

•0214 -0209 -0204 *0199 -0194 -0190 *0186 -0182 -0178 *0174 

0-0171 0-0167 0-0164 0-0161 0*0168 0*0165 0-0162 0-0160 0*0147 0*0146 
•0142 -0140 -0137 -0135 -0133 -0132 *0129 -0127 -0125 -0123 

•0122 -0120 -0118 -0117 *0115 -0113 *0112 -0110 -0109 -0108 

•0106 -0105 -0104 -0102 -0101 *0100 -0099 *0098 -0097 -0096 

I *0095 -0093 -0092 *0091 *0090 *0089 *0089 -0088 -0087 *0086 


Table IX. — Numerioal Values of the Factor 

0-8453^^^ ^^^^ . (Page 624.) 



0*4227 0-1993 0*1220 0*0845 0*0630 0*0493 0*0399 0-0332 
0*0282 0*0243 *0212 *0188 *0167 -0161 *0136 *0124 *0114 *0105 

*0097 *0090 *0084 *0078 *0073 *0069 *0065 *0061 *0068 *0056 

*0052 *0050 *0047 *0046 *0043 -0041 *0040 *0038 *0037 *0036 

•0034 *0033 *0031 *0030 -0029 *0028 -0027 *0027 *0026 *0026 

0*0024 0*0023 0*0023 0*0022 0*0022 0*0021 0*0020 0*0020 0*0019 0*0019 

•0018 -0018 *0017 *0017 *0017 *0016 *0016 *0016 *0016 *0016 

•0016 *0014 *0014 *0014 *0013 -0013 -0013 -0012 *0012 -0012 

*0012 -0012 *0011 -0011 *0011 *0011 *0011 *0010 *0010 *0010 

•0010 -0010 *0010 *0009 -0009 *0009 *0009 *0009 *0009 *0009 
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•1125 

•2227 

•3286 

•4284 


•1236 

•2836 

•3389 

•4380 


•1348 

•2443 

•3491 

•4476 


•1459 

•2560 

•3593 

•45691 


•1569 

•2667 

•3694 

•4662 


0*5 1 0-5205 0-5292 0*5379 0-6465 0*5549 0-6633 0*5716 0-5798 0-5879 0*6959 



•6039 

•6778 

•7421 

•7969 


•8802 

•9103 

•9340 

•9623 


•9763 

•9838 

•9891 

•9928 


•9970 

•9981 

•9989 

•9993 


•6117 

•6847 

•7480 

•8019 


•8835 

•9130 

•9361 

•9539 


•9772 

•9844 

•9895 

•9931 


•9972| 

•9982 

•9989 

•9993 


•6194 

•6914 

•7538 

•8068 


•8868 

•9155 

•9381 

•9654 


•9780 

•9850 

•9899 

•9934 


•9978 

•9988 

•9990 

•9994, 


•6270 

•6981 

•7695 

•8116 


•8900 

•9181 

•9400 

•9569 


•9788 

•9856 

•9903 

•9937 


•9974 

•9984 

•9990 

•9994 


•6346 

•7047 

•7651 

•8163 


•8931 i 
•9206 
•9419! 
•9588 


•9796 

•9861 

•9907 

•9989 


•9976 

•9985 

•9991 

•9994 


•9998 ‘9998 -9998 -9998 *9998 


00 ll-OOOO 


5. 

6. 

0-0664 

0*0676 

•1680 

•1790 

•2763 

•2869 

•8794 

•3893 

•4765 

•4847 

0-6633 

0*5716 

•6420 

•6494 

•7112 

•7175 

•7707 

•7761 

•8209 

•8254 

0-8624 

0-8661 

•8961 

•8991 

•9229 

•9252 

•9438 

•9456 

•9597 

•9611 

0-9716 

0-9726 

•9804 

•9811 

•9867 

•9872 

•99 U 

•9915 

•9942 

•9944 

0-9968 

■0-9964 

•9976 

•9977 

•9986 

•9986 

•9991 

•9992 

•9996 

•9995 

0-9997 

0-9997 

•9998 

•9998 


•1900 

•2974 

•3992 

•4987 


•2009 

•3079 

•4090 

•5027 


•2118 

•3188 

•4187 

•6117 


•6666 

•7288 

•7814 

•8299 


•9020 

•92761 

•9473 

•9624 


•9818 

•9877 

■9918 

•9947 


•9979 

•9987 

•9992 

•9996 


•6638 
•7300 1 
•7867 
•8342 


•9048 

•9297 

•9490 

•9637 


•9825 

•9882 

•9922 

•9949 


•9980 

•9987 

•9992 

•9996 


•6708 

•7861 

•7918 

•8386 


•9076 

•9319 

•9507 

•9649 


•9832 

•9886 

•9925' 

•9961 


•9980 1 
•9988' 
•9998 
•9996 


•9998 ‘9998 
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HIGHER MATHEMATICS. 


Table XI. — Numerical Values of the Probabili^ Integral 

P - S32), 

where P represents the probability that an error of observation will have a 
positive or negative value equal to or less than a:, r denotes the probable error, 
and equals alh where is a measure of the precision, and a is a constant of 
value 0*4769. 




1-0000 


8. 

9. 

0*0430 

00484 

•0966 

•1020 

•1498 

•1661 

•2023 

•2076 

•2639 

•2690 

0-3043 

0-3093 

•8636 

•3683 

•4012 

•4069 

•4472 

•4617 

•4914 

•4967 

0-6337 

0-5378 

•5739 

•6778 

•6120 

•6167 

•6480 

•6616 

•6818 

•6861 

0-7134 

0-7166 

•7428 

•7457 

•7701 

•7727 

■7962 

•7976 

•8188 

•8205 

0‘8S94 

0-8414 

■8586 

•8604 

•8769 

•8776 

•8916 

•8930 

•9066 

•9069 

0-9182 

0-9193 

•9293 

•9804 

•9392 

•9401 

•9479 

•9487 

•9656 

•9668 

0-9622 

0-9629 

•9680 

•9686 

•9781 

•9735 

•9774 

•9778 

•9811 

•9814 

0-9896 

0-9916 

•9988 

•9990 

•9999 

•9999 
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Table XIL— Numepical Values of ~ Corpesponding to Different 
Values of n, in the Application of Chauvenet's Criterion. 

(Page 564.) 


n. 

0 . 

1 . 

2 . 

8 . 

4 . 

6 . 

6 . 

1. 

8 . 

9 . 

0 




2*06 

2*27 

2*44 

2*67 

2'67 

2-76 

2*64 

10 

2-91 

2-96 

3*02 

3-07 

3*12 

3*16 

3*19 

3*22 

3*26 

3*29 1 

20 

3*82 

8-86 

8*38 

8*41 

3*43 

8-45 

8'47 

3*49 

3*51 

39S 

30 

3-66 

8-67 

8-58 

3*60 

3*62 

8*64 

3*66 

8-67 

8*68 

3*69 

40 

3*71 

8*72 

8*73 

3*74 

3*76 

3-77 

8*78 

8-79 

8*80 

3*81 

60 

8-82 

8-83 

8*84 

3*85 

3*86 

8-87 

8*88 

3'88 

8*89 

8*90 

60 

3*91 

8-92 

3*93 

3*94 

3*96 

8-95 

8-96 

8 97 

8*97 

8*98 

70 

3*99 

3-99 

4*00 

4-01 

4*02 

4-02 

4*03 

494 

4*05 

4*05 

80 

4-06 

4-06 

4*06 

4*07 

4*07 

4-08 

4*09 

499 

4*10 

4*11 

90 

4-11 

4*12 

4*18 

4*14 

4*14 

4-15 

4*16 

4-15 

4*16 

4*16 


Ifn=100, <=4-16: «=m <=4-48; h= 600, t=4-90. 
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HIQHEB MATHEMATICS. 


Table XIII. — Circular or Radian Measure of Angles. 

(Page 606 .) 


i 

& 

Q 

O'. 

6', 

12'. 

18'. 

24'. 

80'. 

36'. 

42'. 

48'. 

54'. 

0 

•00000 

•00175 

•00349 

•00524 

-00698 

•00873 

•01047 

-01222 

•01396 

•01571 

1 

•01746 

-01920 

•02094 

•02269 

•02443 

•02618 

•02793 

•02967 

•03142 

•03316 

2 

•03491 

-03665 

•03840 

-04014 

•04189 

•04363 

•04538 

•04712 

•04887 

•05061 

3 

.05236 

•05411 

•05585 

-06760 

•05934 

•06109 

•06283 

•06458 

•06632 

•06807 

4 

•06981 

•07166 

•07330 

•07605 

•07679 

•07864 

•08029 

•08203 

•08378 

•08552 

5 

•08727 

•08901 

•09076 

-09250 

•09425 

•09599 

•09774 

•09948 

•10123 

•10297 

6 

•10472 

•10647 

•10821 

-10996 

•11170 

•11345 

•11519 

-11694 

•11868 

•12043 

7 

•12217 

•12392 

•12566 

•12741 

•12916 

•13090 

•13266 

-18439 

•13614 

•13788 

8 

•13963 

•14187 

•14312 

•14486 

•14661 

•14836 

•16010 

-15184 

•15359 

•15633 

9 

♦15708 

•16882 

•16057 

•16232 

•16406 

•16581 

•16756 

•16930 

•17104 

•17279 

10 

•17453 

•17628 

•17802 

•17977 

•18151 

•18326 

•18500 

•18675 

•18850 

•19024 

11 

•19199 

•19373 

•19648 

-19722 

•19897 

•20071 

•20246 

•20420 

•20595 

•20769 

12 

•20944 

•21118 

•21293 

-21468 

•21642 

•21817 

•21991 

-22166 

•22340 

•22515 

13 

•22689 

•22864 

•23038 

•23213 

•23887 

•23662 

•28736 

•23911 

■24086 

•24260 

14 

•24435 

•24609 

•24784 

•24958 

•26133 

•25307 

•25482 

•25656 

•26831 

•26006 

15 

•26180 

•26354 

-26529 

•26704 

•26878 

•27053 

•27227 

•27402 

•27576 

•27751 

16 

•27926 

•28100 

•28274 

•28449 

•28623 

•28798 

•28972 

•29147 

•29322 

-29496 

17 

•29671 

•29846 

•80020 

•30194 

•80869 

•30543 

•80718 

•80892 

•31067 

•31241 

18 

•31416 

•31590 

•81765 

•31940 

•32114 

•82289 

•32463 

•32638 

•32812 

•32987 

19 

•88161 

•38386 

•88610 

•83685 

•83859 

-84084 

•34208 

•34888 

•34658 

•34732 

20 

•34907 

•35081 

•35256 

•85480 

•36606 

•86779 

•35954 

•86128 

•36308 

■36477 

21 

■36662 

•86826 

•37001 

•37176 

•37850 

•37626 

•37699 

•37874 

•38048 

•38223 

22 

1 -38397 

•38672 

•38746 

•38921 

■39095 

•39270 

•39444 

•39619 

-39794 

•39968 

23 

1 -40143 

1 -40317 

•40492 

-40666 

•40841 

•41015 

•41190 

•41364 

•41639 

•41713 

24 

: -41888 

1 -42062 

•42237 

•42412 

•42586 

•42761 

•42935 

•43110 

•43284 

•43459 

2 S 

; -43633 

1 -48808 

•43982 

•44157 

•44331 

•44506 

•44680 

•44855 

•45029 

•45204 

26 

i -45372 

1 -45553 

•45728 

•45902 

•46077 

•46251 

•46426 

•46600 

•46775 

•46949 

2-3 

' -47124 

: -47298 

•47473 

•47647 

•47822 

•47997 

•48171 

•48346 

•48620 

•48695 

2 E 

} -48862 

1 -49044 

, -49218 

•49393 

•49567 

•49742 

1 -49916 

•50091 

•50265 

•60440 

2 £ 

) -soeie 

i -60789 

' -50964 

•61138 

•51313 

•61487 

•51662 

•51836 

•62011 

•52185 

3 C 

) • 6236 C 

) -52534 

= -52709 

•52883 

•53058 

1 •63238 

i -58407 

•53582 

•63766 

•63931 

33 

L • 5410 £ 

) -54280 

1 -54454 

-54629 

1 -54803 

1 -64978 

1 -55152 

•55327 

•55601 

•56676 

3 S 

1 -65853 

•66025 

; -56200 

•56374 

, -56549 

1 -66723 

1 -56898 

•57072 

■57247 

•57421 

Si 

} -67596 

•57770 

1 -57945 

•58119 

1 -58294 

: -58469 

1 -58643 

•58818 

•68992 

•69167 

34 

k -59343 

. -595ie 

; -59690 

•59865 

1 -60039 

1 -60214 

, -60388 

•60563 

•60737 

•60912 

31 

5 • 6108'3 

•61263 

. -61436 

• 6161 C 

1 -61785 

i -61969 

1 -62184 

•62308 

•62483 

•62657 

3t 

5 -62835 

•63006 

; -63181 

•63355 

; -63530 

1 -63705 

•68879 

•64054 

•64228 

•64403 

3 -; 

r • 6457 'i 

r -64762 

! -64926 

•65101 

. -65275 

; -65450 

•65624 

•65799 

•66973 

•66148 

3 { 

3 • 6632 J 

•66497 

' -66672 

•66846 

i -67021 

. -67195 

•67870 

•67544 

•67719 

•67893 

3i 

•68066 

•68242 

! -68417 

•68591 

. -68766 

> -68941 

•69115 

•69290 

•69464 

•69639 

4 ( 

•69816 

•69988 

•70162 

•70337 

' -70513 

. -70686 

•70860 

• •71035 

•71209 

•71384 

4 ] 

•71566 

•71738 

1 -71908 

•72082 

1 -72257 

' -72431 

•72606 

. -72780 

1 -72955 

•73129 

45 

i -73304 

•78476 

i -73658 

•73827 

' -74005 

! -74176 

> -74351 

•74526 

1 -74700 

•74876 

4 S 

3 -76045 

) -75224 

= -75398 

•76573 

1 -75747 

' -75925 

! -76096 

i -76271 

•76446 

•76620 

t 

-76794 

t • 7696 £ 

1 -77144 

• 7731 S 

1 -77493 

( - 77667 ! 

' -77842 

; -78016 

•78191 

•78365 
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Table XIll. — Contimted. 










































HIGHEB MATHEMATICS. 

Table Xlir.*-<~Niiiiiei*ioal Values of some Tpi^onometrioal 

Ratios. 

(Page 609.) 


Table XY. — Signs of the Trigonometrioal Ratios. 

(Page 6ia) 

Table XY I. — CompariBon of Hyperbolic and Trigonometcioal 

Functions. 

(Page 61A) 


Table XYll. — ^Numepioal Values of and from 

X =■ 0*1 to JT B 5*0. 


00. 


e****^. 

00. 


e-** 

0‘1 

0*2 

0*8 

0*4 

0*6 

0*6 

0*7 

0*8 

0*9 

1*0 

1*1 

1*2 

1*8 

1-4 

1-5 

1*6 

1- 7 
1-8 
1*9 
2*0 

2*1 

2- 2 
2*8 
2*4 
2-5 

1*0101 

1*0408 

1*0904 

1*1785 

1*2840 

1*4388 

1*6328 

1*8966 

2*2479 

2*7188 

8*8585 

4*2207 

6*4195 

7*0998 

9*4877 

12*986 

17*998 

26*684 

86*996 

54*598 

82*269 

126*47 

198*84 

817*85 

518*02 

0*99006 

*96079 

*91898 

*85214 

•77880 

0*69768 

*61268 

*52729 

*44486 

*86788 

0*29820 

*28698 

*18462 

*14086 

*10640 

OW7806 

*065576 

*089164 

*027052 

*018816 

0*012156 

*0»79070» 

*0^50418 

*0^1611 

*0^9804 

2*6 

2*7 

2*8 

2*9 

8*0 

8*1 

8*2 

3*8 

8*4 

8*5 

8*6 

8*7 

8*8 

8*9 

4*0 

4*1 

4*2 

4*8 

4*4 

4*5 

4*6 

4*7 

4*8 

4*9 

6*0 

8*6264 X 10® 
1*4666 X 10® 
2*5402 „ 

4*4918 „ 

8*1031 „ 

1*4913 X 10* 
2-8001 

6*2960 

1*0482 X 10“ 
2*0898 

4-2607 X 10“ 
8-8206 

1*8673 X 10® 
4*0829 

8*8861 „ 

1*9976 X 10» 
4*6809 

1-0718 X 10® 
2*6683 „ 

6*2297 

1*6476 X 10“ 
8*9228 

1*0148 X 10^“ 
2*6756 „ 

7*2006 „ 

1*1692 X 10 

6-8233 X 10-* 
3*9367 

2- 2263 „ 

1*2841 „ 

6*7056 X 10-“ 

3- 6713 „ 

1-8644 „ 

9-6402 X 10-® 
4*7861 „ 

2*8626 X 10-® 

1- 1837 „ 

6*8664 X 10 
2*4796 „ 

1*1254 .. 

5*0062 X 10-® 
2*1829 „ 

9*8303 X 10-“ 
3*9088 „ 

1*6062 „ 

6*4614 X iO-i® 

2- 6494 

9-8596 X 10 
8-7376 „ 

1*8888 „ 


1 0'0%56 means 0*OOB66 ; O-O^SS meawa 0*000055. 
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Table XVlIl. — Natural Logarithms of Numbers. 

Many formulse require natural logarithms, and it is eouTenient to have at 
hand a table of these logarithms to avoid the necessity of having recourse to 
the conversion formulas, page 28. Table XVID. is used as follows : 

I. For members greater than 10, follow the method of Ex. (2) and (8) below. 

II, For numhere "between 1 and 10 not in tha table^ use interpolation 
formulae, say proportional parts. 

IZT. For numbers less than 1, use the method of (5) below. 

If there is going to be much trouble finding the natural log it may be 
better to use standard tables of logarithms to base 10 and multiply by 2*3026 
in the ordinary way. 

logelO 2*8026. 

ExAMPiiSS. — (1) Show that log«tr » log«(8‘1416} » 1*1447. 

(2) Required the logarithm of 6,540 to the base e. Here 

log.5,640 = log.(6*640 x 1,000) = log.(6-64 x 10») ; 
hence, log«5,640 — log«6*54 + S log«10 8*6198. 

(3) Show that log.100 = 4*6062 ; log.1,000 = 6*9078 ; log,10,000 « 9*2103 
log.100,000 =« 11*6129. Hint, log 1,000 = log 10» « 8 log 10. 

(4) If 100 0 . 0 . of a gas at a pressure of 6,000 grams per square centimetre 
expands until the gas occupies a volume of 667 c.c., what work is done during 
the process ? Prom page 264, 

W = pjVj log.^ = 6,000 X 100 X log,6-57 = 860,700 grm. cm. 

If a table of ordinary logarithms hsid been employed we should have written 
2*3026 X log,o6*67 in place of log,6*57. 

(6) Find log«0*00061 ; log 0*0081 ; and log 0*51. Here we have 
log 0*00051 = log 6*1 - log 10,000 »» log 6*1 - log 10« » log 6*1 - 4 log 10 =» 
1*6292 - 4 X 2*3026 =» 1*6292 - 9*2104 » ^*4188, or - 8*6812 ; log.0*0031 » 
1*1314 - 6*9077 6*2237, or - 6*7763; log 0*61 = 0*6292 - 2*8026 — ^3166 

or - 1*6734. 

The bar over the first figure has a similar meaning to the ** bar ** of ordi 
nary logs. 
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HIGHER MATHEMATICS 


1*6 

1-6 

1*7 

1*8 

1*9 

2*0 

2*1 

2*2 

2*3 

2*4 

2*5 

2-6 

2*7 

2*8 

2*9 

30 

8*1 

3*2 

8*3 

3*4 

8*6 

3*6 

8*7 

3*8 

3*9 

4*0 

4*1 

4*2 

4*3 

4*4 

4*5 

4*6 

4*7 

4*8 

4*9 

50 

6*1 

6*2 

5*3 

5*4 


*00. 

•au 

•02. 

•08. 

• 04 . 

0*0000 

00100 

0-0198 

0*0296 

0-0392 


•1044 

*1133 

•1222 

*1810 

•1823 

•1906 

*1989 

•2070 

•2161 

•2624 

•2700 

•2776 

•2862 

•2927 

•3365 

•3436 

•3507 

•3577 

•8646 

0-4065 

0-4121 

0-4187 

0*4263 

0-4818 

•4700 

•4762 

*4824 

•4886 

*4947 

•5306 

-5365 

•6423 

•5481 

•5539 

•6878 

•6933 

•6988 

•6048 

•6098 

•6419 

•6471 

•6628 

•6676 

•6627 

0-6932 

0-6981 

0-7031 

0*7080 

0-7180 

•7419 

•7467 

•7514 

•7661 

•7608 

•7885 

•7930 

•7975 

•8020 

•8065 

•8329 

•8372 

•8416 

•8469 

•8502 

•8766 

•8796 

•8888 

•8879 

•8920 

0*9163 

0*9203 

0*9243 

0-9282 

0*9322 

•9665 

•9694 

•9632 

•9670 

•9708 

•9933 

•9970 

1*0006 

1-0043 

1-0080 

1-0-296 

10332 

•0867 

•0403 

•0438 

*0647 

•0682 

•0716 

•0760 

•0784 

1-0986 

1-1019 

1-1053 

1*1086 

1-1119 

•1814 

•1346 

•1878 

•1410 

•1442 

•1682 

•1663 

*1694 

•1725 

•1766 

•1939 

•1970 

•2000 

•2080 

•2060 

•2288 

•2267 

•2296 

•2326 

•2865 

1-2528 

1*2566 

1*2585 

1-2613 

1*2641 

•2809 

•2837 

•2865 

•2892 

•2920 

•3083 

•3110 

•3137 

•8164 

•3191 

•3360 

•3376 

*3403 

•3429 

•3466 

•3610 

•3635 

•8661 

•8686 

•3712 

1-3863 

1-3888 

1-3918 

1-3988 

1-3963 

•4110 

•4184 

•4159 

•4188 

•4207 

•4861 

•4875 

•4898 

•4422 

•4446 

•4686 

•4609 

•4638 

•4656 

•4679 

•4816 

•4889 

•4861 

•4884 

•4907 

1-6041 

1-5068 

1-6086 

1-6107 

1*6129 

•5261 

•6282 

•6804 

•6326 

*5347 

•6476 

•6497 

•6518 

•5539 

•6660 

•6686 

•5707 

•6728 

•6748 

•5769 

•5892 

•6913 

*6933 

•5963 

•6974 

1-6094 

1-6114 

1*6184 

1-6164 

1*6174 

•6292 

•6312 

•6882 

•6361 

•6371 

•6487 

•6506 

*6525 

•6644 

•6563 

•6677 

•6696 

•6715 

•6734 

•6762 

•6864 

•6882 

*6901 

•6919 

i 

•6938 


• 06 . 

• 06 . 

• 07 . 

• 08 . 

• 09 . 

0-0488 

0-0683 

0-0677 

0-0770 

0*0862 

•1398 

•1484 

•1670 

•1656 

•1740 

•2231 

•2311 

•2390 

•2469 

*2646 

•3001 

•3075 

•8148 

•3221 

*8293 

•3716 

•3784 

•8853 

*3920 

*8988 

0-4383 , 

0-4447 

0-4611 

0-4674 

0*4637 

•6008! 

•6068 

•5128 

•5188 

•6247 

•6596 

•6653 

*6710 

•5766 

•6822 

•6162 

•6206 

•6259 

•6313 

•6366 

•6678 

•6729 

•6780 

•6831 

*6881 

0-7178 

0-7227 

0-7276 

0*7324 

0*7372 

•7665 

•7701 

•7747 

•7793 

•7839 

•8109 

•8164 

•8198 

•8242 

•8286 

•8544 

•8687 

•8629 

•8671 

•8718 

•8961 

•9002 

•9042 

•9083 

•9123 

0-9361 

0*9400 

0-9489 

0-9478 

0-9617 

•9746 

•9783 

•9821 

•9858 

*9896 

10116 

1-0162 

1*0189 

1*0225 

1-0260 

•0472 

•0608 

•0543 

•0678 

•0613 

-0818 

•0862 

•0886 

*0919 

*0953 

11161 

11184 

1-1217 

1*1249 

1-1282 

•1474 

•1606 

•1637 

•1569 

•1600 

•1787 

•1817 

•1848 

•1878 

*1909 

•2090 

•2119 

•2149 

*2179 

-2208 

•2384 

•2413 

•2442 

•2470 

*2499 

1*2670 

1*2698 

1‘2726 

1*2764 

1*2782 

•2947 

•2975 

•3002 

•3029 

-8066 

•3218 

•3244 

•3271 

•8297 

-3324 

•3481 

•3507 

•8633 

•8658 

•3684 

•3737 

•3762 

•8788 

•3813 

-3888 

1-3987 

1-4012 

1*4086 

1-4061 

1-4086 

•4231 

•4256 

•4279 

•4303 

-4327 

•4469 

•4493 

•4616 

-4640 

•4663 

•4702 

•4726 

•4748 

•4771 

*4793 

•4929 

•4954 

•4974 

•4996 

*5019 

1-6161 

1-6173 

1*6196 

1-6217 

1*5239 

•6869 

•6390 

•6412 

•5433 

•6454 

•6581 

•6602 

*5623 

-5644 

•6665 

•5790 

•6810 

•6831 

•6851 

•6872 

•5994 

•6014 

•6034 

•6054 

*6074 

1-6194 

1-6214 

1-6283 

1*6263 

1*6273 

•6890 

•6409 

•6429 

•6448 

•6467 

•6582 

•6601 

•6620 

*6639 

•6668 

*6771 

•6790 

•6808 

•6827 

•6845 

•6966 

•6976 

•6993. 

•7011 

*7029 
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•00. -01. -02. -08. •()*. I *05. -Oft. *07. *08. *09. 


6-6 1-7048 1-7066 1*7083 1*7102 1-7120 1*7138 1*7156 1*7174 1-7192 1*7210 

5*6 *7228 *7246 *7263 *7281 *7299 *7317 *7334 *7852 *7370 -7387 

5*7 *7405 *7422 *7440 *7457 *7476 *7492 *7609 *7527 -7544 *7661 

5*8 *7679 *7596 *7618 *7630 *7647 *7664 *7682 -7699 *7716 *7733 

5*9 *7760 *7766 *7783 *7800 *7817 *7884 *7861 *7868 *7884 *7901 

6*0 1*7917 1*7934 1*7951 1*7967 1*7984 1*8001 1*8017 1*8034 1-8050 1*8067 

6*1 *8083 *8099 *8116 -8132 *8148 *8165 *8181 -8197 *8213 *8229 

6-2 *8246 *8262 *8278 -8294 *8310 *8326 *8342 *8358 *8874 *8890 

6*8 *8406 *8421 *8437 *8468 *8469 *8485 *8600 *8516 -8632 *8647 

6*4 *8563 *8579 *8594 *8610 *8626 *8641 *8666 -8672 *8687 *8703 

6*6 1*8718 1*8733 1*8749 1*8764 1*8779 1*8796 1*8810 1*8826 1*8840 1*8856 
6*6 *8871 *8886 *8901 *8916 *8931 *8946 *8961 *8976 *8991 *9006 

6*7 *9021 *9036 -9051 *9066 *9081 *9095 *9110 *9126 *9140 *9166 

6*8 *9169 *9184 *9199 *9213 *9228 *9243 *9267 *9272 *9286 *9301 

6*9 *9315 *9330 *9844 *9369 *9373 *9887 *9402 *9416 *9431 *9446 

7*0 1*9459 1*9473 1-9488 1*9602 1*9616 1*9630 1*9544 1*9659 1*9678 1*9687 
7*1 *9601 *9616 *9629 *9643 *9657 *9671 -9686 *9699 *9718 *9727 

7*2 *9741 *9766 *9769 -9782 *9796 *9810 *9824 -9838 *9851 -9865 j 

7*3 *9879 *9892 -9906 *9920 *9933 *9947 *9961 -9974 *9988 2*0001 

7*4 2*0016 2*0028 2*0042 2*0056 2*0069 2*0082 2*0096 2-0109 2 0122 *0136 

7*6 2-0149 2*0162 2*0176 2-0189 2*0202 2*0216 2-0229 2-0242 2-0256 2 0268 

7*6 -0282 *0296 *0308 *0321 *0834 *0847 *0360 *0373 *0386 *0399 

7*7 *0412 -0425 *0488 0461 *0464 *0477 *0490 *0503 *0616 *0628 

7*8 -0541 *0554 *0667 *0680 *0692 *0605 *0618 *0631 *0643 -0666 

7*9 *0669 *0681 *0694 *0707 *0719 *0732 *0744 *0757 *0769 *0728 

8*0 2-0794 2-0807 2*0819 2*0882 2*0844 2*0867 2*0869 2*0882 2*0894 2*0906 
8*1 *0919 -0931 *0943 *0966 *0968 *0980 *0992 *1005 -1017 *1029 

8*2 *1041 *1054 *1066 *1078 *1090 *1102 *1114 -1126 *1138 *1161 

8*8 *1163 *1176 *1187 *1199 *1211 *1223 *1235 *1247 *1259 * 1270 . 

8 - 4 -1282 *1294 *1806 *1318 *1330 *1342 *1864 *1366 *1377 *1389 

8*6 2-1401 2-1412 2*1424 2«1436 2*1448 2-1459 2*1471 2*1483 2-1494 2*1606 
8*6 *1618 *1529 *1641 *1562 *1664 *1576 *1687 *1699 *1610 *1622 

8*7 *1633 -1645 *1656 *1668 *1679 *1691 *1702 -1713 *1725 *1736 

8*8 *1748 *1769 *1770 *1782 -1798 *1804 *1816 *1827 *1838 *1849 

8*9 *1861 *1872 *1888 *1894 *1906 *1917 -1928 -1939 *1950 *1961 

9*0 2*1972 2*1983 2*1994 2*2006 2*2017 2*2028 2*2039 2*2060 2*2061 2*2072 
9*1 *2083 -2094 *2105 *2116 *2127 *2188 *2149 *2169 *2170 *2181 

9*2 *2192 *2203 *2214 *2225 *2236 *2246 *2267 *2268 *2279 *2289 

9 - 3 *2300 -2311 *2322 *2332 *2343 *2364 -2364 *2376 *2886 *2396 

9-4 -2407 *2418 *2428 *2489 *2450 *2460 *2471 *2481 *2492 *2502 

9*6 2*2512 2-2623 2*2634 2-2544 2-2655 2*2565 2*2676 2*2586 2*2697 2*2607 
9-6 *2618 *2628 -2638 -2649 *2659 *2670 *2680 *2690 *2701 *2711 

9*7 *2721 *2732 *2742 *2762 -2762 *2773 *2783 .2792 *2803 *2814 

9*8 *2824 *2834 *2844 *2864 *2865 *2875 *28 86 *2895 *2905 *2916 

9-9 -2925 *2936 *2946 *2956 *2966 *2976 *2986 *2996 *3006 -3016 
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Abegg, 871. 

Abscissa, 84. 

— axis, 83. 

Absolute error, 278. 

— zero, 12. 

Aoceleratiou, 17, 65. 

— curve, lOi 

— Normal, 179. 

— Tangential, 179. 

— Totd, 179. 

Accidental errors, 510. 

Acetochloranilide, 8. 

Acnode, 171. 

Addition, 278. 

Adrian, 516. 

Airy, G. B., 461. 
d*.4Jembert’s equation, 459. 

Algebra. Laws of, 177. 

Algebraic functions, 85. 

Altemando, 188. 

Amagat, 176. 

Amago, 74. 

Amount of substance, 6. 

Amp^e, 29. 

Amplitude, 187, 427. 

An^ea. Measurement of, 606. 

Circular, 606, 624. 

— — Badian, 606, 624. 

— Vectorial, 114. 

Angular velocity, 137. 

Anti-differential, 190. 

Aperiodic motion, 410. 

Approximate calculations, 276. 

— integration, 385, 468. 

Approtimations. Solving differential equa- 
tions by successive, 468. 

Arc of circle (length), 603. 

Archimedes' spiral, 117, 246. 

Areas bounded by curves, 280, 234, 287. 
Arithmetical mean, 235. 

Arrhenius, S., 146, 216, 832, 842. 
Association. Law of, 177. 

Asymptote, 104. 

August 171. 

Atomic wef^ts, 540. 

Austen, W. C. Roberts, 161. 

Auxiliaries, 559. 

Auxiliary equation, 400. 

Lagrange’s, 463. 

Average, 285. 

— error, 525. 


Average velocity, 7. 

Averages. Method of, 536. 

Axes. Transformation of, 96. 

Axis. AbscissiL 88. 

— Conjugate, 102. 

-Co-ordinate, 88, 121. 

— Imaginary, 102. 

— Major, IW. 

— Minor, 100. 

— Oblique, 83. 

— of imaginaries, 177. 

— of reals, 177. 

— of revolution, 248. 

— Real, 102. 

— Rectangular, 83. 

— Transverse, 102. 

iBacon, F., 4, 273. 

Bancroft W. D., 120. 

Bayer, 605. 

Baynes, R. B., 594. 

Berkeley, G., 32. 

Bernoulli, 572, 575. 

Bernoulli’s equation, 388, 389. 

— series, 290. 

Berthelot, M., 3, 227. 

Berthollet, 191. 

Bessel, 311, 514. 

Bessel’s formula, 523. 

Binomial series, 86, 282. 

Biot, 55, 74, 819. 

Blanksma, J. J., 223. 

Bodenstein, M., 222, 228. 

Boiling curve, 174. 

Bolton, G., m 

Bolza, 0., 579. 

Bosscha, 63. 

Boyle, 19, 20, 21, 23, 45, 46, 62, 114, 254, 
444, 457, 596. 

Boynton, W. P., 114, 260. 
Brachistochrone, 572. 

Bradley, 514. 

Bradshaw, L., 890, 442. 

Break. 143. 

Bredig, G., 387. 

Bremer, O. J. W., 828. 

BriggsisB logarithms, 25. 

Briber, C., 803, 808, 356. 

Bunsen, R., ^0. 

Burgess, J., 344. 

Byerly, W. B., 467. 481, 
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GaiUetet, L. P.. 160. 

CSaLcnlations. Approximate, 276. 

— 'with small (quantities, 601. 

Calonlus. Differential, 19. 

finite differences, 308. 

— Integral, 184. 

— Tariations, 667> 

Callendar, 39. 

CSallom, 561. 

Cane sugar, 6. 

Cardan, 353. 

Carnot, 32, 34. 

Carnot’s function, 386. 

Cartesian co-ordinates, 84. 

Catenary, 348. 

Cavendish, 527, 565. 

Cayley, 169, 170, 603. 

O-discrlminanh 394. 

Cen'^ersrwer, M., 329. 

(Antral differences. Interpolation by, 
815. 

Centre, 98, 100, 101. 

— of curvature, 180. 

— of gra-rity, 605. 

Geratoid cusp, 170. 

Characteristic equation, 79. 

Charles’ law, 21, 24, 91. 596. 

Oharpit, 454. 

Ohatelier, H. le, 318, 539. 

Chatelier’s theorem, 265. 

Chauvenet’s criterion, 563, 623. 
Chloracetanilide, 8. 

Chord of circle (length), 603. 

Christoffel, 42. 

Ohrystal. G., 351, 364. 

Circle, 97, 121. 

— (area of), 604. 

— Arc of (length), 604. 

— Chord of (lengtii), 604. 

— Perimeter of Qen^h), 604. 

— of curvature, 180. 

— Osculatory, 180. 

Circular functions, 346. 

— measure of angles, 606. 

— sector (area), 605. 

— segment (area), 605. 

Clairaut, A. C., 192, 391, 393, 457, 561. 
Clapeyron, K, 453, 457. 

Clapeyron’s work diagram, 239. 

Clarke, F. W., 551, 554, 562. 

Clausius, R., 6, 504. 
dement, 81. 

J . 1£. , 350. 

Coexistence of different reactions. Prin- 
ciple of, 70. 

Cofactor (determinant), 589. 

Ctfflardeau, E., 150 l 
C olviU, W. EL, 275. 

Combinations, 602. 

Conxmon logarithms, 25, 27. 

Cbmmutation. Law of, 177. 

Comparison test (convergent series), 271. 
Gomplanation of surfaces, 247. 
Complement (determinant), 589. 

— l^Tor function, 344. • 

— of angles, 610. 


Complementary function, 413. 

Complete differentials, 77. 

— elliptic integrals, 426. 

— integral, 377, 450. 

— solution of differential equation, 377- 
Componendo, 133. 

— et dmdendo, 133. 

Composition of a solution, 88. 

Compound interest law, 56. 

Comte, A., 8. 

Conca'vity of curves, 159. 

Condensation. Retrograde, 175. 
Conditional equation, 218, 353. 
Conditioned maxima and minima, 301. 

— observations, 655. 

Conditions. Limiting, 363, 452. 
Conduction of heat, 493. 

Cone, 135. 

— (centre of gravity), 606. 

— (surface area). 604. 

— (volume), 605. 

Conic sections, 97. 

Coniooids, 595. . 

Coiyagate axis, 102. 

— determinant, 590. 

— point, 171. 

Conrad, M., 803, 308, 856. 

Consistent equations. Test for, 58&. 
Constant, 19, 324. 

— errors, 687. 

— Integration, 193, 198, 284. 

— of Fourier’s series, 471. 

— Phase, 137. 

Constituent (determinant), 581. 

Contact of curves, 291. 

— Orders of, 291. 

Continuous function, 142. 

Convergent series, 267. 

Test for, 271. 

Convertendoi 133. 

Convexity of curves, 169. 

Cooling curves, 150. 

Co-ordmate axis, 83, 122. 

— plane, 122. 

Co-ordinates. Cartesian, 84. 

— Generalized, 140. 

— Polar, 114. 

— Transformation of, 115. 

— Trilinear, 118. 

Correction term, 278, 

Cosecant, 607. 

Cosine, 608. 

— Direction, 124. 

— Hyperbolic, 347, 613. 

— series, 283, 474. 

Emer’s, 286. 

Cotangent, 607. 

Cotes and Ne'wton’s interpolation formula 
337. 

Cottle, G. J., 228. 

Criterion. Chauvenet’s, 663. 

— of intcgrability^ 446 
Critical tempeiature, 150. 

Crompton, H., 146. 

Crookes, W., 229, 280, 531, 633, 666. 
Crunode, 169. 
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Gabatore of solids, 248. 
Curvature, 178. 

— Centre of, 180. 
Circle of, 180. 
Dj^ction of, 181. 

: — Badius of, 180. 
Oorve, 85. 

Bquatioiii of, 85. 

— Error, 512. 

— Frequency, 512. 

•— Imaginary, 177. 

— Orders of, 120. 

— Plotting, 86. 

— - Probabuity, 612. 

^ Sine, 136. 

Smoothed, 149. 


Cusp, 169. 

Ceratoid, 170. 

~ Double, 170. 

— First BTOcies, 170. 

— loons, 394. 

— Bhampboid, 170. 
Second species, 170. 

— Single, 170. 

Cycle, ^9. 

C^dio process, 289. 
Cycloid 448, 57a 
Cylinder, Iw. 

— (stirflace axea.)^ 604. 

— (Tolnme), 606. 


X)alton, 491. 

Dalton's law, 64, 286. 

Damped oscillations, 404, 409. 

Damping ratio, 409. 

Danneel, H., 197, 215, 217. 

Darwin, G. H., 587. 

Decrement, logarithmic, 409. 

Definite integral, 187, 230, 234, 240. 

Differentiation of, 577. 

Degree, 607. 

— of differential equation, 378. 

— of ficeedom, 140. 

Demoivre's theorem, 351, 613. 

Dependent variitble, 8. 

Descartes, R., 84, 498. 

Determinant, 580. 

— Conjugate, 590. 

— Differentiation of, 590. 

— Multiplication of, 689. 

— Order of, 681. 

— Properties of, 687. 

— Skew, 690. 

— Symmetrical, 590. 

Developable surface, 134. 

Dew curve, 175. 

Diagrams. Work, 289. 

Clapeyron’s, 239. 

Difference formulae. Differentiation of,320. 
Differences. Calculus of finite, 308. 

— Central. Interpolation by, 815. 
Orders of, 808. 

— Table of, 309. 

Differential, 10, 83, 568. 

— calculus, 19. 


Differential, coefficient, 8. 

Second, 18. 

Complete, 77. 

— equation, 66, 871, 874, 878. 

— - — Degree of, 37o. 

Order of, 878. 

— - — Solving, 871. 

— Exact, 77, 884. 

— Partial, 69, 448. 

— Total, 69. 

Differentiation, 19. 

— by graphic interpolation, 819. - 

— Integration by, 496. 

— Methods of, 8. 

— of definite integrals, 577. 

— of determinants, 590. 

— of difference formnlse, 820. 

•— of hyperbolic functions, 349. 

— of numerical relations, 318. 

— Parti^ 68. 

— Solution of differential equations by 

891. 


— Successive, 64. 

— — partial, 76. 

Diffosionlaw. Fick's, 483. 

— Fouxier^s, 482. 

— of gases, 199, 491. 

•— of heat, 493. 

— of salts, 483. 

Direction cosines, 124. 

— of eurvature, 181. 

Directrix, 98. 

Discontinuous functions, 142, 143, 149. 
Dlsorimmant, 852. 

— 898. 

— <7-, 394. 

Dissociation, 111, 265. 

— isotherm, 112. 

Distribution. Law of. 177. 

Divergent series, 267. 

Dividendo, 133. 

et componendo, 138. 

Division, ^4. 

— shortened, 275. 

Dostor's theorem. 588. 

Double cusps, 170 l 

— integrals, 251. 

variation of, 677. 

Duhem, P., 141. 

Dulong, 60, 273. 

Dnmas, J. B. A., 538, 548. 

Dupre, A., 68. 


Edgeworth, F. Y., 515, 519, 565 
Elasticity. Adiabatic, 113. 

— Isothermal, 113. 

Elements (determinant), 581. 

— Xieading, 583. 

— ^ Surface, 251. 

— Volume, 253. 

Eliminant, 683, 686. 

Elimination, 877. 

— > equations, 659. 

Ellipse, 99, 121. 

— (area of), 604 
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miiiMe, (lengtb of peTimeter), 603. 
BUipsoid, 184, 595. 

Blliptio funotions, 428. 429. 

— ■ integrals, 426, 427, ^9. 

Empirical formalse, 322. 

Encke, 514, 552. 

Enteomc, 120. 

Blnvelope, 182. 

loonia 894. 

Bpocli. 187. 

Bi^tein, F. , 387. 

Biqnilateral hyperbola, 109. 

BSqnilibxinm. v an’t Hoff's principle. 2^4. 
Equation. Conditional, 352. 

— Differential, 64. 

•— General, 89. 

— Identical, S52 l 

— of curve, 85. 

— of line, 89. 

— of motion. 66. 

— - of plane, 183. 

— of state, 78. 

— Solving, 852. 

— — Homer, 863. 

— • — Newton. 358. 

Sturm, ^0. 

Error. Absolute, 276 

— Accidental, 510. 

— Average, 525. 

— Constant, 587. 

— Curve of, 51^ 

— Eractionsd, 541. 

— functioD, 844. 

Complement, 844. 

— Law of, 511, 515. 

— Mean, 624, 627, 528, 680. 

— of method, 640. 

— Percentage, 276, 541. 

— Pmsonal, 687. 

— Probable, 621, 624, 626, 628. 

— Prox>ortional, 589, 540, 545. 

— Relative, 541. 

— Systematic, 537. 

— Weighted, 560. 

Bsson, W., 832, 389, 436, 487. 488, 440. 
Etard, 88. 

Eulerian integral, 424, 425. 

Euler’s cosine series, 283. 

— criterion of integrability, 77. 

— sine series, 283. 

— theorem, 74, 449. 

Even function of Xf 476. 

Everett, J. D., 619. 

Ewan, T., 63. 

Exact differential. 77, 384. 

equation, 878, 431. 

Test for, 432. 

Forsyth’s, 482. 

Expansion. Adiabatic, 257. 

— Isothermal, 254. 

Explicit functions, 593. 

Exponential functions, 5A 

— series, 286. 

External force, 413. 

Extrapolation, 92, 810. 
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Factorial, 88. 

Factors. Integrating, 77, 881, 383. 
Faraday, M., 5. 539. 

Federlin, W., ^2. 

Fermat, P. de, 667. 

Fermat’s principle, 165, 299. 

Fick, 6. 492. 

Fick*s law of diffusion, 483, 492. 

Field, 58A 

Figures. Significant, 27A 
Finite differences, 308. 

First integral, 431. 

— law of thermodynamics, 81. 

— species of cusp, 170. 

Fluxions, 34. 

Focal radius, 98, 100. 

Fckius, 98, 100. 

Forbes, 6. 

Force. External, 413. 

Forced oscillations, 413. 

Forces. Generalized, 138, 141. 
Formulae. Finding, 322. 

— Reduction, 205, 208, 211. 

Forsyth, 454, 467. 

Forsyth’s test for exact equations, 482L 
Fourier, J., 343, 467, 481. 

Fourier 8 diffusion law, 481, 482. 

— equation, 4 1. 

— integrals, 479. 

— series, 469, 470, 477. 

Constants ofv 470 l 

— theorem,^470. 

Fraction. Partial, 212. 

— Vanishing, 304, 806. 

Fractional errors, 541. 

— index, 28. 

— jnrecipitation, 229. 

Free osculations, 414. 

Freedom. Degrees of, 140. 

Fresnel, 5, 30. 

Fresnel’s intMral, 424. 

Frequency. Curve of, 512L 
Friction, 397. 

Frost, P., 168. 

Frustum of cone (volume), 605. 
Function. 19, 322. 

— Complementary, 413. 

— Continuous, 1^. 

— Discontinuous, 142, 144. 

— Elliptic, 428. 

— Eirror, 344. 

Complement, 843. 

— Even, 474. 

— Explicit, 598. 

— Gamma, 423, 424. 

— Illusory, 304. 

— Inmlioit, 693. 

— Indeterminate, 304. 

— Multiple-valu^, 241. 

— Odd, 476. 

— Periodic, 186. 

— Single-valued, 242. 

— Singular, 804. 

Fundamental laws of algebra, 177, 
Fusibility. Surface of, 118. 
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Q-alUeo, 29, 225. 

Gkkllitzine, 60. 

Gamma function, 423, 424. 

Gas equation, 78, 110, 139, 696. 

Gauss, C. F., 176, 811, 832, 409, 513, 515, 
520, 560. 

Gauss’s law, 853. 

of errors, 516. 

interpolation formula, 315. 

method of solving equations, 557. 

Gay Lussac, 88, 91, 285, '610. 

Geitel, A. C., 440. 

General equation, 89. 

— integprsd, 451. 

— mean, 551. 

solution of differential equation, 377. 

Generalized co-ordinates, 139. 

— forces, 1^, 141. 

Generator, 134. 

Geometrical senes, 268. 

Gerling, C. Xi., 565. 

Gibb’s thermodynamic surface, 598. 
Gilbert, 424. 

Gill, D.. 633. 

GUles, t. P. St», 227. 

Glaisher, J. W. L., 344. 

Goldschmidt, H., 215. 

Graham, T., 199, 486, 490. 

— J. C., 497. 

Graph, 88. 

Graphic interpolation, 318. 

Differentiation by, 319. 

— • solution of ' equations, 355. 

Gray, A., 467. 

Greenhill, A. G., 851, 431. 

Gregory’s series, 284. 

Gudermann, 428. 

Gudermannians, 613. 

Guldberg, 191, 226, 354. 

Sagen, 507, 563. 

Halley’s law, 62, 260. 

Hamilton, 567. 

Sarcourti A* V* , 332^ 389^ 485| 487 > 488 1 440. 
Hardy, J. J., 245. 

Haxkness, J., 45. 

Harmonic curve, 136. 

— motion, 186, 234. 

Hartley, W. N., 332. 

Haskins, C. N., 360. 

Hatchett, 608. 

Hayes, E. H., 146. 

Heat. Conduction of, 493. 

Heaviside, O.,"370, 377, 496. 

Hecht, W., 303, 308, 356. 

Hedley, E. P., 332. 

Heilbom, 196. 

Helmholtz, 203, 872, 471, 472. 

Henrici, O., 116, 335, 472. 

Henry, P., 216, 227. 

Henry’s law, 87. 

Hermann, 603. 

Herschel, J. P. W., 825, 615, 

Hertz, H., 5, 109. 

Hessian, 592, 594. 


Hill, M. J. M., 394. 

Hinds, 561. 

Hinrichs, G., 519. 

Hoar frost'line, 152. 

Hobson, E. W., 267. 

Hoff, Van’t. Principe, 264. 
Holman, S. W., 568. 

Holtzmann, G., 457. 

Homogeneous differential equations, 

— function, 76. 

— simultaneous equations, 581, 684. 
Hooke’s law, 458. 

HopitaL Buie of 1’, 307. 

Hopkinson, J., 4, 832. 

Horstmann, A., 818, 819, 821, 826. 
Humboldt, 610. 

Hyperbola, 100, 121. 

— equilateral, 109. 

— rectanmilar, 109. 

Hyperbolic cosine, 347. 

— > lunctiohs, 347, 612. 

— Differentiation of, 348. 

Integration of, 349. 

— logarithms, 26, 233. 

— sine, 247. 

— • spiral, 117. 

Hyperboloid, 183, 695. 

Hyper-elliptic integrals, 430. 

Joe line, 152. 

Identical equation, 218, 852. 

Illusory functions, 304. 

Imaginaries. ^ Axis of, 177» 
Imaginary axis, 102. 

— chrve, 177. 

_ point, 177. 

~ quantities,|176. 

■— roots, 353. 

— send-axis, 102. 

— surface, 177. 

Implicit functions, 693. 

Lumfinite integral, 187. 
Independence of different reactions. 

oiple of, 70. 

Independent variable, 8, 448. 
Indeterm^te functions, 304. 

TthIst- Fractional, 28. 

— law, 24, 177. ’ 

— of refraction, 166. 

Inequality. Symbols of, 18. 
Inferior limit, 187. , 

Inffezion. Points of, 143, 160. 
Inflexional tangents, 699. 

Inflnite series. Int^ration of, 341, 
Inflnitesiunals, 18, 83. 

Infinity, 11. 

Instantaneous velocity, 9. 
Integrability. Criteriou of, 446- 

Euler’s, 77. 

Integral, 187. 

— Complete, 877, 460. 

Definite, 189, 281, 240. 

Differentiation of, 677. 

— Double, 251, 

— Elliptic, 427, ^8, 429, 480. 
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Intofl^, Elliptio, Complete, 430. 

— Euleiian, 424, 426. 

— Eirs^ 431. 

— Eounex's, 479. 

— EreeneVe, 4^ 

— Ctenetal, 461. 

— Hyper-elliptic, 430. 

Indefinite, 187. 

— limits, 187. 

— Mean Talnes of, 284. 

~ Multiple, 249. 

— . Particular, 400, 418. 

— ProbabUity, 616, 631, 632, 621, 622. 

— Space, 189. 

— Standard, 192, 198, 849 
• — Time, IW. 

— Ultr»-el1iptio, 430. 

~ Variation of, 568, 569, 573. 

— - double, 677. 

— — triple, 677. 

Integrating factors, 77, 380, 881. 
Int^atiou, 184, 189. 

— Approximate, 341, 469. 

— by differentiation, 496. 

•— by Infinite series, 841. 

by parts, 204. 

— . by successive integration, 206. 

— constant, 193, 194, 234. 

— formula of' Newton and Cotes, 886. 

— hyperbolic functions, 849. 

— Suostitutee for, 388. 

— Suocessiye, 249. 

--Symbol of, 189. 

Intercept equation of line, 90. 

— — of plwe, 182. 

Interpolation, MO. 

— formula. Gauss’, 816. 

Lagrange’s, 311, 312. 

Newton’s, 311, 812. 

Stirling’s, 318, 820. 

— Graphic, 317. 

Differentiation by, 819. 

Inverse sine series, 384. 

— trigonometrical functions, 49. 

— — series, 283. 

Invert sugar, 6, 184. 
luvertendo, 188. 

Ions, 112. 

Irrational numbers, 178. 

Isobars, 110. 

Isometrics, 110. 

Isoperimetrical problem, 676. 
Isopiestics, 110. 

Isothermal expansion, 264. 

Isotherms, 110, 112, 113. 

Jaconi, C. G. 1., 69,428. 

Jacobian, 453, 691, 594. 

J ellet, J. ]S«, 6/9. 

Jevons^ W. S., 142, 148, 498, 510 l 
J ohnson, S., 3. 

Jones, D., 109. 

Joubert, 481. 

Joule, 61, 189. 

Judson, \V ., 216, 222 l 


SLeesom, W. H., 563. 

Kelvin, Lord, 56, 60, 168, 848, 481, 496, 
616. 

Kepler, 6, 29, 226. 

Kinetic theory, 504, 584. 

Slipping, 3., 646. 

KirSihoff, 608, 504. 

Kleiber, 608. 

Knight, W. T., 217. 

Kohlrausdh, E., 827, 408. 

Kooij, D. M., ^4. 

Kopp, 824. 

Kramp, 88, 843, 424. 

Kiihl, H., 216, 440. 

Kundt, 620. 


,1 Jaar, J. J. van, 366. 

Lag, 417. 

Lagrange. 287, 311, 568. 

Lagrange's auxiliary equatioiu, 463. 

— criterion maxima and minima, 298. 

— interpolation formula, 311, 312. 

— method of undetermined multipliers, 

301. 

— solntion of differential equations, 463. 

— theorem, 801. 
liamb, H., 6l0. 

Langley, E. M. , 272. 

Lapses, 114, 466, 461, 496, 499, 503, 604, 
516. 


Laplace’s theorem, 800l 
[aws of algebra, 177. 

Lead, 417. 

T/ead»ng element determinant), 583L 
Least squares, 61/. 

Method of, 326. 

Legendre, 424, 426, 430, 617. 

— equation, ^3. 

— parameter, 429. 

Lehfeldt, B. A., 334. 

Leibnitz, 19, 32, 33, 86, 61. 


— series, 284. 

— theorem, 67. 

Symbolic form of, 68. 

Lemoine, G., 340. 

Lena’s law, 404. 

Liagre, J. B. J., 498. 

Limiting conditions, 363, 462. 

Limits of integrals. 187. 

— inferior, 187. 

— lower, 187. 

— superior, 187. 

— upper, 187. 

Linear differential equation, 887, 399. 

— Exact, 481. 

Lionville, 418. 

Locus, 88. 

— Cusp, 394. 

— Envelope, 894. 

— Nodal, ^ 

Lodge.’o. J., 146, 60S. 

Loguithm, 2A 274. 

— iMggsian, W. 
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Logarithm, Oommon, 26. 

. — Hyperholic, 25, 238. 

Kaperian, 25. 

— — Natiixal, 26, 627. 

Logarithmic decrement, 408. 

— dili'ereutiation, 58. 

— functions, 51. 

— paper, 331. 

— series, 290, 

— spiral, 117. 

Lorentz, H., 443. 

Losauitsch, 603. 

Xtosohmidt, 74, 491. 
liove, 83. 

LSwel, 88. 
liOwer limit, 187. 

Lowry, T. M., 146. 

Lupton, S., 333. 

Mach, B., 126. 184, 680, 601. 

Maclaurin’s series, 280, 232, 286, 288, 301. 
305, 322. 

— theorem, 278, 280, 281, 301:. 
Magnitude. Ordero of, 10. 

Magnus, 56, 171. 

Major axis, 100. 

Mallet, 604. 

Marek, 644. 

Marignac, 662. 

Ma-scart, 431. 

Material point, 65. 

Mathews G. B., 467. 

Matrix, 582. 

Matthiessen, 44. 

Maupertius, 567. 

Maxima, 164, 166, 167, 161, 293, 296, 299, 
670, 675. 

— Conditional, 300. 

>->• Lagrange's criterion, 298. 

Maxwell, J. 0., 6, 611, 634. 

Mayer, H., 82, 114, 260, 661. 

Mean, 234. 

•— Arithmetical, 236. 

— Brror, 624, 626, 526, 627. 

— General, 551. 

— Probable, 561. 

— Square, 236. 

— Values of integrals, 234. 

— Velocity, 7. 

Measure of precision, 513. 

Measurement of angles, 606. 

— — Circular, 606, 624. 

Radian, 606, 624. 

Mellor, J. W., 139, 221, 390, 442, 466. 
Mendel6efiF, D., 39, 117, 139, 146, 146, 276. 
Mensuration, 594. 

Merrifteld, O. W., 340. 

Merriman, M., 563. 

Metastable states, 152. 

Method. Eiirors of, 537. 

Meyer, L., 652. 

— O. B., 504. 

Meyerhofer, W., 216. 

Midsection formula, 340. 

Mill, J. S., 126. 


Miuchin, 149. 

Minima, 164, 165, 157, 161, 293, 296, 299, 
670, 676. 

— Conditioned, 300. 

— Lagrange's criterion, 298. 

Minor (determinant), 588. 

— axis, 100. 

Mitchell, 503. 

Modnlus, 427. 

— of lo^rithms, 27. 

— of precision, 613. 

Molecules. VelocitieB of, 534. 

Momentum, 189. 

Morgan, A. de, 13, 204, 281. 

Morley, £., 649, 558. 

— F., 45. 

Mosander, 229. 

Moseley, 454, 455. 

Motion. Aperiodic, 410. 

— Equation of, 66. 

— Harmonic, 186, 234. 

— Oscillatory, 896. 

— Periodic, 136. 

Multiple integrals, 249. 

— Determinants, 589. 

— point, 169. 

Valued fnnction, 24L 

Multiplication, 274. 

— Shortened, 276. 

Multipliers. Undetermined, 301. 

Mutual indejMndence of different re- 
actions, 7u. 


ISTapexian logarithms, 25. 

CTapier, J., 63. 

Cfatoral lo^rithms, 25, 27, 627. 

— oscUlations, 414. 

Nernst, W., Ill, 112. 

Mfewcomb, S., 614. 
bTewlands, 117, 139. 

CTewton, 1., 6, 19, 29, 30, 32, 34, 68, 60, 61, 
114, 189, 192, 311, 396, 461, 544, 669- 
CTewton-Ootes interpolation formula, 337 
Ciewton’s interpolation formula, 312. 

— law, 441. 

— method of solving equations, 368. 
Nicol, J., 320. 

ITode, 169. 

17on-homogeneous equations, 373. 
NordenskjSld's law, 64. 
itoTmal, 105, 698. 

— acceleration, 179. 

— equation, 558. 

— »» of line, 91. 

plane, 133. 

— liength of, 108. 

Noyes, A. A., 223. 

Numerical equation, 362. 

values of trigonometrical ratios, 609* 

Obermayer, O. A. von, 74, 491. 

Oblique axes, 83. 

Observation equations, 325, 582, 584« 
Solving, 325. 

— Gauss, 557. 



638 


INDEX 


Observations, CSonditioiied, 65S, 558. 

— Rejecting, 568. 

— Test for bdelily of, 531. 

Odd fanction of sc, 475. 

Ohm, 483. 

Ohm’s lanr, 8, 388, 483. 

Operation. Symbols of, 19, 396. 

<Aders of contact, 291. 

— > of onrves, 120. 

— at differences, 308. 

— of differential equations, 878. 

— of determinants, 58. 
of magnitude, 18. 

— of surfaces, 595. 

Ordinary differential equations, 378. 
Ordinate, 84. 

— axis, 83. 

Origin, 84. 

Orthogonal trajeotary, 895. 

Oscillations. Damped, 404. 

— • Forced, 413, 414. 

— Free, 414. 

— Natural, 414. 

— Period of, 187. 

Oscillatory motion. iEquations of, 396. 
Osculation. Points' of, 170. 

Oscnlatory circle, 180. 

Ostwald, W., 139, 224, 226, 275, 545, 554. 

^Parallelepiped, 71. 

Parallelogram (are^, 604. 

— of velocities, 125. 

Parallelopiped, 71. 

— of velocities, 125. 

— (volume), 605. 

Paraboloid, 134, 595. 

Psuabola, 99. 

— (area of), 604. 

Parabolic formulae, 336. 

Parameters (crystfds), 132. 

— Legendre's, 429. 

— variable, 182. 

Parnell, T., 320. 

Partial differential, 70. 

— equations, 378, 448, 449. 

— differentiation, 68. 

— fractions, 212. 

PartioulaT integrals, 400, 418. 

— solutions, 377, 450. 

Parts. Integration by, 205. 

— Interpolation by proportional, 311. 

— Rule of jj^portional, 289. 

Pasohen, 8^ 

P-diseriminant, 893. 

Pelouae, 552. 

Pendlebury, R , 844. 

Percentage error, 276, 541. 

Perimeter of circle (length), 608. 

— of ellipse (len^n), 603. 

Period of oscmatiom 137. 

Periodic functions, 136. 

— motion, 135. 

Perkin, 'W. H., 546. ^ 

Permutations, 602. 

Perpendicular equation of liue, 90. . 


Perry, J., 72, 331, 882, 472. 

Personal error, 537. 

Peter’s formula, 524. 

Petit and Dnlong, 60. 

Phase, 119. 

constant, 187. 

Pickeii^, S. V., 146; 148. 

Pierce, B. O., 2(15, 568. 

Plaats, J. D. van der, 561. 

Plait point, 176. 

— — curve, 176. 

Planek, M., 79, 357. 

Plane, 122, 18R 

- Co*ordinate, 122. 

— Equation of. Intercept, 132. 

General, 133. 

— Normal, 133. 

— Frojeotion, 129. 

Normal, 138. 

Plotting curves, 87. 

Poincard, H., 274, 515. 

Point, imaginary, 177. 

Poisson, S. D., 449, 456. 

Polar co-ordinates, 114. 

Polygon (area), 60^ 

Polynomial, S8. 

Precht, J., 332. 

Precipitates. Washing, 269. 
Precipitation. Fractional, 229. 
Precision. Measure or modulus of, 513. 
Pressure curves. Vapour, 147, 151. 
Priestley, J., 91. 

Primitive, 877. 

Prism (surface area), 604. 

— (volume), 605. 

Probabili^, 498. 

— curve, 612. 

— integral, 516, 631, 532, 621, 622. 
Probable error, 521, 526, 528, 529. 

— - mean. 551. 

Projection, 128. 

— of curve, 129. 

— of point, 128. 

— pUme, 129. 

Properties of determinants, 587. 
Proportional errors, 589, 541. 

— parts. Rule of, 289. 

— Interpolation by, 811. 

Proportionality constant, 21. 

Pront’s lavr, 504. 

Pyramid (centre of jmvity), 605. 

— (surface area), 604. 

— (volume), 606. 

Pyl^goras’ theorem, 60S. 


Quadrature of surfaces, 232. 

Quantities. Small. Calculations with, 
601. 

Badian, 606. 

— measnre of angles, 607. 

Radius,. 98. 

— ^ focal, 99, 100. 

— of curvature, 180. 

— vector, 100, 114. 
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Bamaayv W., 666. 

Bankine, 6, 823. 

Rapp, 278. 

Bate, 9. 

Batio. Damping, 408. 

— Teat, 272. 

BavensheaT, A. F., 563. 

Bayleigh, Lord, 5^, 539, 666. 
Baymond, E. da Boia 410. 

Beal axis, 102. 

— semi-axis, 102. 

Beals. Axis of, 177. 

Rectangle (area), 604. 

Beotangular axis, 88. 

— hyperbola, 109. 

Bectifiioation of curves, 245. 

Reduction formulae, 206, 208, 211. 

— Integration by successive, 206. 
Beech’s theorem, 81. 

Reference triangle, 117. 

Refraction of light, 165. 

Regnault, 147, 171, 828, 826, 639, 668. 
Beicher, JLi. T., 228. 

Rejection of observations, 668. 

Relative errors, 641. 

— zero, 12. 

Renyard, 210. 

Restitution, 397. 

Retardation, 18. 

Retrograde condensation, 175. 
Revolution. Axis of, 247. 

^ solid of, 248. 

— surface of, 184, 247. 

Rey, H., 608. 

Bhamphoid cusp, 170. 

Rhombus (area), 604. 

Riohardsom O. W., 820. 

Biemann, 244, 467, 481. 

Roohe, 171. 

ROntgen rays, 21A 
Boots, 852. 

— Imaginary, 858. 

— of equations. Separation, 859. 
Bosooe, H. B., 684. 

Bouth, E. J., 415. 

Rowland, H. A., 662, 665. 

Rows (determinants), 682. 

Rucker, A. W., 146, 278. 

Rudberg, P., 627, 666. 

Ruled surfaces, 184. 

Bunge, C.. 882. 

Sachse, H., 606. 

Sargant, E. B., 612. 

Sarrau, 6. 

Sarrus, 282. 

Schmidt, G. C., 826. 

Schorlemmer, 684. 

Schreinemaker, P. A. H., 872, 873. 
Schuster, A., 508. 

Secant, 603. 

Second differential coefficient, IS, 66. 

— law of thermodynamics, 81. 

— species of cusp, 170. 

Sector. Area of circular, 604. 


Segment. Asrea of cirQulsr, 604. 

— Surface area of spherical, 604. 

— Volume of spherical, 606. 

Seitz, W., 488. 

Semi-axis, 102. 

— Imaginary, 102. 

— Real, 102. 

Semi-logarithmic paper, 881. 

Separation of roots of equations, 859. 
Series, 266. 

— Bernoulli’s, 290. 

— Binomial, 282. 

— CSonvergent, 267. 

— — ^ Tests for, 271. 

— Cosine, 283, 478. 

Euler’s, 285. 

— Divergent, 267. 

— Exponential, 285. 

— Fourier’s, 469, 470. 

— Geometrical, 268. 

— Qxegory’s, S®4. 

— Int^^tion in, 841, 468, 464. 

— Ijeibnitz’s, 284. 

— liOgarithmic, 290. 

— BCaclauiin’s. See **MaclauTin* . 

— Sine, 288, 478. 

— — - Euler’s, 286. 

Ii^ersi', 284, 286. 

— • Tangent, 283. 

— Taylor’s. See “Taylor”. 

— Trigonometrical, 283, 478. 

— — - Inverse, 288. 

Seubert, K., 652. 

Shanks, 274. 

Shaw, H. S. H., 85. 

Shortened division, 275. 

multiplication, 276. 

Significant figures, 274. 

Signs of trigonometrical ratios, 610. 
Similar figures (lengths), 608. 

(areas), 604. 

(volumes), 606. 

Slmpsou’s one-third 886, 888. 

— tnree-eight’s rule, 888. 

Simultaneous differential equations, 434, 

441, 444. 

— equations, 580, 684. 

Sine, 607. 

— hyperbolic, 847, 618. 

— series, 288, 478. 

Euler’s, 286. 

_ ■_ Inverse, 288, 284. 

Bines. Curve of, 186. 

Single cusps, 170. 

Single-valued functions, 242. 

Hi'ngiilA.r fuUOtiOUS, 804. 

— points, 167. 

— solution, 892, 450. 

Skew determinant, 690. 

— surface, 184. 

Small quantities. Calculations with, 601. 
Smoothing of curves, 148. 

Snell’s law, 165. 

Soldner’s integral, 423. 

I Solubility curves, 87, 88. 
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Solubility, surface, 607, 

Solution, 352. 

— Complete, 377. 

— Extraneous, 368 l 

— General, 877. 

— of differential equations, 370, 377. 449. 
by differentiation, 390. 

— of equations, 352. 

Graphic, 355. 

— Hcamer*8 equations, 363. 

Newton’s, 358. 

Sturm’s, 360. 

— Particular, 877, 460. 

— Singular, 392, 460. 

— Test for, 363. 

Solutions, ^145. 

Solving^uations, 362. 

— — Differential, by successive approzi' 

mations, 467. 

— — Observational, 324, 326, 330. 

— — — Gauss, 667. 

Mayer, 661, 

Soret, 199. 

Space integral, 189* 

Speed, 9. 

Spencer, H., 3. 

Sphere, 134. 

— (surface area), 604. 

— (volume), 605. 

Spherical segment (surface area), 604. 
; (volume), 605 


— triangle (area), 604. 
Spheroids, 695. 

« n ark 


Spinode, 169. 

Spiral .Axchimedes, 117. 

— curves, 116. 

— Hyperbolic, 117. 

— Logarithmic, 117. 

Sprague, J. T., 194. 

Square. Mean, 234. 

Squares. Method of Least, 326, 517. 
Standard integrals, 192, 193, 349. 

Stas, 273, 530, 562. 

State. Equation of, 78. 

Statistical method, 536. 

Steam line, 151. 

Stefan, 60. 

Stirling, 281, 311. 

Stirling’s formula, 817, 820, 602. 

Stone, 668. 

Straight lines, 89. 

Strain theory carbon atoms, 606. 

Strutt, R. J., 604, 496. 

Sturm’s functions, 360. 

— method solving equations, 360. 
Sub-determinant, 683. 

Sub-normal, 108. 

Substitutes for integration, 333. 
Substitution, symbol of, 232. 
Sub-tangent, 108. 

Subtraction, 274. 

Successive approximation . Solving di ffer 
ential equations by, 467. 

— differentiation, 64. 

— ■ reduction. Integration by, 206. 


Successive integration, 249. 

Sumur. Cane, 6, 184. 

— Invert, 6, 184. 

Superior limit, 187. 

Superposition of particular integrals, 400 
Supplement of angles, 610. 

Surd numbers, 178. 

Surface, 122, 132. 

— Oomplanation, 247. 

— Developable, 184. 

— elements, 280, 26L 

— Imaginary, 177. 

— integral, 249. 

— of fusibihty, 118. 

— of revolution, 134, 247. 

— of solubiUty, 697. 

— Orders of, 696. 

— Quadrature, 282. 

— Ruled, 134. 

— Skew, 134. 

— ^ermodynamic (J. W. Gibbs), 696. 

— Van der vVaals’, 696. 

Symbol, 195. 

— of inequality, 13. 

integration, 189. 

operation, 19, 396. 

substitution 282. 

Symbolic form of Leibnitz* theorem, 68. 

of Taylor’s theorem, 428. 

Symmetrical equation of line, 131. 

— determinant, 590. 

Systematic errors, 687. 


Table of differences, 309. 

Tabulating numbers, 309. 

Tac locus, 394. 

Tacnodes, 170. 

Tait, P. G., 6, 405, 469, 496, 516. 

Tangent, 102, 104, 144, 607. 

— form of equation, 91. 

— inflexional, 699. 

— Length of, 108. 

— Line of, 597. 

— plausj, 597, 698. 

— series, 283. 

Tangential acceleration, 179. 

Taylor, P. G., 28. 

Taylor’s theorem, 281, 286, 290, 301, 854, 
468, 569 692. 

symbolic form of, 468. 

— 286, 287, 288, 291, 292, 293, 305^ 


Temperature. Critical, 160. 

Terminal point, 171. 

Test for exact differential equations, 77. 
379, 431. ' 

;; Forsyth’s, 432. 

— - consistent equations, 585. 

— convergent series, 271. 

— solutions, 363. 

Test-ratio test (convergent series). 272. 
Theoretical formulse, 39.0 , 
Thermodynamics, 79, 80, 81, 82. 

— First law, 81. 
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Thermodynamics, Second law, 81. 

— Surfaces (J. W. Gibbs), 696. 
Thermometer, 111. 

Thomsen, J., 79. 

Thomson, J., 148, 586. 

— J. J., 214, 442, 609. 

— W, See Kelvin. 

Thorpe, T. E., 278. 

Time integral, 189. 

Todlmnter, I., 290, 672. 

Total acceleration, 179. 

— differential, 70. 

equations, 448. 

Trajectory, 395. 

■— Orthogonal, 395. 

Transformation of axis, 96. 

— Co-ordinates, 118. 

Transition point, 145. 

Transverse axis, 102. 

Trapezium (area), 604. 

Trapezoidal form^tlse, 339. 

Travers, M. W., 566. 

Trevor, J. E., 594. 

Triangle (area), 604. 

— of reference, 118. 

— Spherical (area), 604. 

Triangular lamina (centre of gravity), ' 
Trigonometrical functions, 47. 

Inverse, 47- 

— ratios, 608. 

— — Numerical values of, 609. 

— — Signs of, 610. 

— series, 283, 473. 

— Inverse, 288, 284. 
Trigonometry, 606. 

Trilinear co-ordinates, 118. 

Triple integrals. Variation of, 677. 

— point, 151, 162. 

Tubaudt, C., 228. 

Turner, G. C., 116. 

Turning point, 143, 160. 

Tutton, A. B., 278. 

Ultra-elliptic integrals, 430. 
Undetermined multipliers (Lagrange), 
Upper limit, 187. 

Values of integrals. Mean, 234. 
Vanishing fractions, 304, 306. 
Vapour pressure curves, 147 , 16L 
Variable, 19. 

— Dependent, 8. 

— Independent, 8, 448. 

— parameter, 182. 

Variation, 668, 669, 672. 

— constant, 21. 

— of integral, 568, 569, 573. 


Variations. Calculus of, 567* 

Vector. Radius, 100, 114. 

Vectorial angle, 114. 

Velocities. Parallelogram of, 126. 

— Parallelopiped of, 126. 

Velocity, 9. 

— An^lar, 187. 

— Average, 7. 

— curve, 108. 

— Instantaneous, 8, 

— Mean, 7. 

— of chemical reactions, 6, 218. 

— — — Consecutive, 433. 

Venn J., 616. 

Vertex, 99, 100, 102. 

Vibration. See Oscillation. 

Volume, 606. 

— elasticity of gases, 113. 

— elements, 26B. 

Waage, 190, 226, 364. 

Waals, J. H. van der, 6, 46, 114, 172, 176, 
265, 260, 867, 679, 696. 
surfaces, 596. 

Walker, J., 483, 440. 

— J. W., 216, 222. 

'• Warder, E. B., 216. 

Washing precipitates, 269. 

Wave length, 137. 

Weber, H. P., 244, 467, 481, 479, 620. 
Weddle’s rule, 888. 

Wegscheider, R., 834, 387, 442, 440. 
Weieratrass, E., 46. 

Weight of observations, 649. 

Weighted observations, 550. 

— error, 650. 

Whewell, 88. 

White, 416. 

Whitworth, 278. 

Wilhelmy, L., 30, 63, 196, 219, 224. 
WUliams, W., 481. 

Williamson, B., 19, 290, 671. 
Winkelmann, A., 69, 61. 

Wogrinz, J., 440. 

I, Woodhouse, W. B., 472. 

Work diagrams, 237. 

Clapeyron’s, 239. 

X-axis, 88. 

X-axis, 83. 

Young, 6. 

— S., 39. 

Z&rOf 11 . 

— Absolute, 12. 

— Relative, 12. 



DOVER BOOKS ON SCIENCE 


Analysis and Design of Experiments by H. B. Mann. Dover Series in Mathematics and 
Physics. In preparation. Tentatively— $2.95 

AnschauHche' Geometric by D. Hilbert and S. Cohn-Vossen. . . clearly written and beauti- 
fully illustrated . . . will be thoroughly enjoyed by geometrician and analyst alike."— "Bulletin 
of the American Mathematical Monthly.” Yellow (Grundlehren) Series. Text in German. 
En^h translation of table of contents. German-English glossary-index. 5% x 8%. x -f 314 
pages. 330 illustrations. (Originally published at $10.00). $3.95 

Applied Elasticity by John Prescott. Treated firom the viewpoint of the engineer are stress 
and strain, Hooke’s law, theorem of three moments for uniEorm beams, thin rods under 
tension or tihrust. Saint Venant’s theory, elastic bodies in contact, etc. ". . . important con- 
tribution . . . old material presented in new and refreshing form . . . many original investi- 
gations.”— “Nature.” 3 appendices. Index. 5% x 8%. vi 666 pages. (Originally published at 
$9.50). $3.95 

Atomic Spectra and Atomic Structure by Gerhard Herzberg. Translated with the cooperation 
of the author by J. W. T. Spinks. Second revised edition. “. . . the vector model and the 
quantum mechanical view are skillfully blended together into a unified description of atomic 
processes . . . deserves to become popular and widely read.”— “Nature." Bibliography. Index. 
5% X 8%. XV 257 pages, 80 illustrations. 21 tables. (Originally published at $5.70). $3.95 

Aufgaben und Lehrslitze aus der Analysis by G. P61ya and G. Szegd. “There are hut few 
books which could be compared with this one as to richness and charm of material and 
amount of suggestions which an attentive reader is able to get out of it."— "Bulletin of the 
American Mathematical Society.” Two volume set. Text in German. English translation of 
table of contents. German-English glossary-index. 5% x 8^. Volume I: xxvi -|- 342 pages. 
Volume II: xx -|- 412 pages. (Originally published at $14.40 for both volumes). 

Each Volume-$3.95, The Set-$7.90 

Bessel Functions, Eleven and Fifteen-Place Tables of Bessel Functions of the First Kind to 
All Si gnifi ca n t Orders by Enzo Cambi. The main tables give Jn (x) for x = 0 (0.01) 10.5 
and n = 0 (1) 29 to 11 places. A supplementary table gives Jn (x) for x = 0 (0.001) 0.5 and 
n = 0 (1) 11 to 15 places. “Should prove of invaluable reference as guide and hand book.” 
—"Radio Electronic Engineering.” Bibliography. 8% x 10%. vi -|- 160 pages. 2 graphs. $3.95 

Biometrical Genetics, The Study of Continuous Variation by K. Mather. Based on the use of 
measurements, this work examines the pheno-type classes for which older methods of dis- 
continuous variations are useless. 5% x 8%. x -{- 158 pages. 16 diagrams. $3.50 

A Concise History of Mathematics by Dirk J. Struik. Emphasizes ideas and continuity of 
mathematics mther than anecdotal aspect from Ohental beginnings through 19th centiuy. 

. . gives a most comprehensive picture of this science that is ‘a vast adventure in ideas,’ 
reflecting ‘some of the noblest thoughts of countless generations.’ ’’—“American Scientist.” Two 
volume set. Dover Series in Mathematics and Physics. Bibliography. Index. 4% x 6%. Volume 
I: xviii -}- 123 pages. Volume II: vi 4 175 pages. 47 illustrations. The Set-$3.00 

Cosmic Radiation. Edited by W. Heisenberg. Translated from the German by T. H. Johnson. 
15 articles on recent accomplishments in the field written by eminent .German physicists 
during World War H on csscade theory, radioactive decay of the meson, theory of explosion- 
like showers^^ nuclear disruptions, etc. . . undoubtedly the best book on cosmic rays which 
is available. — Che^cal and Engmeering News." Material well integrated with numerous 
^ss references and consistent notation. Bibliography. Index. 6 x 9 . xvi 4 192 pages 36 
illustrations. 13 tables. 



DOVER BOOKS ON SCIENCE 

Corns d’Analyse Infinit4simal« by Ch. J. de la ValU PoMSsln. Eighth roviaed ’*1^ 

handling throughout is clear, elegant and concise; the various topics are uUistrateti t>y 
numerous carefully chosen examples selected with rare pedagogic skill to t!evelt»p a it*** 
understanding of the text.”— ‘‘Bulletin of the American Mathematical S«x;iety." 'I w«» voUmie 
set Text in French. 5% x 8%. Volume I: xxi -H 524 pages. Volume U: xii .-f 4fi(> pagei. 

Eat^ Volume— Isl.SO, Th* Jiei— $#1.75 

Design of Crystal Vibrating Systems by William J. Fry, John M. Taylor and Bertha W. 
Henvis. Second revised edition. Procedures for design of projectors involving a general aet 
of curves based on fundamental piezoelectric relations. "Contains much vahiahle material 
released for Ae first time for general priblication.”— "Electronic Enghreeriug." 4 ap|>endle«a. 
6% X m. viii +. 182 pages. 126 graphs. W-W 

Einfiihnmg in die Algebraische Geometric by B. L. van der Waerden. "Every matheinatirhm 
who is interested in either algebra or geometry will find here a clear, .systemiktic rxtHiaitlen 
of an important new mathematical development.”— "Bulletin of the American MatheinatUal 
Society.” Yellow (Grundlehren) Series. Text in German. 5 Vi x 8Vi, ix f* 247 page*. Iff IIUmi- 
trations. (Qriginaliy published at $7.80). tS.IIB 


Einleitung in die Mengenlehre by Adolf Fraenkel, Third rcvisr^d edition, "'rhe treaiijm 
Fraenkel on the theory of aggregates is now one of tho finest."— "Bulletin of tlw* American 
Mathe^tical Society.” Yellow (Grundlehren) Series. Text in Ck‘rn«in. Bihliography. Indeji, 
on X 8%. xiii -f 424 pages. 13 figures. $4.00 


Mementary Mathematics from an Advanced Standpoint by Felix KU*in. Volume It Arithmetic, 
Translated from the third Gorman edition 'by E. K, lleilrick att<l C. A. 
Noble. A very attractive introduction into some of tho Itnost incKlern elf'vehtpmenis ol tite 
meoiy of^^oups of finite order, with emphasis on Its upplictkthjns.”— "Aiuerit uu Malheinatii al 
Monthly. Yellow (Grundlehren) Series. Index. 5% x 8%. xiv -j- 274 pagi's. 125 ilhistrittitUM. 

$:i.75 


Elemratapr MaAematics from an Advanced Standpoint by Felix KUdn. Volume 11: <;eometry. 
Tramlated from the third German edition by E.' R. Hedrick and C;.- A. N<»l»lc. "HefpiirfHj 
rea^g for anyone planning to teach liigh .school geometry and . . . interc'sling anil vaUiahlr 
to the e^enenced teacher. — School Science and Mathematics." Yellow (Gruiidleitrcn) .Seriea. 
on X oV*. IX + 214 pages. 141 illustrations. 


Electro^gnetic Theory by Oliver Heaviside. Includes a short biography anil desi liptlon of 
Heavisides contributions by Dr. Ernst Weber. Three volumes hotiml as one. lu piepatatioii. 

Tentatively 10.00 


The Evolution of Scientific Thougiit from Newton to Einstein by A. d'Abro. Tjrattuent < ovrni 
pre-relativity physics, special theory of relativity, giaieral theory of relativity and methoilologv 

many more topics than any other popular hook id English of wliai 
1 Know, and there are many admirable features in tlie presentation. . . "Phvsiral Heview ” 
4 appendices. 5% x 8. 544 pages. ^ 


Foundations of Nuclear Physics. Compiled by Robert B<*y<T. Facsitnih- repriHlu. iiotts with 
text m the origin^ language of French, German or Kiigli.s}i of the 13 tuost iinimitaut iwih-iji 
m ati^c resear^ lay Chadwick, Cockcroft, Yukawa, Fermi, etc. 122 page bildiogruuhy with 
over 5,000 classified entries. eVf. x 9 y 4 . x + 272 pages. Illustrated. •»»»‘ogrup».y^with 

tohulS?T*‘”f- Howard W. Emmons. With graphiial presmtatmu of 
«°n computations maki^s the. tables adequate for uiany 

>« 

Theor^tischen Logik by D. Hilbert and W. Ackernum. Set ond revised rdilimt 

♦•♦illO 



DOVER BOOKS ON SCIENCE 

Mathematics for Students of Chemistry and Physics by J. W. Mellor. Fourth revised 
edition. . . recognized as filling a place of its own in our mathematical literature. . . . 
The theoretical chemist of the rising generation must know his higher mathematics, and we 
are convinced that many will bless Dr, Mellor for providing them with an eminently readable 
and thorou^y practical treatise.”— ‘Nature.” 2 appendices. Index. 5% x 8%. xxix + 641 pages. 
189 figures. 18 tables. (OriginaUy published at $7.00). $4.50 

TTy<1rrtil y*»n 1*1 by Sir Horace Lamb. Sixth revised edition. Standard work ... important 
theories (of the dynamics of liquids and gases), whidi underlie many present-day practical 
applications, are dealt with thorou^y and with mathematical rigour.”— "Enginee^g SoCietiw 
Library.” Index. 6x9. xviii ■+■ 738 pages. 83 illustrations. (Originally published at $13.75). 

$5.95 

Hydrology. Edited by Oscar E. Meinzer. Chapters by 24 experts on precipitation, glaciers, 
soil moisture, runoff, drou^its, hydrology of limestone and lava-rock terranes, etc. . . . most 
up-to-date and most complete treatment of the subject. It should be on the bookshelves of 
all t hofift who are concerned with any. of the numerous branches of hydrology.”- “Bulletin of 
the American Association of Petroleum Geologists.” Physics of the Earth Series. Bibliography. 
Index. 6H X 9%. xi + 712 pages. 165 illustrations. 23 tables. (Originally published at $8.00). 


Introduction to the Differential Equations of Physics by L. Hopf. Translated by Walter Nef. 
“There is a siuprising amount of valuable material packed into this small book. About one 
third df the materhd covers ordinary partial differential equations, the balance of the treat- 
ment considers partial differential equations.”— “Sdhool Science and Mathematics.” Dover 
Series in Mathematics and Physics. Index. 4% x 6%. vi 4- 154 pages. 48 illustrations. $1.95 

An Introduction to the Numerical and Graphical Methods of Mathematics by H. von Sanden. 
In preparation. Tentatively— $2.25 

Introduction to the Theory of Fourier’s Series and Integrals by H. S. Carslaw. Third revised 
edition. The convergence of infinite series and integrals, 'the Riemann-Lebesgue theorem and 
its consequences, Parseval's theorem, Dirichlet’s integmls, Gibhs phenomenon, Fourier’s 
integr^s, etc. “. . . needs little introduction . . . much new material has been introduced 
(in the present edition) . . . clearly and attractively written.”— “Nature.” 2 appendices. Index. 
5% X 8. xiii 4- 368 pages. 39 illustrations. $3.95 

Mathematical Foundations of Statistical Mechanics by A. I. Kluuchin. Translated by G. 
Gamow. The most rigorous mathematical discussion available wit!) sections on geometry 
and kinetnatics of the phase rule, interpretation of physical quantities in statistical mechanics, 
metric indecompasabflity of reduced manifolds, etc, Dover Series in Mathematics and 
Physics. Appendix. Notations. Index. 5 x 7%. viii -j- 179 pages. $2.95 

Mathematische Gmndlagen der Quantenmechanik by. Joluinn von Neumann. “. . , probably 
the most complete and rigorous discussion of the subject ... a thorough and logical devel- 
opment and discussion of the mathematical axioms on which quantum mechanics is founded.” 
—“American Mathematical Monthly.” Yellow (Grundlehren) Series. Text in German. German- 
Enghsh glo.ssary. Inde.v. 6 .v 9. vi + 266 pages. 4 illustrations. (Originally iniblished at $7.85). 

$3.95 

Die Mathematischen Hilfsmittel des Physikers by Erwin Madelung. Third revised edition. 
“Standard . . . collection of mathematical definitions and formulas and of laws and equations 
used in theoretical and applied physics . . , written in comparatively simple German.”— 
“Electronic Industries.” Yellow (Grundlehren) Series. Text in German. German-English glos- 
sary. Bibliography. Inde.v. 6 x 9. xvi -f- 384 pages. 25 illustrations. (Originally published 
at $12.00). $3,95 

Matter and Light, The New Physics by Louis de Broglie. Translated by W. 11. Johnston. 21 
essays on present day physics, matter and electricity, light and radiation, wave mechanics 
and the philosophical implications of scientific achievement. “. . . ponders the present 
position of physics and tries, in this stimulating and lucidly written book, to see its future 
developihent.”— “Review of Scientific Instruments.” 4% x 7%. iv -|- 300 pages. (Originally pub- 
lished at $3.50). $2.75 



DOVER BOOKS ON SCIENCE 


Mengenlehre by F. Hausdorfl:. Third revised edition. “We wish to state witlwut qualification 
t^t this is an indispensable book for all those interested in the theory of aggregates and 
the allied, brandies of real variable theory and analysis situs.’*— “Bulletin of the American 
Mathematical Society.” Text in German. Bibliography. Index. 5% x 8%. v + SOT pages, 
12 iUustratioVis. (Originally published at $10.00). $3.05 

Micm>Wnves a n d Wave Guides by II. M. Barlow. Up-to-date exposition whicli describes 
both the accomplishments and future possibilities in this increasingly important field. Glossary 
of symbols used. Bibliography. Index. 5% x 8%. x -f-. 122 pages. TO Illustrations. $1«9S 


The Nature of Physical Theory by P. W. Bridgman. Topics covered include thoui^t, lan- 
guage, logic, mathematics, relativity, wave mechanics, etc. “It can easily be read in about 
three hours, but it will then demand to be reread, parts of it several times over,''-“Review 
of Scientific Instruments.” Index. 5% x 8. xi -|- 138 pages. $1.98 

Ordinary Differential Equations by E. L. Ince. Fourth revised edition. “Notable addition 
to the mathematical literature in English. As an exposition of the present state of the 
theory of ordt^ry difiFerential equations the book deserves the hipest praise.”— “Bulletin of 
the American Mathematic^ Society.” 4 appendices. Index. 5% x 9. vill -1- 558 pages. 18 illus-; 
trajtions. (Originally published at $12.00). $4.95 


Partial Differential Equations of Mathematical Physics by Hi Batenmn. Fint American edition 
with corrections. “The book must be in the hands of everyone who is interested in the 
boundary value .problems of mathematical physics.’*— “Bulletin of, the American Mathematical 
Society.’* Appendix. Index. 6x9. xxii -|- 522 pages. 29 illustrations. (Originally published at 
$10.00). M.95 

The Phase Rule and Its Applications by Alexander Findlay. Eighth revised edition. “It has 
established itself as the standard work on the subject and still remains the best introduction 
to the phase rule and its application. . . . The book is assured of a continued and well- 
deserved popularity.’*— “Nature.” Index. 5^ x 8%. xxxi -|- 313 pages. 163 illustrations. $3.95 

The Physical Principles of the Quantum Theory by Werner Heisenberg. In preparation. 

Tentatively— $2.2$ 

Polar Molecules by P. Debye. “This book not only brings, togetlier for the tot time tl^e 
acciunulated infonnation on electric dipoles, but ako points out the gaps which still exist 
in theory and experiment.” — “Natiwe.” Index. 5% x 8%. iv 1T2 images. 33 illustrations. 
(Originally published at $3.00), $3.50 

Practical Analysis (Graphical and Numerical Methods) by Fr. A. Willers. Trunslated by Robert 
T. Beyer. Section on calculating machines rewritten by Tracy W. Simpson to reflect current 
methods with American-made calculators. Topics treated include niuneri<^l calculation, inter- 
polation, ai^roximate integration and differentiation, analysis ^^of^ empirical functions, etc. 
"... is to be recommended as a convenient reference book.' — Bulletin of the America 
Mathematical Society.” Index. 6% x QVa. x ■+• 422 pages. 132 illustrations, '' $6.00 

Spherical Harmonics, An Elementary Treatise on Harmonic Functions with Applications by 
T. M. MacRobert, Second revised edition. ‘The book should appeal strongly to the applied 
mathematician and to the mathematical physicist. They will find^ h^re a scholarly treatimwt 
of the type of problems arising in a great many branches of theoretical phj^ics and the 
tools whereby such problems may be attacked. — Bulletin of the American Mathemati^l 
Society.” Index. 5% x 8%. vi 4" ^'72 pages. $4.50 

Tables of Functions with Formulae and Curves (Funktionentafeln) by Eugene Jalinke and 
Fritz Emde. Fourtli revised edition containing 400 corrections of errors and a suppleinentaty 
bibliography of 43 titles. . . purchasers of the volume undw review (new fou^ e^tion), 
will have a greatly improved edition of an extraordmanly useful, work. — R. C. Ai^ibald, m 
“Madiematical Tables.” Text in English and German. Bibliography. Index. .5% x 8%. xw + 
382 pages. 212 illustrations. (Originally published at $6.00). $ ■ 



DOVER BOOKS ON SCIENCE 


Les Tenseurs en M^canique et en £lasticit4 by Leon Brillouin. . . first comprehensive 
treatise in any language on which the main emphasis is laid on the tensorial formulation 
of the classical (non-relativistic) laws of physics, in particular those of mechanics and 
elasticity.’*— “Review of Scientific Instruments.” Text in French. Indt'x. 6 x 9. xx •‘564 pages. 
114 figures. $3.95 

Terrestrial Magnetism and Elcjctricity. Edited by J. A. Fleming. Chapters by 14 leading 
geophysicists containing 104 detailed sections on cosmic radiation, ozone,' ionosphere, radio- 
activity, geophysical prospecting, etc. “An important and authoritative production . . . 
making available to ph;^icists and applied mathematicians, to geologists, engineers and 
others, the present state and fascinating and difficult problems of this branch of earth 
science.”— “Proceedings, Physical Society of London.” Physics of the Earth Series. Bibliography 
with 1523 entries. Index. 6% x 9%. xii -|- 794 pages. 296 illustrations. (Originally published 
at $8.00). $4.95 

Theo^ der Differential^eichungen by Ludwig Bieberbach. Third revised edition. “While 
the book is elementary in character, its spirit is scholarly, and the book is well, worth while 
to the student who has not gone deeply into the subject of difiFerential equations.”— “Bulletin 
of the American Mathematical Society.” Yellow (Grundlehren) Series. Text in German. Index. 
5% X 8%. xvii -f 399 pages. 22 illustrations. (Originally published at $10.00). $3.95 

Die TlM<Mne der Giuppen von Endlicher Or^ung by Andreas Speis^r. Third revised edition. 
"A very attractive introduction into some of the most modem developments of the* theory 
of groups of finite order, with emphasis on its applications.”— “American Mathematical 
Monthly.” Yellow (Grundlehren) Series. Text in German. Index. .514 x 8*4. x 262 pages. 
41 illustrations. (Originally published at $9.00). $3.95 

Theory of Functions by Konrad Knopp. Part I; Elements of the General Theory of Analytic 
Functions. Tr^lated from the fifth German edition by Frederick Bagemihl. “There is little 
doubt but that this is the best monograph on functions of a complex variable yet written,” 
—“American Mathematical Monthly.” Bibliography. Index. 4V4 x 6%. xii + 146 pages. 
4 illustrations. $1.50 

'neory of Functions by Koiuad Knopp. Part II: Applications and Further Development of 
Theory. Translated from the fourth German edition by Frederick Bagemihl. 
Bibliography. Index. 4% x 6%. x 150 pages. 8 illustrations. $1.50 

Problem Book in the Theory of Functions by Konrad Knopp. Volume I: Problems in the 
Elementary Theory of Factions. Translated by Lipman Bers. “The difficult task of selecting 
from the immense material of the modem theory of functions the problems just within the 
r^<^ of the ^ginner is here masterfully accomplished.”— “Bulletin of tlie American Mathema- 
tical Society.” Dover Series in Mathematics and Physics. 4y4 x 6%. viii -j- 126 pages. $1.85 

Problem Book in tiie Theory of Functions by Konrad Knopp. Volume II. Translated by Lip- 
man Bers. Dover Series in Mathematics and Physics. In preparation. Tentatively— $1.85 

Theory of Sets by E. K a mk e. Translated by Frederick Bagemihl. Dover Series in Mathematics 
and Physics. In preparation. Tentatively— $2.25 

Iheoxie Anwendung der Laplace-Transformation by Gustav Doetseb. Second revised 
edition. ... a well written treatise which provides a good introduction to the field. The 
empl^sis on the physical applications will make the book particularly useful to workers on 
boundary value problems.”-“Zenbalblatt f.Mathematik." Yellow (prundlehren) Series. Text 
in GemoM. ^rman-English glossary. Bibliography. Index. 6 x 9. Xiv -f 439 pages. 18 illus- 
trations. Tables of Laplace transfonnations. (Originally published at $14.50). $3.95 

ne Theop' of Sound by Lord Rayleigh. With an Historical Introduction by Robert Brace 
I^^y. Second revised edition. . . makes this outstanding treatise available again, and 
lurthmraore, at a popular price. . . . This edition of Lord Rayleigh’s classic work is made 
even mme* valmble than its predecessor by an excellent historical introduction by Robert 
1™*? of Scientific Lnstiuments.” Appendix. Index. 5% x 8%. Volume I; 

xlu -f- 408 pages. Volume II: xvi + 504 pages. (Originally published in two volumes at $8.00). 

Unabridged One Volume Edition— $5.95 



DOVER BOOKS OM SCIENCE 


Time Knowledge, and the Nebulae by Martin Johnson. Foreword by Professor E. A. Milne. 
“ Succinct and ludd summary of the new cosmology involved in Prof^or Milne*s Aeory 
of relativity, of its physical background and of its possible pliilosophical significance.”— Xon- 
don Times.” Bibliography. 5% x 8%. iii + 189 pages. $2.75 


A Treatise on the Analytical Dynamics of Particles and Rigid Bodies by E. T. Whittaker. 
Fourth revised edition. . . to a greater extent than his predecessors Whittaker hM avaUed 
of the great machinery of modem mathematics . . . exhibits great mathematical 
power and attainments . . . arranged for referen^use.”-“Bulletin of *e ^erican Mathen^- 
tical Society.” Index. 6x9. xiv + 456 pages. (Qngmally published at $6.00). $4.50 


A Treatise on the Mathematical Theory of Elasticity by A. E. H. Love. Fourth revised edition. 
“. . . has been for years the standard treatise on elasticity . . . presents a picture of this 
extensive field in all its aspects in a single volume . . . valuable new contributions to the 
theory by the author."— “American Mathematical Monthly.” Index. 6 x 9i xxi 4- 643 pages. 
76 illustrations. (Originally published at $10.50). $5.95 

Treatise on Thermodynamics by Max Planck. Translated widi die author's sanction by Alex- 
ander Ogg. Third revised edition (translated from the seventh German edition). Tt^ics 
discussed we applications of the first fundamental principle of diermodynamics to homogen- 
eous and non-homogeneous systems, proof and general deductions of die second fundamental 
principle, Nemst’s theorem, etc. . . the important part played by thermodynamics in 
modem physics and especially in dhiemistry, is a sure guarantee that an En^h translation 
of Professor Planck's book will receive a warm welcome.”— “Nature.” Lidex. 5% x 8%. xxxiii -f- 
297 pages. 5 illustrations. (Originally published at $4.80). $S.5D 

Vorlesungen iiber Differentialgeometrie by Wilhelm BlaSchke. Volume It Elementare Differen- 
tialgeometrle. Third revised editidn. “. . . the sequences of logical steps are dear and the 
text is always interesting.”- “Bulletin of the American- Mathematical Society.” Ydlow (Grund- 
lehxen) Series Text in German. English translation of table of contents. German-English 
glossary-index. 5% x 8%. xiv -f- 322 pages. 35 figures. (Originally published at $9.00). $3.95 


Dm>er Publications, 1780 Broadway, New York 19, N.Y. 



